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PREFACE  TO   THE   FIRST  EDITION. 


The  design  of  this  Work  is  to  facilitate  the  study  of  Theoretical 
Mechanics,  by  presenting  to  the  student  a  systematic  collection 
of  problems  in  illustration  of  the  more  important  principles  of 
the  science.  The  want  of  any  such  treatise,  it  is  believed,  has 
been  felt  by  many  as  a  serious  impediment  to  the  acquisition 
of  adequate  ideas  in  this  branch  of  mathematical  philosophy. 
Much  importance,  it  may  be  observed,  was  attached  by  the  great 
discoverers  of  the  mechanical  theories  to  the  full  discussion 
of  numerous  problems,  as  will  be  evident  from  a  reference 
to  the  works  of  the  three  Bernoullis,  of  Leibnitz,  and  of 
D'Alembert,  and  to  the  beautiful  investigations  scattered 
throughout  so  long  a  series  of  volumes  of  the  St  Petersburgh 
Transactions  by  the  liberal  hand  of  Euler. 

The  author  of  this  volume  has  endeavoured,  as  much  as 
possible,  to  direct  the  attention  of  the  student  to  the  original 
memoirs  of  which  he  has  so  largely  availed  himself.  This 
he  has  done,  partly,  to  enable  the  beginner  to  obtain  more 
detailed  information  than  is  compatible  with  the  nature  of 
this  work,  on  particular  questions  which  may  excite  an  interest 
in  his  mind:  his  chief  object,  however,  has  been,  to  oflfer 
every  facility  to  those,  who  have  already  overcome  at  least 
the  elementary  difficulties  of  the  subject,  for  acquiring  a 
practical  familiarity  with  the  historical  development  of  the 
science.  Although  it  be  admitted  that  useful  and  exact  know* 
ledge  may  be  obtained  from  even  an  exclusive  perusal  of  the 
concise  and  methodical  treatises  which  are  generally  adopted 
for  the  purpose  of  academic  instruction ;  yet  it  may  be  asserted 
with  confidence,  that  an  excessive  adherence  to  such  a  system 
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IV  PREFACE  TO  THE  FIRST  EDITION. 

of  study,  must  deprive  the  student  of  much  delightful  and 
most  valuable  information. 

In  regard  to  the  mode  in  which  the  author  of  this  treatise 
has  completed  the  task  which  he  has  proposed  to  himself,  he 
feela  every  degree  of  diffidence,  and  would  willingly  that  it  had 
been  undertaken  by  an  abler  hand.  In  apology  for  the  imper- 
fections, of  which  either  he  is  himself  aware  or  which  may  have 
eluded  his  observation,  he  can  plead  only  the  fact  of  engrossing 
occupations,  or  of  perhaps  insufficient  preparation  for  a  work 
requiring  greater  research  than  was  originally  contemplated. 

Many  of  the  problems  in  this  volume  have  been  extracted, 
with  appropriate  modifications,  from  the  Ancient  Transactions 
of  the  various  Academies  and  learned  Societies  of  Europe; 
many  have  been  selected  from  the  Cambridge  Senate-House 
Papers ;  and  for  not  a  few  the  author  is  under  obligation  to  the 
contributions  of  his  friends.  In  arriving  at  original  sources  of 
information,  it  is  scarcely  necessary  to  state  that  great  assistance 
has  been  obtained  from  the  historical  matter  of  Lagrange's 
Mdoanique  Analytique^  and  from  Montucla's  Histoire  des  Mathe^ 
maticjues, 

Cahbridgb,  October^  1842» 


PKEFACE  TO  THE   SECOND   EDITION. 


In  preparing  for  the  press  a  Second  Edition  of  this  Treatise,  the 
author  has  adhered  to  the  general  design  of  the  First  Edition ; 
he  has,  however,  effected  numerous  alterations  and  corrections, 
many  of  which  are  due  to  the  kind  suggestions  of  readers  of  the 
work ;  he  has  also  considerably  augmented  the  matter  of  those 
chapters  which  in  the  former  edition  appeared  to  be  inade- 
quately supplied  with  problems.  Certain  entirely  new  chapters 
have  also  been  written ;  one  on  the  Attractions  of  Solid  Bodies, 
two  on  Miscellaneous  Problems,  and  one  on  Live  Things. 

CAMBBiDax,  September  8,  1855, 


PREFACE  TO  THE  THIRD  EDITION. 


In  the  Third  Edition  of  the  Mechanical  Problems  the  whole 
Work  has  been  carefully  revised,  and  all  errors,  which  have  been 
pointed  out  to  the  author  or  detected  by  himself,  have  been 
corrected.  Some  of  the  matter  of  the  last  edition  has  been 
cancelled,  and  the  Treatise  has  been  enriched  by  the  addition 
of  a  considerable  number  of  new  problems,  taken  principally, 
when  not  assigned  to  their  authors,  from  the  examination  papers 
proposed  in  the  various  Colleges  of  the  University  of  Cam- 
bridge, in  the  Senate-House  for  the  Mathematical  Tripos,  and 
to  the  candidates  for  the  Smith's  Prizes.  Several  additional 
classes  of  Problems,  in  illustration  of  various  Theorems,  might 
have  been  introduced  into  the  Work  with  advantage :  the  bulk 
of  the  Book  woidd  however  have  been  thereby  increased  beyond 
the  limits  within  which  it  would  seem  expedient  to  confine  it. 

Tbikitt  Hall,  Cambbidoe,  January  15,  1876. 
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CHAPTER  I. 


CENTRE  OF  GRAVITY, 


Let  dm  represent  an  element,  at  any  point  x^  j/y  z,  of  the  mass 
of  a  body  referred  to  any  three  co-ordinate  axes,  rectangular 
or  oblique,  and  let  x,  y,  i,  denote  the  co-ordinates  of  the  centre 
of  gravity  of  the  body ;  then  the  formulfle  for  finding  the  values 
of  5,  7/,  i,  are 

Ixdm  lydm  izdm 

^  =  -7 — ,     y^^ — >     ^  = 


idm  Idm  jdm 


the  limits  of  the  integrations  being  determined  by  the  form  of 
the  body. 

If  the  body  be  bounded  by  a  surface  represented  by  a  single 
algebraical  equation  in  x,  y,  z,  the  evaluation  of  each  of  the 

expressions  ixdvi^  jydm,  Izdm,  Irfm,  will  require  the  perform- 
ance of  the  operation  of  integration  on  a  single  function  of 
X,  tfy  z,  between  appropriate  limits;  if,  however,  the  body  be 
bounded  by  discontinuous  surfaces,  the  evaluation  of  each  of 
these  expressions  will  require  the  integration  between  proper 
limits  of  several  functions  of  a?,  y,  z,  corresponding  to  the  several 
discontinuous  surfaces ;  the  sum  of  the  definite  integrals  of 
these  functions  being  the  required  value  of  the  expression. 

The  idea  of  the  centre  of  gravity  of  material  bodies  is  due 
to  Archimedes,  by  whom  the  centres  of  gravity  of  various  areas 

w.  s.  1 


2  CENTRE  OF  GRAVITY. 

were  investigated  in  his  treatise,  entitled  ^ETriTreScop  laoppoiriKoiv 
fj  /civrpa  jSapoov  eiriireZiav,  He  likewise  determined  the  centre 
of  gravity  of  the  parabolic  conoid.  Among  the  mathematical 
successors  of  Archimedes  who  have  cultivated  the  science  of  the 
centre  of  gravity,  may  be  mentioned  Pappus^  Guido  Ubaldi*, 
Lucas  Valerius",  La-Faille*,  Guldin',  Wallis®,  Carr^',  Varignon®, 
Clairaut^ 

Sect.  1.     Symmetrical  Area, 

Let  X  be  the  abscissa  and  y  the  ordinate  of  any  point  in  the 
circumference  of  a  plane  area,  symmetrical  with  respect  to  the 
axis  of  X ;  the  axes  of  co-ordinates  being  either  rectangular  or 
oblique.  Then  the  centre  of  gravity  of  any  portion  of  this  area, 
intercepted  between  any  assigned  pair  of  double  ordinates,  will 
lie  in  the  axis  of  x,  and  its  distance  x  from  the  origin  will  be 
given  by  the  formula 

iQcydx 


x  = 


jydx 


where  the  integrations  are  to  be  performed  between  limits  de- 
pending upon  the  positions  of  the  intercepting  ordinates. 

The  value  of  ic  is  sometimes  more  readily  obtained  by  polar 
co-ordinates,  when  the  formula  will  be 


//• 


?•'  cos  0  dd  dr 

J  J 
x  = 


(jr  de  dr 
where  r  denotes  the  distance  of  any  point  within  the  area  from 

^  Matheinat,  Collect.^  lib.  ^,  published  for  the  first  time  in  1688. 

*  In  duos  Archimedls  JEquiponderantium  libros  ParaphrasiSt  1588. 
'  De  Centra  Gravitatis  Solidorum^  1604. 

*  De  Centra  Gravitatis  partium  Circuli  et  Ellipsis  Theoremata^  1632. 

*  Centrobaryca,  1636. 

®  Opera t  torn.  i.  cap.  4  et  6,  1670. 
'  Misure  des  Surfaces ^  1700. 

*  MSm,  de  VAcad.  des  Sciences  de  Paris^  1714. 

«  Mdm.  de  VAcad.  des  Sciences  de  Paris,  1731,  p.  159. 
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the  origin,  and  0  the  inclination  of  r  to  the  axis  of  a*.  The 
nature  of  the  limits  in  the  double  integrations  will  depend  upon 
the  form  of  the  area  in  each  particular  case. 

Supposing  the  area  to  consist  of  several  portions,  the  bounda- 
ries of  which  are  defined  by  distinct  equations,  the  above  for- 
mulae must  be  replaced  by 


S  \ydx 


cos  0  d0  dr 
r  d0  dr 


where  S  represents  the  summation  of  the  integrations  performed 
in  regard  to  the  several  portions  of  the  area. 

(1)  To  find  the  centre  of  gravity  of  the  area  of  any  portion 
BAG  (fig.  1)  of  a  parabola  cut  off  by  any  chord  BG. 

Let  Pt/  be  the  tangent  to  the  parabola,  which  is  parallel  to 
the  chord  CB,  P  being  the  point  of  contact ;  from  P  draw  Px 
parallel  to  the  axis  of  the  parabola.  Then,  Px  and  Py  being 
taken  as  the  axes  of  x  and  y,  the  equation  to  the  curve  will  be 

m  being  the  distance  of  the  point  P  from  the  focus. 
Hence,  if  PE  =  a, 

f  ydx       I  x^dx     1^' 

•^  0  •'0 

Archimedes,  ^'EirnriScDv  la-o^poiriKoiv,  Lib.  II.  Prop.  8 ;  Guldin, 
Centrobaryca,  Lib.  i.  cap.  9,  p.  121. 

(2)  To  find  the  centre  of  gravity  of  the  area  of  the  Cissoid  of 
Diodes,  EAE\  ffig.  2). 

f  1-2 
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The  equation  to  the  curve  is 


a? 


a  —  x 


hence 


l^dx     I  — ^ — -.dx 
ly  dx      ft     a?* 


(1); 


c2x 

(a  -  xY 


but  l^^—i  daj  =  -  2a;*  (a-  «)*  +  5  la;*  (a-a;)*dr, 

•'(a-a;)*  v         /         j      v         / 

and  therefore  / r  dx=5  j  x^  (a  —  xydx 

^o(a  — a;)*  •'o 

=  5a  I   r  (foj  —  6  I 1  dx  —  ^\  4  dx ; 

^o(a-a?)'  Jii(a-xy  -'©(a-a:)' 

hence  from  (1)  we  have 

r-^,dx 

•'•(a -a;)* 

(3)  To  find  the  centre  of  gravity  of  the  sector  ABC  (fig.  3) 
of  a  circle,  of  which  C  is  the  centre. 

From  C  draw  the  straight  line  (7jEa;  bisecting  the  sectorial 
area;  and  draw  Cy  at  right  angles  to  Cx.  Let  Cff=a,  and 
^  AOx—ol;  then,  Cx,  Cy,  being  the  axes  of  x  and  y, 

S  Ixydx 

^=-7 (1). 

X  jydx 

Now  the  equations  to  the  straight  line  OA,  and  to  the  circle 
of  which  AEB  is  an  arc,  are  respectively 

y  ■=  a:  tan  a,     y  *  =  a*  —  «* ; 
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also  CF  is  equal  to  a  cos  a ;  heace 

t\xydx^\         aj"tanadic+  xifif^afYdx (2), 

and     2|y<&=l         ajtanada:+  {af  —  aTydx. (3). 

Now,  by  the  ordinary  processes  of  the  Integral  Calculus, 

raoos  « 

I         a;*tan  a  c2a;  ==  la'  sin  a  cos*  a, 
io 

and  I        xifif  —  a?y  dx  =  Ja*  sin*  a ; 

•r  aooea 

hence  from  (2)  we  have 

2  I  xydx^^a^mna (4). 

Again,  I        fl;tana(!a;=|a*sinacosay 

Jo 

and  /        (a*-a^)*cto  =  ^(a"a  — a*sinacosa); 

J  a«Ma 

hence  from  (3)  we  have 

S  /yc&  =  Ja*a (5). 

From  the  relations  (1),  (4),  (5), 

-     4a*sina     «    sin  a 
Ja'a        "       a 

This  result  however  may  be  obtained  more  readily  by  polar 
co-ordinates:  let  P  be  any  point  in  the  area  of  the  sector; 
let  CP^r,  ^PCx^O)  then 


[  *fVcosdrfddr  Ja*[  "cos^rftf 

-  ^  J  -•Jo J  -• • 

^^      r+*r«  ir+«          * 

J-«io  j -. 


a 
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We  might  have  eflFected  the  double  integration  in  a  diflFerent 
order;  thus 

rar+A  fa 

I   I     r^coaddrdd     2sina|  r^dr 

-        JoJ-a  Jo 


X  = 


rr^'rdrdd  2a  Trrfr 

JoJ-a  Jo 

_  2sina.^a'_  ^    sing       radiua  x  chord 
""     2a. ^a*     "*      a    "^^  axe 

According  to  the  former  order  of  integration,  the  sector  A  GB 
is  conceived  to  be  subdivided  into  an  infinite  series  of  infinite- 
simal triangles  having  a  common  vertex  C,  their  bases  being 
elements  of  the  arc  AEB;  according  to  the  latter  order,  we  con- 
ceive the  sector  to  be  made  up  of  a  series  of  circular  rings  of 
indefinitely  small  breadth,  having  a  common  centre  G, 

Carr^ ;  Mesure  des  Surfaces^  &c.  p.  76. 

(4)  To  find  the  centre  of  gravity  of  the  segment  AEBF 
(fig.  3)  of  a  circle. 

The  construction  and  notation  remaining  the  same  as  in  the 
preceding  example,  produce  GP  to  cut  the  chord  AB  in  Q  and 
the  arc  AEB  in  R. 

Then,  if  (7g  =  r', 

/•+«  ra 

I      I   r'cosedddr 

—        J  -"aJ  f*  /-IN 

^= T^^fa W- 

I  rdOdr 

XT         •         ,        cosa  , 

Now,  smce  r  =  a ^,  we  have 

cos^ 

[Vcos^rffldr»i(a'-r'^)cos^dfl«ia'(l-~^j)c^^ 

hence  f"/"'''  ^^^  ^  ^^  ^^  =  4^' fT  "^^  ^  "  ^^)  ^^ 
=s  ^a'  (sin  6  —  cos'  a  tan  d),  from  5  =  —  ato5  =  +  a, 
=  §a^(sina-cos'asina)  =  ^a^sin'*a (2). 
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Again,       j'%d^dr  =  i(a«^Od^  =  ia«(l-^j)dft 
and  therefore 

I      /  rd^cZr=s  Ja*(tf  — cos'atan^,    from  ^  =  - a  to  5s=  +  cr, 

=  a'(a  — sinacosa) (3), 

Hence,  from  (1),  (2),  (3),  we  get 


,  -     o  sm'a 

f  x=iia ; 

*    a  —  sm  a  cos  a 


This  result  may  be  obtained  as  easily  by  rectangular  co- 
ordinates ;  thus,  putting  a  cos  a  =  a\ 

I   xt/dx 
^~"To  v*)» 

but  y'  =  a*  —  ic* ; 

hence  I   xydx^  I   x{o?'-  x^y  dx 

J  a'  .'  a' 

=  — ^(a*  — oj')  ,  between  limits,  ^^^a'sin'a (5). 

Again,  |  ydx^i   {p?  —  oi?ydx 

=  (a*  —  iB^'  a?  +  I  a*  (a*  —  a?)^  dx,  between  limits, 

=  («•- a?')*a?+ a*  r  — ^^,  -  [%« -  «*)*di 

1  X 

=  4(a'  — a^)'a?+ia'8in''-,  from  x  —  a   to  x  =  a, 

=  — Ja'sinacosa  +  ia*a  =  ia*(a  — sinacoea) (6). 

Hence  from  (4),  (6),  (6),  there  results 


sin' a 


a  — smacosa 
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In  the  integrations  by  polar  co-ordinates  the  segmental  8 
is  conceived  to  be  made  up  of  frustums  of  an  infinite  numbe 
infinitesimal  triangles  intercepted  by  the  chord  AB,  C  he 
the  common  vertex  of  the  triangles,  and  a  series  of  elements 
the  arc  AEB  being  their  bases;  on  the  other  hand,  wl 
rectangular  co-ordinates  are  made  use  of,  the  segment  is  c 
ceived  to  be  made  up  of  an  infinite  number  of  indefinitely  t1 
parallelograms  parallel  to  the  chord  AB. 

Guldin ;  Oentrobaryca,  Lib.  i.  cap.  9,  p.  107. 

(5)  To  find  the  centre  of  gravity  of  any  portion  of  a  ser 
cubical  parabola  comprised  between  the  curve  and  a  doul 
ordinate. 

The  equation  to  the  curve  being  ay*  =«  a?,  we  shall  have 

(6)  To  find  the  centre  of  gravity  of  the  whole  area  of  t 
curve  of  which  the  equation  is 

^  X 

X^\CL 

(7)  To  find  the  centre  of  gravity  of  a  semi-ellipse,  tKe  bisec 
ing  line  being  any  diameter. 

If  the  bisecting  diameter  be  taken  as  the  axis  of  y,  ar 
the  conjugate  diameter  as  the  axis  of  x,  the  equation  to  tl 
ellipse  will  be 

and  we  shall  have  ^"^  %ir' 

Guldin ;  Centroharyca^  Lib.  i.  cap.  9,  p.  115. 

(8)  To  find  the  centre  of  gravity  of  a  loop  of  the  Lemniscat 
of  James  Bernoulli. 

The  equation  to  the  curve  being  %^  =  a^  cos  20,  we  shall  have 

-.     2*7r 
x^  —  a. 
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(9)  To  find  the  centre  of  gravity  of  the  whole  area  of  a 
cycloid. 

The  equations  to  the  cycloid  being 

a;  =  a  (1  —  cos  ^,  y  =  a  (^  +  sin  ^, 

we  shall  have  ^  =  |a. 

Sect.  2.    Area  not  Symmetrical. 

The  formulae  for  the  determination  of  the  co-ordinates  of  the 
centre  of  gravity  of  an  area,  not  symmetrical  with  respect  to 
either  of  the  axes,  are 


\\xdxdy  \\ydxdy 


^-Tr '     y 


jldxdy  jjdxdy 


X  and  y  in  these  expressions  are  the  co-ordinates  of  any  point 
whatever  within  the  area,  and  the  limits  of  the  double  integra- 
tion depend  upon  the  form  of  the  bounding  curve. 

It  frequently  happens  that  the  method  of  polar  co-ordinates  is 
more  convenient  for  the  determination  of  x  and  y  than  that  of 
rectangular  co-ordinates :  the  formulae  are 

{{f^cosOdedr  Ur^miOdedr 

x^ — FT '  y= 


jjrdOdr  jjrdddr 


(1)    To  find  the  centre  of  gravity  of  the  area  CPD  (fig.  4)  of 
an  ellipse,  where  CP,  CD,  are  two  conjugate  semi-diameters. 

If  CP^a,  CD  —  b,  and  OP,  CD,  produced  indefinitely,  be 
taken  as  the  axes  of  x,  y,  the  equation  to  the  ellipse  will  be 

it=\k<f-^ (1); 

and  for  the  position  of  the  centre  of  gravity  we  have,  indicating 
the  limits  of  integration. 
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\    \  xdxdy  \    \  ydxdy 

\    \  dxdy  \    \  dxdy 

JO  ^0  Jo  J  (i 

the  value  of  y  in  the  limit  being  pm  in  the  figure ;  in  the  inte- 
gration indicated  with  respect  to  y,  the  figure  pqnm  is  consi- 
dered as  being  made  up  of  an  infinite  number  of  indefinitely  small 
parallelograms  pq\  and,  in  the  integration  indicated  with  respect 
to  X,  the  whole  figure  CPD  is  conceived  to  be  composed  of  an 
infinite  number  of  indefinitely  thin  figures  such  as  pqnm. 

I    j  xdxdy  =  \  xydx  =  - j  x{a'^ a?)^ dx, 
Jo  Jo  Jo  ^Jo 

since  the  value  of  y  in  the  limit  coincides  with  the  ordinate  in 
the  equation  (1) ;  hence 

rary  J  , 

I    I   xdxdy  =^  —  i- {a*  — x^)^,  bom  x=^0  to  x  =  a, 
Jo  Jo  tt 

Again,  I    \dxdy=^\ydx 

J 0  J 0  Jo 

b  f^  1  b 

=  -  I    te*  —  a?*)' rfa? s=  i-  ira*  =  iirab, 
aJo  « 

Hence,  by  the  general  formula  for  x,  we  have 

_  _  ^cfb  __  4a 
""  ^  irab     Stt 

Again,  |    1  ydxdy  ^\\  y^dx 

Jo  Jo  Jo 

€k  J  0  "' 

and  therefore  y  =  ^^^ — -,  =  ;r'  > 

a  result  which  might  have  been  foreseen  from  the  value  oix. 

Instead  of  the  order  of  the  limits  which  we  have  chosen,  we 
might  equally  well  have  integrated,  first  with  respect  to  x  and 
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then  with  respect  to  y,  when  the  formulae  for  x  and  y  would 

have  been 

rb  r»  rh  rx 

\    \   xdydx  \    \  ydydx 

-__JoJo -  __Jo  Jo 

^ TbTi  '      y  — rb  rx 


fb  rx  y       J         rb  rx 

I    \   dydx  \    \   dydx 

Jo  Jo  Jo  Jo 


(2)    To  find  the  centre  of  gravity  of  the  segment  APBp 
(fig.  5)  of  an  ellipse  cut  off  by  a  quadrantal  chord  ApB. 

Let   CA  =  a,  CB^h,  CM^x,  PM=y,  pM=y';   then  the 
equations  to  the  ellipse  and  to  the  chord  will  be 

y  =  ^(«*-A    y  =-(a-a?) (1). 

The  formula  for  x  wiU  be^  indicating  the  limits, 

I    I  xdxdy 
^~    ra  fv  (2)- 

Now  /    I  xdxdy ^  I   {y-*'y)xdx 

=  -  I   {(a*  —  a?)^  -  (a  —  x)]  x dfc,  by  the  equations  (1), 
=  -{-J(«*-''^*)*-icw!'  +  Ja:^},  from  aj=0toa5=a, 

Also  {' \'dxdy={'{if-'!/)dx  =  ^-r {{a'-x*)^-{a-x)]dx 
Jo.Jy*  Jo  Of  J  0 


a 


Hence>  from  (2),  x  =  f — — ^ 

Similarly  we  should  evidently  get 


ir-2 
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(3)  To  find  the  centra  of  gravity  of  the  area  KSL  (fig.  6] 
of  a  parabola,  of  which  8  is  the  focus,  and  SK^  SL,  anj 
two  radii. 

Take  8  as  the  origin  of  co-ordinates;  also,  A  being  th( 
vertex  of  the  parabola,  let  ASx  be  the  axis  of  x,  and  Si/  a1 
right  angles  to  8x  the  axis  of  y.  Let  8P  =  r,  ^A8P  =  6 
A8^m,    Then  for  the  position  of  the  centre  of  gravity,  i: 

{   1%^  cos  {'n'-0)dddr  j   fVsin  (tt- ^d^rfr 

J    j   rdOdr  J    I   rdOdr 

Now  I  Vcos(7r-^rf^rfr  =  Jr'cos(7r-tf)e?^  =  -Jr'cos^rf^; 

Jo 

but,  by  the  nature  of  the  parabola, 

m 


r  = 


cos4^' 
hence       /   r*cos(7r  — d)dtf</r  =  -- Jm' — rTh^> 

/*B  /*f  /"A  /} 

and  therefore    /    /  t^cos(ir~^e?^dr  =  — Jm^  1       ^tiadO; 

J  a  J  0  J  a    COS    ^U 

,    ^    costf      l-tanH(?     1         1-tan'itf    /,    x    tim      41/1 

hence 

J  JV  cos  (7r  -  ^)  id  rfr  =  -Jm»  J  sec*  J^  (1  -  tan*  J^  sec' J^  d< 


-»"■/, 


teni/i 

(l-tan*J^2d[tanitf 

tani* 


=  -|i»*{tani/8-tania--KtanH)8-tan»ia)}. 
Also  r  f%dedr  =  ^  rr'de^hn^  I'' -^^ 

J.Jo  Ja  J  a   COS*id 

rtani^ 

=  im*  I         (1  +  tan*  ^  2rftan  i^ 

«  m"  {tan  i^  -  tan  ia  +  J  (tan"  iiS  -  tan'  ia)}. 
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jr         -_2m  j^  (tan*^  ^/8  -  tan'  |a)  -  (tan  |ff  -  tan  ^a) 
Uenceoj-   ^  -j^tana j^^tan'ia) +  (tani)8-tania)' 

Again,  f   rr'sin(7r-^ddrfr  =  J  f  r^BinOdd 

J  a  J  0  J  a 

=  -  4  w'  — r-T^  =  J  wi  (sec*  i/S  -  sec*  ia), 

and  therefore 

~_  -       sec* ^/8  — sec* ^g 

^~*^  i  (tan'iiS-  tan»  Ja)  +  (tan  J^-  tan ^a) 

^2m   i  (tan*  ^^  -  tan*  j^a)  +  (tan'  ^/3  -  tan'  ^a) 
3  *  I  (tan"  i/8  -  tan'  Ja)  +  (tan  1/3  -  tan  Ja)  ' 

Let  8Q  be  a  radius  vector  very  near  to  SP;  and  let  pq,  p'q\ 
be  two  circular  arcs  described  about  flf  as  a  centre,  with  radii 
ifijp,  Sp'y  very  nearly  equal  to  each  other.  In  the  integrations 
which  we  have  executed  for  the  determination  of  the  values  of 
X  and  y,  we  have  first  conceived  the  indefinitely  thin  triangle 
P8Q  to  be  made  up  of  an  infinite  series  of  infinitesimal  paral- 
lelograms pqp'q,  and  we  have  then  conceived  the  whole  area 
KSL  to  be  composed  of  an  infinite  number  of  indefinitely  thin 
triangles,  such  as  P8Q:  thus  the  expressions 

r'cos  (tt  -  5)  cW  dr,    r^sin  (tr  -  6)  dO  dr, 

represent  the  moments  of  the  area  pqpq  about  the  axes  of  y 
and  x\  the  expressions 

I    r^cos  (tt  -  &)  d0 dr,     f '^r'sin  {ir-0)d0  dr, 
Jo  Jo 

the  moments  of  the  area  SPQ  about  the  axes  of  y  and  x;  and 
the  expressions 

I   rr^cos(7r-^(i^<ir,    j  rf^8in('n"-0)d0dr, 
the  moments  of  the  whole  area  KSL  about  the  ax^s  of  y  and  x. 
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Also  the  expressions 

rdOdr,     rrd0dr,     [   rrdddr, 

Jo  JaJo 

denote  respectively  the  areas  pqp'q',  PSQ,  KSL. 

(4)  To  find  the  centre  of  gravity  of  the  area  of  a  quadrant 
of  a  circle. 

The  equation  to  the  circle  being 

a"  +  y  =  a*, 

we  shall  have  ic  =  7^  ,     w  =  ^r—  • 

Stt      "^      Sir 

(5)  AB  (fig.  7)  is  a  parabola,  of  which  the  equation  is 
ar''^y  =  a^\  to  find  the  centre  of  gravity  of  the  area  PMNQ, 
comprised  between  two  ordinates. 

It  AM  =  a,  AN=^a',  we  shall  have 


0;  = 


7/1  +  2  '  a'"*-"^ - a"*^' '    ^     2  (2r/i+  l)a"*-' '  a 


'll»+l  ^w+l 


—  a 
Carr^;  Misure  des  Surf  aces,  &c.  p.  80. 

(6)  Cla;,  Cy,  are  asymptotes  to  an  hyperbola  EAF,  (fig.  8) ; 
PM,  QN",  are  parallel  to  yC;  to  find  the  centre  of  gravity  of 
the  area  PMNQ. 

If  a,  6,  be  the  semiaxes  of  the  hyperbola ;  Cx,  Cy^  be  taken 
as  the  axes  of  x,  y;  and  CM,  CN,  be  denoted  by  a,  a  ;  then 

a— a  -      ,a+6  a— a 


'*' ~  l^«  «'        l^«i  «  '      2^  ~~  8 


log  a  —  log  a '    "^      ^    aa'       log  a  —  log  a 

(7)  To  find  the  centre  of  gravity  of  the  portion  of  the  area 
of  the  curve  y  =  sin  x,  between  x  =  0  and  a:  =  tt. 

(8)  To  find  the  centre  of  gravity  of  the  area  inchided  between 
the  axes  of  co-ordinates  and  the  parabola  of  which  the  equa- 
tion is 

©'-(!)'-'• 
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(9)  To  find  the  centre  of  gravity  of  the  area  intercepted 
between  a  straight  line  y—fix  and  a  parabola  ^  »  4mA;. 

_  _  8i7i      _  _  2m 

(10)  To  find  the  centre  of  gravity  of  a  quadrant  of  the  area 
of  the  curve  a;'  +y'  =  a  ,  bounded  by  the  axes  of  co-ordinates. 

Each  of  the  co-ordinates  of  the  centre  of  gravity  is  equal  to 

256    a 
315'  tt' 


Sect.  3.    Solid  of  Revolution. 

Let  a  solid  of  revolution  be  generated  by  the  rotation  of 
a  plane  curve  about  the  axis  of  x ;  then  the  centre  of  gravity 
will  be  in  the  axis  of  x,  its  position  being  given  by  the 
formula 

\\xy  dx  dy     jx  (y*  -  y*)  dx 

jjydxdy       j{y^-y'^)dx 

y,  y',  being  the  limiting  values  of  y  for  any  assignable  value  of 
x;  if  y  =  0,  we  have 


07  = 


/■ 


xif  dx 

X  =  -r- 

dx 


k 


If  polar  co-ordinates  be  adopted,  which  are  frequently  con- 
venient, the  formula  will  be 

I  jr^  sin  0  cos  6  dffdr 

j jj^  sin  0dddr 

the  pole  being  taken  at  the  origin  of  x,  and  0  being  the  angle  of 
inclination  of  the  radius  vector  r  to  the  axis  of  x. 
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(1)     To  find  the  centre  of  gravity  of  the  segment  of  a  sphere. 
The  centre  of  the  generating  circle  being  taken  as  the  orig^iiy 
its  equation  will  be 

x»  +  y'  =  o' (1); 

and,  c  being  the  distance  of  the  centre  of  the  plane  face  of  the 
segment  fi'om  the  origin, 


I    xy^dx 

—       Jo 

/  y'dx 


0 


(2); 


but  I   ay*  dx  =1    (a*  —  x^)  x  dx,  from  (1), 

=  i  aV  —  J  a;*,  from  a?  =  c  to  a?  =  a, 

also  1   y'dx^^j    (a*-^')da? 

ssa'a;  — Ja^,  from  a;  =  c  to  aj  =  a, 

hence  from  (2), 

*2a'-3a'c  +  c»     ^  2a+c 

If  the  segment  become  a  semi-circle,  then  c  =  0,  and  therefore 

5  =  f  a. 

Lucas  Valerius;  i)e  CW^ro  Qravitatis  Solidorum,  Lib.  ii.  Prop. 
33,  and  Lib.  III.  Prop.  31.  Quldin;  Centrobaryca,  Lib.  i.  cap. 
11,  p.  130.     Wallis;  Opera,  tom.  I.  p.  728. 

(2)  To  find  the  centre  of  gravity  of  the  solid  formed  by  the 
revolution  of  the  sector  of  a  circle  about  one  of  its  extreme 
radii. 

Let  /3  denote  the  angle  between  the  extreme  radii  of  the 
sector;  then,  the  centre  of  the  circle  being  the  origin  of  x, 
and  a  the  radius, 
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x^-^^ .: av 

f^BmedOdr 
JoJo 

but      j  jr'sin  0  cos  0d$dr^  {a*  j  siaOcosedd 

=  ia*f  6m2ed0^^a'{l-co32l3), 
Jo 

and       rrr*8in^d»<ir  =  Ja"r8in^e?^  =  Ja»(l--coBi8); 

J 0  J 0  Jo 

hence  from  (1)  we  have 

We  might  equally  well  have  integrated  the  numerator  and 
denominator  of  (1),  first  with  respect  to  0^  and  afterwards  with 
respect  to  r.  In  the  one  order  of  integration,  we  conceive  the 
sector  to  be  made  up  of  an  infinite  number  of  thin  triangles,  of 
which  the  centre  of  the  circle  is  the  common  vertex ;  in  the 
other  order,  the  sector  is  conceived  to  be  made  up  of  an  infinite 
number  of  infinitesimal  rings,  having  the  centre  of  the  circle  aa 
their  common  centre. 

Wallis;  Opera,  Tom.  I.  p.  728. 

(3)  To  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  parabolic  area  ABG  (fig.  9),  about  the 
tangent  Ax  at  the  vertex  A,  BG  being  at  right  angles  to  the 
axis  Ay  of  the  parabola* 

Taking  Ax,  Ay,  as  the  axes  of  x,  y,  the  equation  to  the  curve 

will  be 

X*  =  4tmy* 

Let  AO^ a,  BC=h;  then 

nxydxdy     j  (a*  — y*)a?d!a5 
^_._     jf ^J_o 

j  j  ydxdy       j  {a^-f)dx 


w^.  s. 
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Jo 
«  2m* -^*— »  «i}m*a* -  ^b. 

This  is  a  case  ct  a  more  general  problem  given  by  Carr^, 
MAure  des  Surfaces,  &c.  p.  93. 

(4)  To  find  the  centre  of  gravity  of  the  solid  formed  by  the 
revolution,  about  the  axis  of  x,  of  any  parabola^  of  which  the 
equation  is 

For  any  portion  of  the  solid  from  a?  =  0  to  a?  =  J, 

-  _  m  +  3n  , 
29/1 +  4n 

(5)  To  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  about  the  axis  of  x  of  the  curve  corresponding  to 
the  equation 

between  the  limits  x^^O  and  re  =  a. 

Carr^ ;  Mdsure  dea  Surfaces,  &a  p.  99. 

(6)  To  find  the  centre  of  gravity  of  the  frustum  of  a  para- 
boloid. 

If  a,  h,  be  the  radii  of  the  less  and  of  the  greater  ends»  h  the 
length  of  the  frustum,  and  x  the  distance  of  the  centre  of 
gravity  from  the  smaUer  end ; 

'     a"  +  6* 

(7)  To  find  the  centre  of  gravity  of  an  hyperboloid. 
If  the  equation  to  the  generating  hyperbola  be 

y»  =  ^(«*+2air), 
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we  shall  have  for  the  volumei  between  «  »  0  and  x^c, 

Carr^ ;  lb.  p.  97. 

(8)  ABO  (fig.  10)  is  a  portion  of  the  area  of  a  common 
parabola,  where  BG  is  at  right  angles  to  the  axis  Ax  of  the 
parabola ;  to  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  area  ABC  about  BO0 

Let  BG=h;  then,  O  being  the  centre  of  gravity, 

CG  =  ^b. 

Carr^ ;  lb.  p.  90. 

(9)  AC,  BC,  (fig.  11),  are  the  semiaxes  of  an  hjrperbola,  AD 
being  a  portion  of  the  curve  intercepted  by  BD  drawn  parallel 
to  CA ;  to  find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  siesk  ACBD  about  CB» 

I(  BC^b,  then,  G  being  the  position  of  the  centre  of  gravity 
in  BC, 

CG^^b. 

Carr^;  lb.  p.  97. 

(10)  To  find  the  centre  of  gi'avity  of  the  solid  formed  by 
scooping  out  a  cone  from  a  given  paraboloid  of  revolution,  the 
bases  of  the  two  volumes  being  coincident  as  well  as  their 
vertices. 

The  centre  of  gravity  bisects  the  axis. 

(11)  To  find  the  position  of  the  centre  of  gravity  of  the 
volume  included  between  the  surfaces  generated  by  the  re- 
volution of  two  parabolas,  y*  =  Zaj,  y*  =  T  (a  —  «),  round  the  axis 
of  X, 


2—2 
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Sect.  4.    Any  Solid* 

Let  X,  y,  e,  be  the  co-ordinates  of  any  point  whatever  within 
any  assigned  solid ;  let  x,  y,  z,  be  the  co-ordinates  of  the  centre 
of  gravity  of  this  solid ;  then 

jjjxdxdydz  jjlydxdydz  lljzdxdydz 

Ijfdxdtfdz'  jfjdxd!,dz'  jfjdxd,,d.' 

where  each  of  the  triple  integrations  is  to  be  performed  in 
accordance  with  the  nature  of  the  bounding  surface  of  the  solid. 

It  is  often  more  convenient  to  make  use  of  polar  co-ordinates 
and  to  divide  the  solid  into  polar  elements  instead  of  in- 
finitesimal parallelepipeds. 

(1)  To  find  the  centre  of  gravity  of  a  portion  of  the  cone,  of 
which  the  equation  is 

which  is  contained  between  the  planes  of  zx^  xy,  and  a  given 
plane  parallel  to  that  of  yz. 

Let  a  be  the  length  of  the  axis  of  the  portion  of  the  cone : 
then 

1    I     I  xdxdydz  j    I     1  ydxdydz 


a:  = 


nff»  /•«  ^     ^         ra  r/to  ft  » 

I  dxdydz  j    I     I  dxdydz 

Joi.    Jo  '^'^^'^ 

Now  I    I     I  dxdyde=j    I    zdxdy 

^{'{"{^(^-jn^dxdy 

J  0  J  0 

Jo 
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Also 


•  rfia 


j    I     /  xdxdydessj    j    xzdxdy 


hence 


Again, 


0  Jo 


and  therefore 


Similarly, 


Jo 

'fy'ffya      IT 


»  =s  —  a. 


(2)  To  find  the  centre  of  gravity  of  half  the  solid  intercepted 
between  the  surfaces  of  a  hemisphere^and  a  paraboloid  of  revolu- 
tion on  the  same  base^  the  latus-rectum  of  the  paraboloid  coin- 
ciding with  the  diameter  of  the  hemisphere,  and  the  solid  being 
bisected  by  a  plane  passing  through  its  axis. 

Take  the  centre  of  the  sphere  as  the  origin  of  co-ordinates, 
and  the  axis  of  the  paraboloid  as  the  axis  of  z ;  also  let  the  axis 
of  X  be  so  taken  that  the  plane  of  zx  coincides  with  the  bisecting 
plane ;  and  take  the  axis  of  y  at  right  angles  to  this  plane. 
Then,  if  a  be  the  radius  of  the  sphere,  the  equation  to  the 
sphere  will  be 

and  to  the  paraboloid, 

a"+y"  =  a(a  — 2?). 

The  centre  of  gravity  will  be  somewhere  in  the  plane  oiyz^  and 
is  to  be  determined  by  the  formulsD 
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I     I   I  i/dxdyck  I      j    j  zdxdydz 

y         r-^a  rx'  rz  >       ^  ~     r+a  rx'  rz  > 

j      I    I  dxdydz  j      I   j  dxdydz 

where  x  is  taken  to  represent  [a?  —  a?*)*,  and  where  the  limits 
«',  «,  of  the  general  value  of  «,  are  its  values  for  any  assigned 
values  of  x  and  y  in  the  paraboloid  and  sphere  respectively. 

Now 
/  dxdydz=dxdy [z—z')  =  dxdy  {(a*—  ic*-  ^*— s-  (a*  —  a?"  —  y*)} ; 

hence/    I  dxdydz^i    e?irrfy{(a*— ai*— y^*— —  (a'  — a?*  — y^} 

=  (fa;  {i7r(a»-a:*)-l(a« -*•)*}, 
and  therefore 

[  'J  l'dxdydz  =  {  "da!{i7r(a*-aO-i(a*-aO*} 

Agab,  j  y  dx  dTy  <fe  =  y  <Zk  (?y  {(a' -  a!*  -  3^)*  -  g^  (a*  -  JB*  -  y»)}, 
V ^ ydxdy da=^ ydxdy  [(fl*-a?-if')^ -—{a*-a?-f)] 
=  <&{- jCa'-ic'-y^*-^  (o*-a^i/»  +  g^y*},  between  limits, 

hence 

^*yj'y dxdydz  =  ^j  Ja'  -  ««)*  <?»  -  ^  |^%*-2aV  +  »*)  tfaj 

,4,4      15ir  — 16   4 
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Again 

\    I  zdxdydz 

=Jdlr{(a'-«0»-J(««-a^*-^.(a«-a>')*+^(a*-O*-2^.(a*-«^*} 
between  limits. 

From  the  formulsB  for  y  and  2  then  we  have 
.-._Tk(157r-16)a^_157r-16^ 

(3)  AOC  (fig.  12)  is  a  right-angled  triangle,  0  being  the 
right  angle;  AOBD  is  a  rectangle,  of  which  the  plane  is 
perpendicular  to  that  of  the  triangle;  from  every  point  22  in 
the  line  AC  9,  straight  line  RQ  is  drawn  to  meet  BD  at  Q,  in  a 
plane  at  right  angles  to  the  areas  of  the  rectangle  and  triangle ; 
to  find  the  centre  of  gravity  of  the  volume  so  generated. 

Let  OAxj  OBy^  0  Gz,  be  taken  as  axes  of  Xy  y,  z;  from  B 
draw  BM  at  right  angles  to  OA,  join  QM,  and  draw  PN  at 
right  angles  to  Qif;  let  OA  =  a,  OB^b,  OC=c]  OM^^x, 
MN=^y,  NP  =  z\  z  being  the  distance  of  any  point  in  the 
line  P^from  thq  point  if:  then  for  the  determination  of  the 
centre  of  gravity  we  have 
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fJl[da>dydz  '  I'SX^xdyds  ' 


Z=s 


If/  zdxdydz 


From  the  geometry  it  is  evident  that 

/        a  —a?  b  —V 
a        b 
hence  we  have 

I    /  x{a-x)(ll>'^y)dxdy 

—  ^  J  0  J  0 

I   X  (a  —  x)dx     ,  , 
I   {a  —  x)dx       ^ 

f  I  {a-x){b^y)ydxdy     \  Q>-y)ydy     -,, 
jj^(a-x)(b-y)dxdy       \jfi-y)dy      ** 

^j^L_±  l_Zi  rf^^y       ^    \    \{a-xy{h-yydxdy 


p  r*    a-xb-y  J    y  2ab  /"«  f^T         [  ^ 

_  _c_  la* .  jy  ^  2c 
2a6ia*.i6"      9* 

(4)   To  find  the  centre  of  gravity  of  the  portion  of  the  sphere 

«'+y*  +  ^  =  a*, 
which  is  cut  oflF  by  three  planes,  a:  =  0,  ciy  =  0,  «  =  0. 


CENTRE  OF  GRAVITY.  25 

(5)  To  find  the  centre  of  gravity  of  a  portion  of  the  para- 
boloid j^  +  z»  =  4ma?, 

-which  is  cut  off  by  the  three  planes  x=a,  jf^O,  is  =  0. 

If  &  be  the  radius  of  the  section  of  the  paraboloid  made  by 

the  plane  x^a,  then 

-     ,       -     -     166 

(6)  To  find  the  centre  of  gravity  of  a  portion  of  the  solid 
a;*=a?y,  which  is  cut  off  by  the  five  planes  a?  =  0,  y  =  0,  z^O, 

(7)  To  find  the  centre  of  gravity  of  the  volume  of  the  cylinder 
y*  ==  2aaj  —  7?,  which  is  cut  off  between  the  two  planes  z  =  fix^ 

Z  =  PXm 

(8)  A  solid  is  generated  by  a  variable  rectangle  moving 
parallel  to  itself  along  an  axis  perpendicular  to  its  plane 
through  its  centre;  one  side  of  the  rectangle  varies  as  the 
distance  from  a  fixed  point  in  the  axis,  while  half  the  other 
is  the  sine  of  a  circular  arc,  of  which  this  distance  is  the 
versed  sine ;  to  determine  the  distance  of  the  centre  of  gravity 
of  the  whole  solid  from  the  fixed  point. 

The  required  distance  is  equal  to  five-eighths  of  the  length 
of  the  axis. 

(9)  Through  a  given  point  in  tbe  circumference  of  a  circle, 
and  at  right  angles  to  its  plane,  is  drawn  a  straight  line,  equal 
in  length  to  the  diameter  of  the  circle,  the  given  point  bisecting 
the  line :  to  find  the  centre  of  gravity  of  a  solid  boimded  by 
a  surface,  which  is  the  locus  of  a  semi-ellipse  terminating  at  the 
ends  of  the  straight  line,  which  is  the  major  axis  of  the  ellipse, 
the  minor  semi-axis  being  a  chord  drawn  in  the  circle  from  the 
given  point. 

If  c  be  the  circumference  of  the  circle,  the  distance  of  the 
centre  of  gravity  of  the  solid  from  the  given  point  is  equal  to 
9c 
128' 
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Sect.  5.    A  Plane  Curve. 

Let  w,  y,  be  tlie  co-ordinates  of  any  point  of  a  plane  curve, 
and  let  ds  denote  an  element  of  the  length  of  the  curve  at  that 
point;  then,  x,  y,  denoting  the  co-ordinates  of  the  centre  of 
gravity  of  any  assigned  portion  of  the  curve, 

Ixds  jyde 

jds  jds 

the  integrations  being  performed  in  accordance  with  the  limits 
of  the  portion. 

The  idea  of  the  determination  of  the  centres  of  gravity  of 
curve  lines  is  due  to  La-Faille,  a  Flemish  mathematician,  by 
whom  it  was  applied  in  the  instances  of  portions  of  the  circle 
and  the  ellipse,  in  a  work  entitled  "De  centra  gravitatis  partium 
circidi  et  ellipsis  theoremata,''  published  in  the  year  1632.  The 
theorems  of  La-Faille  were  afterwards  published  in  a  somewhat 
more  elegant  form,  and  with  amplifications,  by  Guldin;  Centra^ 
baryca,  Lib.  i.  caps.  4,  6,  6,  7. 

(1)     To  find  the  centre  of  gravity  of  the  arc  of  the  curve 
y  =  sin  a;  from  x  =  0  to  x^ir. 

From  the  equation  to  the  curve  we  have 

(fo*  s=  cLc^H-  dy*  =  (1  +  cos'o?)  dx^; 


hence 


/y  ds     I    sin  a?  (1  +  cos'  x)^  dx 
y= =^io_ 

Ids  j    (l  +  cos*a7)Tcfa7 


Now,  by  the  ordinary  processes  of  the  integral  calculus, 

I    8ina?(l-f-cos'a;)*cZx  =  2*  +  log(2*  +  l); 
J  0 
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also,  0  denoting  the  length  of  the  curve  from  a^  »  0  to  ^  s  ^r, 

c  =  f '  (1  +  COS*  «)*  (fe  =  ?i  f  (1  -  i  sin* «)*  <4b, 

an  elliptic  function  of  the  second  order:   hence  y  is  given  by 
the  equation 

c^  =  2i  +  log(2*  +  l). 

(2)     To  find  the  centre  of  gravity  of  any  arc  of  a  circle. 

Let  the  centre  of  the  circle  be  taken  as  the  origin  of  co- 
ordinates, and  let  the  axis  of  x  bisect  the  arc;  then,  if  a  be  the 
radius  of  the  circle,  c  the  chord  of  the  arc,  and  8  the  length  of 

the  arc, 

-     etc      _     ^ 

«'  =  7.  y  =  o. 

Quldin;  Cenirobarycay  Lib.  i.  cap.  5,  p.  59* 
Wallis;  Opera,  Tom,  L  p.  712. 

(8)  To  find  the  centre  of  gravity  of  the  arc,  between  two 
successive  cusps,  of  the  curve  a:'  +  y*  =  c^. 

Each  of  the  co-ordinates  of  the  centre  of  gravity  is  e(]^ual 
to|a. 

(4)  To  find  the  centre  of  gravity  of  the  arc  of  a  semicycloid. 

The  equations  to  the  curve  being 

aj  =  a(l— costf),    y=sa(^  +  sin^, 

we  shall  have 

a  =  Sa,    y  =  (7r-|)a. 

Wallis;  Opera,  Tom.  i.  p.  620. 

(5)  To  find  the  centre  of  gravity  of  the  arc  of  a  catenary 

cut  off  by  any  assigned  double  ordinate. 
If  2^  be  the  whole  length  of  the  intercepted  arc, 
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(6)  To  find  the  centre  of  gravity  of  the  arc  of  a  parabola 
y*  =  imx,  cut  off  by  the  latus  rectum. 

-     ,      3.2*-log(l  +  2*)      _     ^ 
^        24+log(l  +  2i)    '    ^ 

(7)  To  find  the  centre  of  gravity  of  the  semi-arc  of  a  loop  of 
the  Lemniscata  of  James  Bernoulli 

If  the  axis  of  the  loop  be  taken  as  the  axis  of  Xj  the  node 
being  the  origin ;  then,  a  being  the  length  of  the  axis  and  I  of 
the  semi-arc, 

_      a'       -     (2i-l)a» 

(8)  -4P  is  any  portion  of  a  plane  curvilinear  wire,  reckoned 
from  a  fixed  point  A  in  the  wire:  0  is  a  fixed  point  in  the 
plane  of  the  wire  :  the  centre  of  gravity  of  AP  always  lies  in 
the  straight  line  which  bisects  the  angle  AOP:  to  find  the  form 
of  the  wire. 

The  arc  AP  is  a  portion  of  a  lemniscate  of  which  0  is  the 
pole. 


Sect.  6.     Curve  of  Double  Curvature. 

The  formulae  for  the  determination  of  the  centre  of  gravity  of 
a  curve  of  double  curvature,  are 

jx  ds  I  yds  jzds 

\d8  Ids  Ids 

where  x,  y,  z,  are  the  co-ordinates  of  any  point  in  the  curve, 
and  ds  an  element  of  the  arc  at  that  point :  the  limits  of  the  in- 
tegrations will  depend  upon  the  positions  of  the  ends  of  that 
portion  of  the  curve  of  which  the  centre  of  gravity  is  required. 
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Ex.    To  find  the  centre  of  gravity  of  the  Helix* 
The  equations  to  the  curve  are 

irP  +  ^  =  a*,    «=5cos"*-: 

and  for  the  centre  of  gravity  of  any  length  of  the  curve, 
beginning  at  the  plane  of  xy, 


0?==— ,   y= — ,    «  =  i«. 


Sect.  7.    Surface  of  Revolution.. 

Let  a?,  y,  be  the  co-ordinates  of  any  point  of  a  curve,  by  the 
revolution  of  which  about  the  axis  of  a;  a  surface  is  supposed  to 
be  generated ;  then,  if  da  denote  an  element  of  the  generating 
curve  at  the  point,  and  x  the  abscissa  of  the  centre  of  gra- 
vity of  the  surfSEU^  of  revolution, 


jxyda 

x^- — ; 
jyds 


the  integrations  being  performed  between  appropriate  limits. 

(1)    To  find  the  centre  of  gravity  of  the  surface  of  a  segment 
of  a  sphere. 

If  the  equation  to  the  generating  circle  be 

y^(2ax-a?)\ 

CL  ^  X 

we  shall  have  dy  = —\  dx, 

and  therefore 

dy  =  (fog'-f^y*=Q^_   «d^=  -ZT^9  0Tyd8  =  adx; 
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hence  for  any  segment,  of  which  the  limiting  abscissa  is  c, 


I  (txdx 


I  adx 
Jo 


re  g         a 


(2)  To  find  the  centre  of  gravity  of  the  surface  generated  by 
the  revolution  of  one  of  the  loops  of  the  curve  r^ssa*  cos  20 
about  its  axis. 

Jxyds     j     r^8m0coB0{dr' +  7^010^^ 


05  = 


Jy*  j  \Bm0 {d7*  +  r*d0^i 


^  .         ^  1  -  sin  25     ,>, 

But  r«a(cos2M        rfr«-a7 — ^^xi^> 

'  (cos  25) » 

and  therefore  df^  +  f^d0'^  ®*^^ 


Hence 


x=sa     ® 


cos  25 

I     sin  5  cos  0  (cos  25)*  d0 
Jo 


I     sin  5  (75 
Jo 

|(co8  25)*rfcos25 
-lal— 

pcos5 
3  (cos  2^1}  -I       ^        ^, 

= i»-w— H- -  i«-r-J  "  6  •  7(2F1  • 

(3)  To  find  the  centre  of  gravity  of  the  surface  of  a  cone. 

Let  the  equation  to  the  generating  straight  line  be  2^  =  ox ; 
then^  c  being  the  length  of  the  axis  of  the  cone, 

Guldin ;    Centrcbaryca,  Lib.  I.  cap.  10,  prop.  3. 
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(4t)  To  find  the  centre  of  gravity  of  the  surface  generated  by 

the  revolution  of  a  semicycloid  about  its  axis. 

The  equations  to  the  curve  being 

fl?  =  a  (1  —  cos  ^,      y  =  a  (^  +  sin  ^, 

we  shall  have 

«      ,    157r-8 

(5)  To  find  the  centre  of  gmvity  of  the  surface  generated  by 
the  revolution  of  the  parabola  j^  =s  4ifnx  ,about  the  axis  of  x. 

--1  (33? -  2m)  (a?  +  m)*  +  2m* 
{x  +  m) » —  m» 

(6)  A  cardioid  revolves  about  its  axis :  to  find  the  centre 
of  gravity  of  the  surface  generated. 

The  equation  to  the  cardioid  being  r  =i  a  (1  —  cos  ff),  the 
distance  of  the  required  centre  of  gravity  firom  the  pole  is  equal 
tof^a. 

Sect.  8.    Any  Surface. 

Let  X,  y,  Bf  be  the  co-ordinates  of  any  point  of  a  surface  re- 
ferred to  three  rectangular  axes;  and  let  -^  =/>,  ^  =  j;  then, 
for  the  centre  of  gravity  of  any  portion  of  the  surface, 


»  = 


r|a?(l  +!>*  +  ?*)*  die  e?y 
jj(l+/  +  2')*da?rfy 

jjyii-^p'-^gn^dxdy 

jj{l+p'  +  q')^dxdy 
jj^(l+p'+q')idxdy 


y« 
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the  integrations  being  performed  between  limits  corresponding 
to  the  boundary  of  the  surface. 

(1)   Suppose  the  surface  to  be  any  portion  of  the  superficies 
of  a  sphere,  of  which  the  equation  is 

a?*  +  y*  4-  -8*  =  r*. 
Then  we  have 

y 


X 

^         z 


and  therefore        i  =  r 


jjdxdi/ 


ffdxdy{l+p'  +  q')i 


Now  it  is  evident  tbat^  the  integrations  being  performed 
within  the  given  limits,  the  denominator  of  this  expression  for 
~z  represents  the  area  of  the  given  portion  of  the  surface,  while 
the  numerator  represents  the  area  of  the  projection  of  this  same 
portion  upon  the  plane  of  x  and  y.  Hence,  in  general  language, 
the  distance  of  the  centre  of  gravity  of  any  portion  whatever  of 
the  surface  of  a  sphere  from  the  plane  of  any  one  of  its  great 
circles,  is  a  fourth  proportional  to  the  area  of  the  portion  itself, 
the  area  of  its  projection  on  this  plane,  and  the  radius  of  the 
sphere. 

The  truth  of  this  proposition  depends  solely  upon  the  pro- 
perty expressed  by  the  equation 

but  this  equation  holds  good  for  the  whole  class  of  surfaces 
generated  by  the  motion  of  a  sphere  of  invariable  radius,  of 
which  the  centre  describes  a  plane  curve  traced  arbitrarily  in 
the  plane  of  x  and  y;  hence  we  may  evidently  extend  the 
preceding  proposition  to  all  these  surfaces  under  the  following 
enunciation : — 

"Upon  any  surface  whatever,  generated  by  the  motion  of 
a  sphere  of  which  the  centre  never  departs  from  a  given  plane, 
let  any  portion  S  be  taken,  and  let  8'  be  the  projection  of  S 
upon  the  given  plane ;  then  the  distance  of  the  centre  of  gravity 
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of  8  from  this  plane  will  be  a  fourth  proportional  to  8,  8\  and 
the  radius  of  the  generating  sphere." 

(2)  To  find  the  centre  of  gravity  of  any  spherical  triangle 
formed  by  three  great  circles. 

Let  ABG  (fig.  13)  be  any  spherical  triangle,  0  the  centre 
of  the  sphere ;  and  OA,  OB,  00,  the  three  radii  at  the  angles 
Ay  B,  0,  of  the  triangle.  Let  Z^  Z^,  Z^,  denote  the  distances 
of  the  centre  of  gravity  of  this  triangle  from  the  three  planes 
BOG,  CO  A,  AOB ;  then,  by  the  proposition  of  the  preceding 
Article,  if  r  be  the  radius  of  the  sphere,  8  the  area  of  the 
spherical  triangle  ABG,  and  8'  of  its  projection  upon  the  plane 
BOG, 

But,  by  the  principles  of  spherical  trigonometry, 

8='^{A  +  B  +  C -180)', 

also  it  is  clear  that,  a,  h,  c,  being  the  number  of  degrees  sub- 
tended at  the  centre  of  the  sphere  by  the  sides  of  the  spherical 
triangle  opposite  to  the  angles  A^  JS,  G, 

S'  =  area  BOG'-Siirea,AOB  x  cos  J5  —  area uil OC x  cos  G 

=  jr^z^  (a  —  c  cos  -B  -  6  cos  G), 
ooU 


and  therefore 


-  _-    o  — 6 cos  (7— c cos 5 


c,.    .,    1  rr      1    6  — c  COS -4  — a  cos  (7 

Similariy.         Z,  =  Jr    ^^^^^..^qq    ' 

y     -    c  — acosjB  — 6cos-4 
^^" **"   A  +  B+C-ISO    ' 

The  position  of  the  centre  of  gravity  of  the  spherical  triangle 
may  be  elegantly  expressed  likewise  in  terms  of  its  distances 
from  three  great  circles  of  the  sphere,  at  right  angles  to  the 
W.  s.  3 
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three  edges  OA,  OB,  OG,  of  the  spherical  pyramid  ABCO.  Let 
D^  Z>j,  D^  denote  these  distances;  then  by  Art.  (1)  we  have 

where  8  denotes  the  spherical  area  ABC,  and  8^,  8^,  8„,  its 
projections  upon  the  three  great  circles  at  right  angles  to  (9-4, 

OB,  oa 

Now  it  is  evident  that  the  projections  o£  the  spherical  area 
ABC,  and  of  the  sector  BOC,  upon  the  great  circle  which  is  at 
right  angles  to  OA,  are  identically  the  same,  and  therefore,  if 
the  arc  Aa  be  drawn  at  right  angles  to  BC,  we  have 

8^  =  area  of  sector  BOC  x  cos  ( ^ -] 

—        ar  sm  —  =  ^^jr  ar  sin ^.  sm c : 


360  r       360 

but  5  =  ^(^+5+ (7-180); 


hence 


n  —1         fl  sin  B  sin  c 
^•"*^^  +  J5+O"-180' 

Q.    .1    1  T\      s        6  sin  (7  sin  a 

Similarly,  A  =  ir  ^^.^^.g.iso » 

n  —1       c  sin  ^  sin  b 

If  we  desire  to  determine  the  position  of  the  centre  of  gravity 
of  the  triangle  by  means  of  three  rectangular  co-ordinates  x,y,  z, 
let  the  plane  of  the  side  c  be  taken  as  the  plane  of  x  andy,  and 
let  the  radius  OA  be  taken  to  coincide  with  the  axis  of  x.  Then 
from  the  preceding  results  we  have  at  once 

_.        a  sin  B  sin  c  _.    o  — 6  cos -4 —a  cos  5 

^^^^aTbTc^^Tso'    ^"" *''  A+B+c-iso  • 

Again,  let  the  great  circle,  of  which  BC  is  an  arc,  meet  the 
plane  of  a?,  z,  in  the  point  B,  as  in  fig.  14  ;  join  A  and  2)  by  an 
arc  of  a  great  circle.  Then  clearly  the  projection  of  the  spheri- 
cal triangle  A  BC  upon  the  plane  of  w  and  z  is  equal  to  the 
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difference  of  the  projections  of  the  sectors  AOG,  JSOC,  upon 
this  plane,  and  therefore  to  the  expression 

r'fccos  CAB  "  -zr^rx^T^a  cos  D 


360 " —     360 

=  m7)  (P  sin  u4  —  a  sin  B  cos  c) ; 

hence,  by  the  principles  of  Art.  (1),  we  have 

_  -  6  sin  -4  —  a  sin  B  cos  c 
^'"*     A  +  B+C'-ISO     ' 

(3)    The  general  formula 


«  = 


]/(!+/ +  gO*cic(Zy 


furnishes  us  with  the  following  general  proposition : — 

"  Upon  the  surface  (A),  generated  by  the  revolution  of  the 
curve  of  equilibrium  of  a  homogeneous  catenary  about  the 
vertical  line  which  passes  through  its  lowest  point,  trace  arbi- 
trarily a  perimeter  enclosing  a  portion  8  of  the  surface ;  project 
this  perimeter  upon  a  horizontal  plane  which  intersects  the  axis 
of  revolution  at  a  distance  c  below  the  lowest  point  of  the  sur- 
face, where  c  is  equal  to  the  horizontal  tension  of  the  catenary 
divided  by  the  mass  of  a  unit  of  its  length ;  let  V  be  the  volume 
contained  between  the  surface  8,  its  projection,  and  the  cylindri- 
cal surface  formed  by  the  perpendiculars  from  the  perimeter  of  8 
upon  the  plane  of  projection.  Then  the  altitude  of  the  centre  of 
gravity  of  8  above  this  plane  will  be  double  of  that  of  the  centre 
of  gravity  of  F." 

In  fact,  the  plane  touching  the  surface  (^)  in  a  point  situated 
at  an  altitude  z  above  the  plane  of  projection,  which  we  shall 
take  for  the  plane  of  x  and  y,  makes  with  this  plane  an  angle,  of 

which  the  cosine  is  -;  and  therefore  we  have  the  equation 


(!  +  ?*+?')*  =  !; 


z 
c 

3—2 
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hence,  by  the  formula  for  a,  we  obtsdn 

Uzdxdy 

But  calling  z  the  altitude  of  the  centre  of  gravity  of  V  above 
the  same  plane^  we  have 


Zs: 


jj^zzdx  dy 
jjzdxdy 


and,  the  limits  of  the  integrations  being  the  same  in  the  ex- 
pressions for  z  and  e,  we  see  that  i  =  2z. 

The  property  expressed  by  the  partial  differential  equation 

being  common  to  all  the  surfaces  which  can  be  generated  by 
the  surface  (A)  when  it  moves  in  such  a  manner  that  its  axis 
always  remains  vertical,  and  that  one  of  its  points  describes  a 
plane  curve  traced  arbitrarily  upon  a  horizontal  plane,  the 
proposition  which  we  have  demonstrated  is  susceptible  of  the 
same  extension  as  that  of  (1). 

The  illustrations  of  the  general  formulas  for  the  det'Ormination 
of  the  centre  of  gravity  of  any  surface,  which  we  have  given  in 
(1),  (2),  (3),  are  extracted  from  a  memoir  by  Professor  Giulio, 
of  Turin,  which  may  be  seen  in  Liouville's  Journal  de  Math/- 
moMques,  Tom.  iv.  p.  386. 

(4)    To  find  the  centre  of  gravity  of  the  surface  of  a  cone 

y'  +  z'^lS'a?, 
intercepts  by  the  planes  a?  =  0,  y  =  0,  «  =  0,  a?  =  a. 
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Sect.  9.    HeteroffeneaiM  Bodies. 

In  the  preceding  sections  we  have  detennined  the  centres  of 
gravity  of  various  classes  of  homogeneous  bodies ;  we  will  now 
give  a  few  examples  of  the  determination  of  the  centre  of  gravity 
when  the  density  is  variable. 

(1)  To  find  the  centre  of  gravity  of  the  surface  of  a  hemi- 
sphere,  when  the  density  of  each  point  in  the  surface  varies  as 
its  perpendicular  distance  from  the  circular  base  of  the  hemi* 
sphera 

Let  the  equation  to  the  quadrantal  arc,  by  the  revolution  of 
which  the  hemispherical  surface  may  be  generated^  be 

«^+y*'=a' (1). 

the  axis  of  x  being  the  axis  of  revolution. 

The  area  of  the  strip  of  the  surface,  which  is  generated  by  the 
element  ds  of  the  arc,  will  be  equal  to  Ziryds;  and,  if  p  be 
its  density,  its  mass  will  be  equal  to  2'irp  y  ds :  hence 


IZftrpyda^x     jpaspda 
j27rpyd8       jpyds 


[sfyda 

but  pccx;  hence  x^  -z ; 

jxyds- 

and  therefore,  since  from  (1)  it  is  easily  seen  that 

yds^adx, 

we  have  a? =-?=^ =  t-i  =*  !<*• 

rxda>     *« 
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(2)  To  find  the  tientre  of  gravity  of  a  physical  line,  the  den- 
sity of  which  at  any  point  varies  as  the  n^  power  of  the  distance 
of  the  point  from  a  given  point  in  the  line  produced. 

Let  a,  bf  be  the  distances  of  the  given  point  from  the  two 
extremities,  and  x  its  distance  from  the  centre  of  gravity  of  the 
physical  line ;  then 

-._n  +  l  ft"**  — a"^ 

(3)  To  find  the  centre  of  gravity  of  a  chain  the  form  of 
which  is  that  of  a  common  catenary,  the  density  of  the  chain 
varying  as  the  curvature,  and  its  extremities  being  equidistant 
from  its  directrix. 

If  a  be  the  distance  of  either  end  of  the  chain  from  its  axis, 
and  a  the  inclination  of  the  tangent  at  either  end  to  the  di- 
rectrix, the  centre  of  gravity  lies  in  the  axis  of  the  catenary 

at  a  distance  from  the  directrix  equal  to  -  • 

a 

Haton  de  la  GoupiUifere;  Nouvelles  Annales  de 
MaiMmatiquea,  2me  S^rie,  Tome  vii.  p.  39. 

(4)  To  find  the  centre  of  gravity  of  an  arc  of  a  logarithmic 
spiral  the  density  of  which  varies  as  the  curvature. 

Let  c  be  the  length  of  the  chord  of  the  arc,  q>  the  angle  be- 
tween its  extreme  radii  vectores ;  and  let  a  be  the  constant 
inclination  of  the  curve  at  any  point  to  the  radius  vector  of  the 
point.  Draw  a  tangent  to  the  curve,  parallel  to  the  chord  of 
the  said  arc.     The  centre  of  gravity  will  lie  in  the  radius  vector 

of  the  point  of  contact  at  a  distance  from  the  pole  equal  to 

c    . 

—  sm  a. 
o> 

Haton  de  la  Goupilli^re ;    NouveUes  Annales  de 
MatMmatiques,  2me  S^rie,  Tome  vii.  p.  128. 

(5)  To  find  the  centre  of  gravity  of  an  arc  of  a  cycloidal  wire, 
symmetrical  in  relation  to  the  vertex,  the  density  of  the  wire 
being  supposed  to  vary,  from  point  to  point,  as  the  curvature. 
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If  o; » a  (1  —  COS  ^  be  the  distance  of  the  chord  of  the  arc 

from  the  vertex,  the  distance  of  the  centre  of  gravity  above  the 

/% 

middle  point  of  the  axis  of  the  cycloid  is  equal  to  — 5 — . 

Haton  de  la  Qoupilli^re;  Nouvelles  Annaiea  de 
Maihimatiques,  2me  S^rie,  Tome  Vll.  p.  131. 

(6)  To  find  the  centre  of  gravity  of  an  arc  of  a  wire  in  the 
form  of  a  catenary,  starting  from  the  vertex,  the  density  being 
supposed  to  vary  inversely  as  the  distance  from  the  directrix. 

The  equation  to  the  catenary  being 
the  co-ordinates  of  the  required  centre  of  gravity  are  equal  to 

C3 

^x  and  — ,  8  being  the  length  of  the  ara 

Haton  de  la  Qoupilli^re;   Nouvelles  Annales  de 
Math^matiqueSy  2me  S^rie,  Tome  Vli.  p.  131. 

(7)  To  find  the  centre  of  gravity  of  a  quadrant  of  a  circle, 
the  density  at  any  point  of  which  varies  as  the  n^  power  of  its 
distance  from  the  centre. 

Let  a  denote  the  radius  of  the  circle,  and  x^  y,  the  co-ordinates 
of  the  centre  of  gravity  of  the  quadrant  referred  to  its  two  ex- 
treme radii  as  axes ;  then 

_      n  +  2    2a     - 

(8)  To  find  the  centre  of  gravity  of  a  square  ABCD,  the 
density  of  which  at  any  point  varies  as  the  distance  of  the  point 
from  a  line  through  A  parallel  to  BD. 

The  distance  of  the  centre  of  gravity  from  A  is  equal  to  -^a, 
a  denoting  the  length  of  a  diagonal. 

(9)  To  find  the  centre  of  gravity  of  a  hemisphere,  the  den- 
sity of  which  varies  as  the  distance  from  the  centre  of  the 
sphere. 

The  distance  of  the  centre  of  gravity  firom  the  centre  of  the 
sphere  is  equal  to  two-fifths  of  the  radius. 
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(10)  To  find  the  centre  of  gravity  of  a  sphere,  the  density 
of  which  varies  inversely  as  the  distance  from  a  point  in  its 
surface. 

The  centra  of  gravity  divides  the  diameter  through  the  said 
point  into  two  parts  which  bear  to  each  other  the  ratio  of  2 
to  3. 

■ 

(11)  To  find  the  centre  of  gravity  of  a  solid  sphere,  the 
density  of  which  varies  inversely  as  the  fifth  power  of  the  dis- 
tance from  an  external  point 

If  a  be  the  radius  of  the  sphere,  and  c  the  distance  of  the 
external  point  from  the  centre  of  the  sphere,  the  centre  of 
gravity  is  in  the  line  joining  the  centre  of  the  sphere  and  the 

external  point,  at  a  distance  —  from  the  centre. 

Sect.  10.     Centre  of  Parallel  Forces, 

When  any  number  of  parallel  forces  act  on  a  system  of  rigidly 
connected  points,  they  generally  have  a  single  resultant  acting  on 
a  point  of  which  the  position  is  invariable  while  their  common 
direction  is  changed  in  every  possible  way.  This  point  is  called 
the  Centre  of  the  Parallel  Forces :  the  Centre  of  Gravity  of  a 
body  is  a  particular  case  of  this.  Let  x^  y,  z^  denote  the  co-or- 
dinates of  the  point  of  application  of  any  force  P  of  the  system 
referred  to  any  axes,  rectangular  or  oblique ;  and  let  x,  y,  z,  be 
the  co-ordinates  of  the  Centre  of  Parallel  Forces.  Then,  R 
representing  the  resultant, 

Ji^t(P)       S-^^)         y^^^l         i-?i^^). 

ic^X(,n    ^-X(P)»     ^~2(P)'  2(P) 

Whenever  2  (P)  is  equal  to  zero,  these  formulae  cease  to  be 
applicable,  there  being  in  this  case  no  single  resultant;  the 
forces  will  be  reducible  to  a  resultant  couple.  For  the  complete 
development  of  the  theory  of  Statical  Couples,  the  reader  is  re- 
ferred to  Poinsot's  beautiful  work  entitled  Elemens  de  Statique, 

The  formulae  for  i,  y,  «,  were  first  given  by  Varignon,  in  the 
M^moirea  de  TAcad^nde  dee  Sciences  de  Paris  for  the  year  1714. 
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(1)  Three  parallel  forces,  acting  at  the  angular  points  A,  B,  G, 
of  a  plane  triangle,  are  respectively  proportional  to  the  opposite 
sides  a,b,c;  to  find  the  distance  of  the  centre  oT  parallel  forces 
from  A. 

Produce  AB,  AC,  indefinitely  to  points  x,  y,  and  let  Ax,  Ay, 
be  taken  as  co-ordinate  axes. 

Let  fia,  fib,  ixc,  be  the  forces  applied  at  A,  B,  C,  where  a,  b,  c, 

denote  the  opposite  sides  of  the  triangle.    The  co-ordinates  of 

the  points  of  application  of  these  three  forces  are  0, 0;  c,  0;  0, 6; 

hence 

~  c.fjJ}  be 

fjui -\- fxb  +  fic     a  +  6  +  c* 

b,uo  be  - 

^     fui -^  fib  +  fic     a  +  b  +  c 

Let  r  be  the  distance  of  the  centre  of  parallel  forces  from 
A;  then 

r*  =  5"  +  y'  +  2i  y  cos  -4  =  2i*  (1  +  cos  -4 )  =  45"  cos"  ^  A , 

and  therefore 

«_.       -   .     2Jccosi-4 

r  =  2aj  cos  4-4  = rir-r —  ' 

'  a+b+c 

(2)  Three  parallel  forces  P,  Q,  B,  act  at  the  angles  A,  B,  G, 

of  a  given  triangle,  and  are  to  each  other  as  the  reciprocals  of 

the  opposite  sides  a,  b,  c\  to  determine  the  distance  of  their 

centre  from  A. 

^      .    ...  ,  (y+2iVcos^  +  c*>* 

Kequired  distance  =  a r : — i — -  • 

^  bc  +  ca-^ab^ 

(3)  Upon  a  horizontal  triangular  lamina,  supported  at  its 
three  angular  points,  is  placed  a  weight  equal  to  that  of  the 
lamina :  to  find  the  position  of  the  weight  if  the  pressures  on 
the  points  of  support  are  proportional  to  4a  +  J  +  c,  4 J  +  c  +  a, 
4c+a  +  J,  where  a,  b,  c,  are  the  lengths  of  the  sides  of  the 
triangle. 

The  required  position  is  the  centre  of  the  inscribed  circle. 

(4)  At  the  comers  B,  G,  D,  of  a  quadrilateral  pyramid  ABGD, 
three  parallel  forces  P,  Q,  R,  are  applied ;  to  find  the  distance  of 
their  centre  firom  the  comer  A. 
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Let  AB^b,  AO=^c,  AD^d;  j:GAD=^(c,d),  zDAB={d,b), 
A  BAG—  {b,  c);  r  =  the  required  distance ;  then 

r'{P+  Q  +  fi)«  =  P»J*+  QV  +  I?d^ -{- 2QRcd cos  (c,  d) 

+  2RPdb  cos  (d,  b)  +  2PQbc  coa  (i,  c). 

(5)  At  three  fixed  points  (a^  b),  {a',  5*),  (a'',  6"),  in  the  phine 
of  X,  y,  are  applied  three  parallel  forces  p,  p,  p";  supposing  the 
magnitude  of  p"  to  vary  in  every  possible  way,  to  find  the  locus 
of  the  centre  of  parallel  forces. 

The  locus  will  be  a  straight  line  of  which  the  equation  is 

(ap.+  aY)  V  +  {(a"  -  a)  p  -f  (a"  -  aO/}  y 

=  (Jp  +  Vp')  a"+  1(6" -  b)p  +  (J" -  V)  p] X. 

Sect.  11.     The  Properties  of  Pappus. 

I.  If  any  plane  area  revolve  about  any  external  axis  in  its 
own  plane  through  any  assigned  angle,  the  volume  of  the  surface 
generated  by  the  motion,  of  the"  area  will  be  equal  to  a  prism,  of 
which  the  base  is  eq'ual  to  the  revolving  area,  and  the  altitude  to 
the  length  of  the  path  described  by  the  centre  of  gravity  of  the 
area  during  its  revolution. 

XL  If  any  plane  area  revolve  through  any  angle  about  any 
external  axis  in  its  own  pbne,  the  area  of  the  surface  generated 
by  its  perimeter  will  be  equal  to  a  rectangle,  of  which  one  side 
is  the  length  of  the  perimeter,  and  the  other  the  length  of  the 
path  described  by  the  centre  of  gravity  of  the  perimeter. 

The  enunciatiou  of  these  propertiess  which  are  genemUy  caUed 
Guldin's  properties,  is  due  to  Pappus^,  and  may  be  seen  at  the 

1  The  words  of  Pappus  in  the  Latin  translation  are :  "Perfectomm  ntrormn- 
qne  ordinnm  proportio.  composita  est  ex  proportione  amphismatom,  et  rectanun 
linearmn  similiter  ad  axes  ductamm  a  pnnctis,  qns  in  ipsis  gravitatiB  centra 
sant.  Imperfectomm  autem  proportio  composita  est  ex  proportione  amphisma- 
tnm,  et  oircomferentianim  a  pimctis  qufe  in  ipsis  snnt  centra  grayitatis,  fac- 
taram,  &c.."  In  the  former  case  he  is  alluding  to  those  solids  which  are  formed 
by  the  entire  reyolution  of  the  generating  figures  throu^^  860^;  in  the  latter,  to 
those  which  are  formed  by  reyolution  through  any  smaller  angle. 
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end  of  the  Preface  to  the  seventh  book  of  his  Mathematical  CoU 
lections f  of  which  the  first  edition  appeared  in  the  form  of  a  Latin 
translation  in  the  year  1588.  They  were  afterwards  published, 
with  various  applications,  by  Guldin,  in  his  treatise  De  Centra 
Gratdtatis,  Lib.  2  and  3,  which  appeared  for  the  first  time  in  the 
year  1635.  Cavalierly  in  reply  to  objections  advanced  by 
Guldin  against  his  method  of  indivisibles,  gave  a  demonstration 
of  these  properties  by  this  method ;  stating  likewise,  in  allusion 
to  Guldin's  claims  as  a  discoverer,  that  they  had  been  communis 
Gated  to  him,  long  before  the  publication  of  Guldin's  work,  by  a 
pupil  of  his,  Antonio  Roocha.  Elegant  demonstrations  of  these 
properties  were  given  also  by  Varignon  in  the  M^moires  de 
V Academic  dee  Sciences  de  Paris  for  the  year  1714,  p.  77. 

(1)  From  any  point  P  (fig.  15)  in  a  parabola,  is  drawn  a 
straight  line  PM  at  right  angles  to  the  axis,  and  meeting  it  in 
the  point  M;  to  find  the  content  of  the  solid  generated  by  the 
complete  revolution  of  the  area  ^Pif  about  PM. 

Let  AM  =  05,  PM—  y ;  F=  the  required  volume ;  and  x  =  the 
distance  of  the  centre  of  gravity  of  the  area  APM  from  PM. 
Then  the  whole  path  described  by  the  centre  of  gravity  will  be 
equal  to  iirx ;  hence,  by  (L), 

F=  2irx  X  area  of  PAMi 

but  x^\Xj  and  area  of  PAM  =»  ^ay ;  and  therefore 

F=  27r .  Ix .  \xy  =  ^irafy. 

Complete  the  parallelogram  MPmA ;  then  the  area  of  this 
parallelogram  will  be  equal  to  xy,  and  the  distance  of  its  centre 
of  gravity  from  PM  will  be  equal  to  ^x.  Conceive  this  paral- 
lelogram to  make  an  entire  revolution  about  PM;  then  the  path 
of  its  centre  of  gravity  will  be  equal  to 

2ir.^x  —  7rx; 

and  therefore,  if  U  denote  the  volume  of  the  cylinder  which  is 
generated  by  thje  revolution, 

U  =  irx.xy  =  ira?y. 
1  Exefeitationa  Geomitriia  Sea,  Exeroit.  lSt2\  Bononis,  1647. 
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Hence  U  :  V  ::  15  :  8. 

This  is  one  of  the  problems  proposed  in  Kepler's  Stereometria. 
Guldinus ;  De  Centra  Qravitatis,  Lib.  ii.  cap.  12,  prop.  6. 

(2)  To  find  the  surface  of  a  sphere. 

h^VBAh  (fig.  16)  be  a  semicircle,  by  the  revolution  of  which 
about  the  diameter  BGb  the  sphere  is  generated. 

Let  GA  be  at  right  angles  to  Bh,  C  being  the  centre  of  the 
circle,  and  let  Q  be  the  centre  of  gravity  of  the  semicircular  arc 
BAh.    Let  CA  =  a,  surface  required  =  S ;  then,  by  (IL), 

^CG.KrcBAh^8\ 

2a 
but  CG  =  — ,  and  arc  BAb  =  ira ;  hence 

TT 

S^^TT ira  =  4iva\ 

IT 

Now  Tra'  is  the  area  of  a  great  circle  of  the  sphere ;  and  thus  we 
find  that  the  whole  surface  of  a  sphere  is  four  times  as  great  ajs 
that  of  one  of  its  great  circles.  This  proposition  was  first  proved 
by  Archimedes,  TiepX  X<j>cUpa^  xal  KvXlvBpov,  B^/SX.  A,  irpfna.  A ; 
and  afterwards,  according  to  the  method  which  we  have  given, 
by  Guldin,  De  Centro  OravitoMs,  Lib.  iv.  cap.  1,  prop.  ?• 

(3)  To  find  the  distance  of  the  centre  of  gravity  of  the  area 
of  a  semi-parabola  from  the  axis  of  the  parabola. 

Let  APM  (fig.  15)  be  the  semi-parabola. 

Let  AM—x,  PM=^y,  y  =  the  distance  of  the  centre  of  gravity 
of  the  area  APM  firom  AM.  Then,  since  the  area  of  APM  is 
equal  to  \xy,  and  since  the  vohime  generated  by  the  revolution 
of  J.PJf  about  AM\a  equal  to 

I  in^dx  =  4ifirm  I  xdx  =  27n7wc'y 

we  have,  by  (L), 

fary .  2iry  =  27r»wa?, 

%Qcy.y^ma?, 

^ma^y  =  ma?y, 
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(4)  To  find  the  volame  and  the  surface  of  the  solid  ring  gen- 
erated by  the  complete  revolution  of  a  circle  about  any  external 
line  in  its  own  plane. 

Let  b  be  the  distance  of  the  centre  of  the  circle  from  the  axis 
of  revolution^  and  a  the  radius  of  the  circle ;  then 

the  volume  =  27r*a*J,  and  the  surface  =  4ni^ah. 

(5)  To  find  the  volume  of  the  solid  ring  generated  by  the 
revolution  of  an  ellipse  about  an  external  axis  in  its  own  plane 
through  an  angle  of  180^ 

If  c(,  6,  be  the  semiaxes  of  the  ellipse,  and  c  the  distance  of  its 
centre  from  the  axis  of  rotation,  then 

the  volume  =  ii^abc, 

(6)  To  find  the  volume  generated  by  the  revolution  through 
a  given  angle  of  a  portion  APM  (fig.  15)  of  a  parabola  about  a 
tangent  at  its  vertex  A,  PJf  being  parallel  to  the  tangent,  and 
^if  at  right  angles  to  it. 

If  AM^  X,  PM^  y,  and  ^8  be  the  angle  through  whibh  th^ 
revolution  takes  place ;  then 

the  volume  =  ifia^y* 

(7)  To  find  the  volume  and  the  surface  of  the  solid  generated 
by  the  complete  revolution  of  a  cycloid  about  its  axis. 

If  a  be  the  radius  of  the  generating  circle, 
the  volume  =  ira*  (f  tt*  —  f ),    the  surface  =  87ra*  (tt  —  J). 

(8)  To  find  the  volume  and  the  surface  of  the  solid  generated 
by  the  complete  revolution  of  a  cycloid  about  its  base. 

The  volume  =  STi^a^    the  surface  =  jwa*. 

(9)  To  find  the  content  of  the  solid  generated  by  the  complete 
revolution  of  a  right-angled  triangle  about  its  hypotenuse. 

If  a,  b,  denote  the  two  sides  of  the  triangle,  the  content  will 

be  equal  to 

Tra" 


-W 


f 
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CHAPTER  II. 


EQUILIBRIUM  OF  A  PARTICLE. 


Let  P  denote  any  one  of  a  system  of  forces  acting  on  a 
particle ;  and  let  a,  p,  y,  be  the  angles  which  the  direction 
of  this  force  makes  with  any  three  proposed  straight  lines,  no 
two  of  which  are  parallel ;  then  the  sufficient  and  necessary 
conditions  for  the  equilibrium  of  the  particle  are  expressed 
by  the  three  following  equations, 

S(Pcosa)=0,    2(Pcos)8)  =  0,    S(PcclS7)  =  0, 

where  the  S  represents  the  summation  of  all  such  quantities  as 
Pcosa,  Pcos^,  Pcos7,  for  all  the  different  forces  of  the 
systeni ;  or  the  algebraical  sum  of  the  resolved  parts  of  all  the 
forces  of  the  system  estimated  parallel  to  each  of  the  three 
straight  lines  must  be  equal  to  zero.  If  all  the  forces  acting 
on  the  particle  lie  within  a  single  plane,  then  two  of  the  three 
straight  lines  being  taken  in  this  plane,  the  three  equations  of 
equilibrium  will  evidently  be  reduced  to  two. 

The  conditions  for  the  equilibrium  of  a  particle  acted  on  by 
oblique  forces,  appear  to  have  been  first  distinctly  conceived  by 
Stevin  of  Bruges  \  He  establishes  by  reasoning  which,  al- 
though indirect,  is  satisfactory  and  ingenious,  the  ratio  which 
the  weight  of  a  particle  supported  on  an  inclined  plane  bears  to 
the  force  by  which  it  is  sustained,  the  force  being  supposed  to 
act  along  the  plane.  He  then  announces  generally,  without 
however  supplying  a  corresponding  extension  of  demonstration, 
that  the  condition  of  equilibrium  of  any  three  forces  acting  on  a 
particle,  consists  in  the  proportionality  of  the  forces  to  the  sides 
of  a  triangle  to  which  they  are  parallel.      The  first  rigorous 

1  Begbinselen  der  Waaghconst,  1686.  i.  Livre  de  la  Statique,  prop.  19. 
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demonstration  of  Stevin's  theorem  in  its  general  form,  was 
obtained  by  Roberval*  from  the  nature  of  the  lever.  The  idea 
of  a  triangle  of  equilibrium  had  occurred  indeed  somewhat 
earlier  to  Michael  Varro',  of  Geneva,  in  application  to  the 
equilibrium  of  forces  acting  on  the  sides  of  a  right-angled 
triangular  wedge:  it  does  not  appear,  however,  that  Varro's 
notion  was  based  upon  any  very  distinct  conception  of  the 
nature  of  statical  pressure.  The  Principle  of  the  Parallelogram 
of  Forces,  which  is  in  fact  a  mere  modification  of  Stevin's 
theorem,  was  announced  almost  simultaneously  by  Newton'  and 
Varignon*;  by  whom  it  was  inferred  from  the  consideration  of 
the  composition  of  motions.  In  the  same  year  was  published  by 
Lami,  in  a  little  treatise  entitled  Nouvelle  maniire  de  dimontrer 
lea  prindpaux  Th^orhnes  dea  iMmena  dea  M^caniquea,  a  theorem 
in  which  it  is  asserted,  that  if  three  forces  P,  Q,  B,  keep  a  par- 
ticle at  rest,  then 

P  :  Q  :  -B  ::  sin  (Q,  R)  :  sin  (R,  F)  :  sin  (P,  Q), 
where  {Q,  R),  {R,  P),  (P,  Q),  denote  the  angles  between  the 
directions  of  Q  and  R,  R  and  P,  P  and  Q,  respectively. 
The  virtual  coincidence  of  this  theorem  with  the  Principle  of 
the  Parallelogram  of  Forces,  subjected  Lami  to  the  imputation 
of  plagiarism,  an  aspersion  cast  upon  him  by  the  author  of 
the  Hiatoire  dea  Ouvragea  dea  Savana,  (April  1688).  Lami 
combated  this  insinuation  in  a  letter  published  in  the  Journal 
dea  Savana,  (Sept.  13,  1688),  to  which  the  Journalist  replied 
in  the  following  December,  when  the  controversy  appears  to 
have  terminated.  The  first  unexceptionable  demonstration  of 
the  Parallelogram  of  Forces  on  pure  statical  principles,  without 
the  introduction  of  the  idea  of  motion,  was  given  by  Daniel 
Bernoulli*.  Many  other  proofs  of  the  proposition  have  been 
since  given.    Eighteen  demonstrations  have  been  collected  and 

1  Traits  de  Mecaniquet  printed  in  1686,  in  the  Harmonie  Universelle  de  Mer- 
eenne,  and  in  a  work  also  by  Mersenne,  entitled  Cogitata  Phyiico-Mathematicat 
published  in  1644. 

'  Traetatut  de  Motu,  1584. 

*  Principia,  lex  iii  cor.  2,  1687. 

^  Prcjet  de  la  Nouvelle  Mecanique,  1687. 

■  Comment.  Petrop,^  Tom.  i.  p.  126,  1726. 
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examined  by  Jacobi*,  by  the  following  authors:  D.  Bernoulli, 
1726 ;  Lambert,  1771 ;  Scarella,  1756  ;  Venini,  1764 ;  Araldi, 
1806 ;  Wachter,  1815 ;  Kcestner,  Marini,  Eytelwein,  Salimbeni, 
Duchayla*;  two  different  proofs  by  Foncenex,  1760;  three  by 
D'Alembert ;  and  those  of  Laplace  and  Poisson. 


Sect.  1.    No  Friction, 

(1)  P  and  W  (fig.  17)  are  two  heavy  particles ;  TT  is  attached 
to  the  end  of  a  fine  thread,  and  P  is  suspended  from  a  fixed 
point  G  of  the  thread ;  the  thread  has  one  extremity  attached  to 
a  fixed  point  A,  and  passes  through  a  smooth  small  ring  at  Pin 
the  same  horizontal  line  with  A  ;  to  find  the  ratio  between  P 
and  W,  that  the  vertical  line  through  G  may  bisect  AB  in  D. 

From  the  supposition  it  is  evident  that  ^  A  GD  =  z  BGD ; 
let  each  of  these  angles  be  denoted  by  di  let  T=  the  tensioii  of 
the  string  (7-4;  GA=:h,  AB^a]  the  ring  B  being  perfectly 
smooth,  W  will  be  the  tension  <rf  the  string  BG. 

Hence  for  the  equilibrium  of  the  point  G  we  have,  resolving 
vertically  the  forces  which  act  on  it, 

(r+  W)cos0  =  P, 
and,  resolving  horizontally, 

Tfiin  0  =  TFsin  0,  or  r=  W\ 

p 

hence  21Fcos^  =  P,    cos^  =  ^^p' (1) ; 

but  from  the  geometry  we  see  that 

Jsin5  =  Ja,     sin5  =  5T (2). 

Squaring  the  equations  (1)  and  (2),  and  adding  the  resulting 
equations,  we  have 

,__P|_     _a«  P*    _4y-a' 

4Tr«"^46"      41^"'"     4J»     ' 

1  V^ewell'B  Philosophy  of  the  Inductive  Sciences,  Vol.  i.  p.  197. 

•  Correspondanee  sur  VEcoU  Poly  technique,  Tom.  i.  p.  83,  anno  1805. 


and  therefore 
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W  b 

which  determines  the  required  ratio. 

(2)  A  particle  P  (fig.  18)  is  placed  on  the  surface  of  a  smooth 
prolate  spheroid,  and  is  attracted  towards  the  foci  8  and  H  with 
forces  varying  as  8JP^  and  flP^' ;  to  find  the  position  of  eq.ni- 
librium. 

Draw  a  tangent  KPL  at  the  point  P  in  the  plane  passing 
through  the  three  points  ^,  -H^  P ;  let  fi,  fi,  be  the  absolute 
forces  towards  8,  H;  let  /SP=  r,  HP  =  /.  Then  for  the  equi- 
librium of  the  particle  we  have,  resolving  forces  parallel  to  the 
line  KPL, 

fi.r^co8z  8PK  =  fiV^' COS  ^  EPL\ 
but  /i  8PK  =  I  HPL,  by  the  nature  of  ellipses ;  hence 

also,  2a  denoting  the  axis  of  the  spheroid,  2a  =  r  4-  r' ;  hence,  for 
the  determination  of  r  and  /,  we  have  the  two  equations 

/Ar«  =  At' (2a  -  r)**',        /*  (2a -/)«*  = /*'/«*'. 

(3)  Two  weights  m,  m\  are  attached  to  the  points  0,  0\ 
(fig.  19)  of  a  string  AOOA',  suspended  from  two  tacks  at 
A  and  A*  in  the  same  horizontal  line;  to  find  the  positions 
of  the  points  that  their  •  vertical  distances  from  the  horizontal 
line  through  A  and  A'  may  have  given  equal  values. 

Draw  OE,  0'E\  vertical;  let  OE^a=  (XE',  AA'^b,  c  =  the 
length  of  the  string;  ^  AOE=  0y  ^  A'ffE^  0' ;  r=  the  tension 
of  the  string  OO*. 
.   Then  for  the  equilibrium  of  0  we  have,  by  Lami's  Principle, 

T     Rin(7r-^)      ^      . 
—  =-^r— 77 — r-3N=tan5; 
m     sin  (  Jtt  +  6) 

and,  for  the  equilibrium  of  (7, 

T       sm  (tt  —  6) 
From  these  two  equations  we  get 

wtan5=m' tan  ff (1). 

w.  s,  4 
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Again,  from  the  geometry, 

=  J-a(tan^  +  tan^); 

but  we  have  also,  from  the  geometry, 

EE'^OO'^c-^AO-A'a 

=^c^a  (sec  5  +  seed') ; 

hence    a  (sectf  — tan^-f  sec^  — tan^)  =:o  — J (2). 

From  the  equations  (1)  and  (2)  the  values  of  0,  ff,  are  to  be 

determined,  and  then,  EO  and  E'ff  being  given,  AO,  A'CX, 

will  be  known. 

Diarian  Bepository,  p.  627. 

(4)  A  fine  string  is  fixed  at  two  points  A  and  B  (fig.  20)  in 
the  same  horizontal  line,  and  passes  over  a  given  set  of  pegs  in 
the  line  AB,  equal  given  weights  being  hung  on  between  every 
two  successive  pegs,  and  also  between  A  and  B  and  the  pegs 
nearest  to  them :  to  find  the  position  of  equilibrium,  and  the 
tension  of  the  string. 

Let  p,  r,  be  any  two  successive  pegs,  pqr  the  corresponding 
portion  of  the  string ;  W  the  magnitude  of  each  of  the  weights. 
Let  z  qpr=a,  r=the  tension  of  the  string,  c  =  the  length  of 
the  piece  pqr  of  the  string,  Z=sthe  length  of  the  whole 
string,  AB^a. 

Then,  for  equilibrium, 

2rsina=Tr. (1), 

jpr  =  ccosa (2). 

From  (1),  since  T  is  the  dame  throughout  the  string,  we  see  that 
a  is  the  same  for  every  triangle  such  as  pqr :  hence 

2(|)r)  =cosaS(c),     or  a=Zcosa (3). 

From  (1),  (2),  (3),  we  have 

Wl 

^"2(P-a')*' 

and  c^—'pr. 

a  ^ 
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(6)  A  weight  W  is  sustained  upon  a  smooth  inclined  plane 
AB  (fig.  21),  by  three  forces,  each  equal  to  JTF,  one  acting 
vertically  upwards,  another  along  ABy  and  the  third  parallel  to 
the  horizontal  line  AG \  to  find  the  inclination  of  ^^to  the 
horizon. 

The  required  angle  of  inclination  =  2  tan"*  \. 

(6)  Two  forces  P,  Q,  of  known  magnitudes,  acting  respec- 
tively parallel  to  the  base  and  length  of  an  inclined  plane,  will 
each  of  them  singly  sustain  upon  it  a  particle  of  weight  W\  to 
determine  the  magnitude  of  TT. 

PQ 

(7)  Two  heavy  particles,  P  and  Q,  (fig.  22),  are  connected 
together  by  a  fine  thread  passing  over  a  smooth  puUy  at  G\ 
P  rests  on  a  smooth  inclined  plane  AB^  and  Q  hangs  fireely ; 
to  determine  the  position  of  equilibrium  and  the  pressure  on  the 
inclined  plane. 

Let  a  =  the  inclination  of  the  plane  to  the  horizon,  £»the 
pressure,  and  tf  =  the  angle  CPB\  then 

008^  =  =^^,        £  =  Pcosa-(Q»-P'sin'a)*. 

(8)  A  weight  W  is  supported  on  an  inclined  plane  AB^ 
(fig.  21),  by  three  forces,  each  equal  to  P,  one  acting  vertically 
upwards,  another  parallel  to  the  horizontal  line  A  C7,  and  the 
third  along  AB\  Xio  find  the  inclination  of  AB. 

The  required  inclination  =*  2  tan"*  VWZTp ) ' 

(9)  A  particle  is  placed  within  a  thin  parabolic  tube,  (fig. 
23),  the  axis  of  the  parabola  being  vertical ;  the  particle  is  acted 
on  by  gravity  and  by  a  hoiizontal  force,  tending  from  the  axis, 
and  equal  to  /i  times  the  distance  of  the  particle  from  the  axis  ; 
to  find  the  condition  of  equilibrium. 

There  will  be  no  position  of  equilibrium  unless  the  latus 

rectum  of  the  parabola  be  equal  to  — ;  and,  under  this  condition, 

every  point  of  the  tube  will  be  a  position  of  rest. 

4—2 
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Sect.  2.    Friction. 

(1)  Two  heavy  particles  P  and  P  (fig.  24)  rest  on  two  in- 
clined planes  CA,  C'A,  and  are  connected  together  by  a  fine 
string  passing  over  a  smooth  puUy  at  0  in  the  vertical  line 
through  A ;  to  determine  the  positions  of  P  and  P'  when  P  is 
only  just  sustained. 

Let  a  be  the  length  of  the  string  POP',  T  its  tension,  which 
will  be  the  same  throughout;  W,  TT',  the  weights  of  the 
particles  P^P'\  yi»^  /*',  the  coefficients  of  friction  on  the  planes 
GA,  G'A,  and  5,  -B',  their  reactions ;  a,  a,  the  inclinations  of 
the  two  planes,  and  0,  ff,  of  the  two  portions  of  the  string,  to 
the  vertical 

Then,  since  by  hypothesis  the  friction  on  P  will  be  exerted 
up  CA,  and  that  on  P  down  A  C,  we  have  for  the  equilibrium 
of  P,  resolving  forces  parallel  and  perpendicular  to  OA, 

fiB+TcoQ(a-'0)=^WcoBa (1), 

B+  rsin(a-^)=  Fsina (2); 

and,  in  the  same  way,  for  the  equilibrium  of  P', 

/*'^+Trcosa'=rcos(a'-.^) (3), 

ir-hrsin(a'-«')=W^sina' (4). 

From  (1)  and  (2), 

r{cos(a  — tf)  —fisin  (a  — ^}=  TF(cosa  — AAsina) ; 
and,  from  (3)  and  (4), 

T{cos(a -^)  +  At'sin(a'-^')}=Tr(cosa'  +  /sina'). 
Eliminating  T  between  these  last  two  equations,  we  obtain 
W  (cosa +/sin a)  {cos  {a-ff)-fiBm{2-0)} 
«=  Tr(cos  a  —  /Lt  sin  a)  {cos  (a  —ff)  +fi  sin  (a  —  ff)}. 
Assume  fi  ^  tan  e,  /i'  ^  tan  €';  then  this  equation  becomes 
JTcos  («-€') cos  (a-^  +  e)  =  Fco8(a  +  e)  cos  (a'-^-6')...(5). 
Again,  from  the  geometry,  if  OA  =  k, 

^P_    A;  sing  m>f^     A;  sin  a' 

sm  (a  —  ^)  sm  (a  —  ^ 
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and  therefore,  since  OP  +  OP'  =  a, 

A;  sin  a           ksma^  ,^. 

'*"=sin(a-^)"^sin(x'-^) ^^^• 

The  angles  0,  ff,  are  to  be  determined  from  the  equations  (5) 
and  (6). 

(2)  Given  the  semi-sum  and  semi-difference  of  the  greatest 
and  least  angles  which  the  direction  of  a  force,  supporting 
a  heavy  particle  on  a  rough  inclined  plane,  may  make  with 
the  plane,  and  the  least  elevation  of  the  plane  when  the  par- 
ticle would,  without  being  supported,  slide  down  it;  to  de- 
termine the  angle  at  which  the  same  force,  when  inclined 
to  a  smooth  plane  of  the  same  elevation,  would  support  the 
same  particle. 

Let  €  denote  the  least  angle  which  the  force  may  make  with 
the  rough  plane  to  support  the  particle,  P  the  magnitude  of  the 
force,  B  the  reaction  of  the  plane  at  right  angles  to  itself, 
fi  the  coeiScient  of  friction,  a  the  inclination  of  the  plane  to  the 
horizon,  W  the  weight  of  the  particle.  Then,  since  the  friction 
must  in  this  case  act  down  the  plane,  we  have  for  the  equi- 
librium of  the  particle,  resolving  forces  parallel  to  the  inclined 

plane, 

P  cos  6  =  fiR  +  TTsin  a ; 

and,  resolving  forces  at  right  angles  to  the  plane, 

Psin  €  +  -H  =  TFcos  a. 

Eliminating  B  between  these  two  equations,  we  get 

P(cos€  +  /Asin€)=  TF'(^cosa  +  sina) (1). 

Let  if}  be  the  least  elevation  of  the  plane  for  the  particle 
without  support  to  slide  down  it ;  then  tan  ^  will  be  equal  to  fi ; 
hence  from  (1), 

P=F?l5^5 (2). 

cos  (€  —  </))  ^    ' 

If  e'  denote  the  greatest  angle  which  P  may  make  with  the 
inclined  plane  consistently  with  the  equilibrium  of  the  particle, 
then  the  friction  will  act  with  the  greatest  force  it  can  exert  up 
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the  plane ;  hence,  making  /x  negativei  or  putting  —  ^  for  if),  we 
shall  have  from  (2),  €  replacing  e, 

P.pr?^-g (3). 

008  (e  +  ^)  ^  ' 

Also,  if  €''  denote  the  angle  of  P's  inclination  in  the  case  of  a 
smooth  plane  of  the  same  elevation,  we  have,  putting  <f>^0  in 
(2),  and  replacing  e  by  e", 

P=W^-% (4). 

cose  ^  ^ 

From  (2)  and  (3) 

W 

cos  (e  —  ^)  +  cos  (e'  +  ^)  *  -p  {^^^  (x  +  ^)  +  sin  (a  —  4>)], 

and  therefore,  if  /S=  J  (e'  +  c)  and  2)  =  J  (e'—  e),  we  get 

W 

2  CO&  8  COB  (D  +  <f>)  =  2  p  sin  a  cos  <f> 

«  2  cos  e"cos  <f),  by  (4) ; 

cos  5^ 

hence  cos  e"  «= r  cos  (2?  +  A). 

cos  9        ^        ^' 

(3)  P  is  the  lowest  point  on  the  rough  circumference  of  a 
circle  in  a  vertical  plane  at  which  a  particle  can  rest,  friction 
being  equal  to  pressure;  to  determine  the  inclination  of  the 
radius  through  F  to  the  horizon. 

The  required  angle  =  7  • 

(4)  A  given  force  P,  acting  parallel  to  the  horizon,  just  sus- 
tains a  body  of  given  weight  W  on  a  rough  inclined  plane,  the 
angle  of  which  is^:  the  same  body  will  just  rest  without  sup- 
port on  a  plane  of  the  same  material,  the  inclination  of  which 
is  a :  to  determine  0. 

The  tangent  of  0  is  equal  to 

P+Jftana 
M^-Ptana* 

(5)  A  heavy  body  is  to  be  conveyed  to  the  top  of  a  rough 
inclined  plane,  the  angle  of  inclination  being  a :  to  determine 


EQUILIBRIUM  OF  A  PARTICLE.  65 

whether  it  will  be  easier  to  lift  the  body  or  to  drag  it  along  the 
plane. 

It  will  be  easier  to  lift  or  to  drag  it  accordingly  as  the  coeffi* 
cient  of  friction  is  less  or  greater  than 


sm 

(6)    A  weight  is  supported  on  a  rough  inclined  plane  by  a 
force  exactly  equal  to  it :  to  find  the  direction  of  the  force. 

If  0  denote  the  inclination  of  the  force  to  the  inclined  plane^ 
a  the  plane's  inclination,  and  fi  the  coefficient  of  friction, 

where  fi  may  have  any  value  from  —  tan'^/tt  to  +  tan"*/*. 


(     56     ) 


CHAPTER  III. 

EQUILIBRIUM  OF  A  SINGLE  BODY. 

Let  any  system  of  forces  act  upon:  a  body  consisting  of  a  system 
of  points  rigidly  connected  together.  Take  any  three  straight 
lines.  OA,  OB,  OC,  (fig.  25),  in  space,  no  two  of  which  are 
parallel  to  each  other.  Let  A,  B,  0,  denote  the  whole  resolved 
part,  parallel  to  each  of  these  straight  lines,  of  any  one  of  the 
forces  of  the  system  ;  A,  B,  C,  being  positive  or  negative  quan- 
tities according  as  they  act  in  the  directions  OA,  OB,  OC,  or 
the  opposite  ones.  Then,  %  (A),  2  (5),  2  (C),  denoting  the 
algebraic  sums  of  the  resolved  parts  of  all  the  forces  of  the 
system  parallel  to  these  three  straight  lines,  it  is  necessary  for 
the  equilibrium  of  the  body  that  we  have 

2(^)  =  0,    S(5)  =  0,    t(C)  =  0 (I). 

Again,  let  0'A\  OB',  O'C,  be  any  three  straight  lines  in 
space,  no  two  of  which  are  parallel  to  each  other.  Let  any 
force  of  the  system  be  resolved  into  two  parts,  the  one  at  right 
angles  to  0'A\  and  the  other  parallel  to  it ;  let  A'  be  the  mag- 
nitude of  the  part  which  is  at  right  angles  to  ffA\  and  a  the 
perpendicular  distance  between  O'A'  and  the  direction  of  A'; 
then  A' a  is  called  the  moment  of  A'  about  ffA',  and  the  sum 
of  all  such  moments  for  all  the  forces  of  the  system  will  be 
denoted  by  2  (A'a)^  those  moments  being  considered  positive 
which  tend  to  twist  the  body  about  GA'  in  one  direction,  and 
those  which  tend  to  twist  it  in  the  opposite  direction  being  con- 
sidered negative.  Similarly  the  algebraic  sums  of  the  moments 
about  O'B,  OG,  respectively,  will-  be  denoted  by  ^{BV)^ 
2 {O'c).  Then  for  the  equilibrium  of  the  body  it  is  necessary 
that  we  have 

2(/(V)  =  0,    S(/?'J')  =  0,    2((rc')  =  0 (II). 
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The  three  equations  (I.),  together  with  the  three  equations 
(II.),  are  universally  suflScient  and  universally  necessary  for  the 
equilibrium  of  any  body.  It  may  be  proper  to  remark,  that  any 
of  the  lines  OA^  OB ^  O  C",  may  be  taken  to  coincide  with  any 
of  the  lines  OA^  OB,  OG,  according  to  convenience. 
-  If  all  the  forces  of  the  system  lie  in  one  plane,  then,  the  lines 
OB,  OG,  OB,  OG',  being  taken  within  this  plane,  and  the 
line  OA  at  right  angles  to  it,  the  six  equations  of  equilibrium 
will  be  reduced  to  the  three  following, 

2(2?)  =  0,    S(C)  =  0,     S(4V)  =  0 (Ill); 

for  it  is  evident  that  the  three  other  equations  will  be  identically 
satisfied. 

The  basis  of  the  general  equations  of  equilibrium  consists  in 
the  Theory  of  the  Composition  and  Resolution  of  Forces,  of 
which  we  have  treated  in  the  preceding  chapter,  and  in  the 
Theory  of  Moments.  The  latter  theory,  in  the  case  of  weights 
acting  at  right  angles  to  the  arms  of  a  straight  lever,  was  esta- 
blished by  Archimedes\  In  the  year  1499,  the  condition  of 
equilibrium  of  a  force  acting  obliquely  on  a  lever,  and  supporting 
a  weight  suspended  from  it,  was  correctly  stated  by  Leonardo 
Da  Vinci*,  the  celebrated  painter,  to  whom  must  therefore  be 
ascribed  the  discovery  of  the  theory  of  oblique  action,  investi- 
gated at  a  later  date  by  Stevin,  in  application  to  the  Equilibrium 
of  a  Particle.  The  following  elegant  geometrical  proposition, 
the  application  of  which  to  the  general  Theory  of  Moments  de- 
pends upon  the  Principle  of  the  Parallelogram  of  Forces,  was 
given  by  Varignon  in  his  Nouvelle  Micanique,  sect.  I,  lem.  xvi : 
"  If  from  any  point  whatever  in  the  plane  of  a  parallelogram  we 
let  fall  perpendiculars  upon  the  diagonal  and  upon  the  two  sides 
which  comprehend  this  diagonal,  the  product  of  the  diagonal  by 
its  perpendicular  is  equal  to  the  sum  of  the  products  of  the  two 
sides  by  their  respective  perpendiculars,  if  the  point  lie  without 

^  'Apx^liiydoi/s   'EriT^Swy   Iffo^viKUP    rj   xitrrpa  pap&¥  irividiaif  rb  A.  Upor, 

ffT,    Z. 

'  Yeniori;  E$8ai  8ur  le$  Ouvragfi  Physico-Mathematiques  de  Lionard  tta 
Vinci t  avee  du  Fragmens  tiri$  de  ses  ManuteriU  apporUa  d'ltalie,  Paris,  1797 ; 
quoted  in  WhoweU*B  History  of  the  Inductive  Sciences,  YoL  xi.  p.  122. 
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the  parallelogram,  or  to  their  difference,  if  it  lie  within  the  paral- 
lelogram." The  six  general  conditions  of  equilibrium  of  a  system 
of  rigidly  connected  points  acted  on  by  any  forces  whatever,  were 
first  laid  down  by  D'Alembert,  in  the  second  chapter  of  his 
Becherches  sur  la  Precession  des  Uquinoxes,  published  in  the 
year  1749. 


Sect.  1.    No  Friction. 

(1)  A  beam  AB  (fig.  26)  rests  with  one  end  against  a  hori- 
zontal plane  at  a  point  A,  and  with  the  other  against  a  vertical 
one  at  the  point  B;  the  vertical  plane  passing  through  the  beam 
intersects  at  right  angles  the  former  plane  in  the  line  A  G,  and 
the  latter  in  the  line  BO;  the  beam  is  attached  to  the  point  C 
by  a  string  EC  without  weight:  to  find  the  tension  of  the 
string,  JS  being  any  assigned  point  in  the  beam. 

The  actions  of  the  horizontal  and  vertical  planes  upon  the 
beam  at  A  and  B,  will  be  in  the  directions  AR  and  BB,  which 
are  parallel  respectively  to  CB  and  GA ;  let  them  be  denoted  by 
i?  and  K  Again,  let  T  denote  the  tension  of  the  string  EG. 
Let  O  be  the  centre  of  gravity  of  the  beam,  and  W  its  weight ; 
then,  instead  of  supposing  the  beam  to  have  weight,  we  may 
suppose  it  to  be  a  rigid  rod  without  weight,  provided  that  we 
apply  the  force  W  vertically  downwards  at  G.  Thus  we  have 
•  four  forces,  B,  R,  T,  W,  acting  at  four  points  B,  A^  E,  O, 
rigidly  connected  together.  We  proceed  to  express  the  equa- 
tions of  equilibrium.  Let  i  EGA  ^e,  i  BAO= a,  AO=s BO  =  a. 
Then,  resolving  the  forces  parallel  to  the  line  GA,  we  have 

B-  rcose  =  0 (1); 

resolving  the  forces  parallel  to  GB,  we  have 

Bf-^W-Tsine^O (2); 

and,  taking  moments  about  the  point  G, 

JB .  2a  sin  a  +  Wd  cos  a  —  5' .  2a  cos  a  =  0, 
or  2jBsina+  TTcosa  =  25'cosa (3). 
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From  (1),  (2),  (3),  there  is 

2Tcos  6  sin  a  +  Wcm  a  =  2  TTcos  a  +  2T8m  e  cos  a, 

2  r(co8  €  sin  a  —  cos  a  sin  e)  =  TFcos  a, 

2rsin(a-€)-  PTcoso, 

and  therefore  T^^r—. — -, v  . 

2  sin  (a  —  €) 

If  e  be  equal  to  a,  we  have  T=co,  which  shews  that  no 
tension,  however  great,  can  sustain  the  beam  in  a  position  of 
equilibrium.  It  is  easily  seen  that  in  this  case  E  coincides 
with  O ;  and  that  the  length  of  OE  is  sufficient  to  allow  the 
beam  to  descend  continually. 

If  €  be  greater  than  a,  T  will  clearly  be  negative ;  and,  since 
the  string  can  pull  but  not  push,  the  equilibrium  is  impossible. 
Thus,  in  order  that  the  equilibrium  may  be  possible,  a  must  be 
greater  than  e. 

(2)  A  smooth  beam  AB,  (fig.  27),  rests  against  two  horizontal 
bars  which  pierce  the  vertical  plane  through  the  beam  at  right 
angles  at  the  points  A\  A";  the  beam  passes  under  the  lower 
and  over  the  higher  bar,  its  lower  extremity  A  being  sustained 
upon  a  smooth  horizontal  plane:  to  determine  the  pressures 
upon  the  two  bars  and  upon  the  horizontal  plane. 

The  pressures  upon  the  bars  and  upon  the  horizontal  plane 
will  be  equal  to  their  reactions  upon  the  beam ;  the  reactions  of 
the  bars  upon  the  beam  will  be  two  forces  B\  It',  at  right 
angles  to  the  beam;  and  the  reaction  of  the  horizontal  plane  will 
be  a  vertical  force  It.  Let  G  be  the  centre  of  gravity  of  the 
beam ;  then,  if  we  suspend  its  weight  W  from  G,  we  may, 
without  aflfecting  the  circumstances  of  the  equilibrium,  conceive 
the  beam  to  be  a  rigid  rod  without  weight.  Thus  we  have 
four  forces  B,  R,  B!',  W,  acting  respectively  at  four  points 
A,  A\  A'\  Gy  rigidly  connected  together,  so  as  to  produce 
equilibrium.  Let  AG==a,  A' A''  =  b,  and  a  =  the  inclination  of 
the  beam  to  the  horizon. 

Then,  resolving  forces  parallel  to  the  beam,  we  have 

PTsin  a  —  22  sin  a  =  0,  and  therefore  B=W (1). 
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Resolving  forces  at  right  angles  to  the  beam, 

2?+  Prcbsa-i2"-^cosa  =  0, 

and  therefore,  by  (1), 

5'  =  iJ" (2). 

Again,  taking  moments  about  A, 

R'.  AA"^R .  AA'^  Wa  cos  a  =  0, 

and  therefore,  by  (2), 

JS!h  =  Wa  cos  a ; 

I-                                  r»'      jy      TTacosa 
whence  JtC  ^  K  ^ t . 

0 

(3)  A  rigid  rod  AB,  (fig.  28),  rests  upon  a  fixed  point  E^ 
while  its  lower  extremity  A  presses  against  a  vertical  line  FF; 
to  find  its  position  of  equilibrium  and  also  the  pressures  at  A 
and  E. 

Let  G  be  the  centre  of  gravity  of  the  rod,  and  TFits  weight; 
we  suppose  the  whole  weight  of  the  rod  to  be  collected  at  its 
centre  of  gravity.  Let  R  be  the  reaction  of  the  vertical  line 
FF  upon  the  rod,  which  will  be  at  right  angles  to  FF\  also 
let  R  be  the  reaction  of  the  fixed  point  E,  which  will  be  at  right 
angles  to  the  rod.  Let  EF  be  at  right  angles  to  FF'\  and  let 
EF^c,  AG^a,  zAEF=^0. 

Then,  resolving  forces  parallel  to  the  rod, 

i2cos5=  WsinO (1); 

resolving  forces  at  right  angles  to  the  rod, 

JJ' =  TFcos  tf  +  i2  sin  d (2); 

and,  taking  moments  about  E, 

R .  AE^m  e  =  W.  EG  cos  0 

^W{AG'-AE)coB0 
=  W{acoa0  —  c), 

and  therefore    Re  sin  0—  W{a  cos^  0  --ccos  0) (3) ; 

hence,  from  (1)  and  (3), 

sin"  5 


Wc 


cos 


-w  =  W(a  cos'^  —  c  cos  0), 
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=  acos*tf,  C08d  =  (--)  (4), 


cos  5  '  \a> 

which  gives  the  value  of  0,  and  defines  the  position  of  the  beam. 
From  (1)  and  (4)  we  have 


© 


which  determines  the  pressure  on  the  vertical  line. 
Also,  from  (1)  and  (2), 

COS  6     cos  ^ 
and  therefore,  by  (4),        E^W  {^  , 

which  determines  the  pressure  on  the  fixed  point. 

If  c  be  greater  than  a>  then  we  see  by  (4)  that  cos  0  would  be 
greater  than  unity,  which  is  impossible ;  thus  equilibrium  is  im- 
possible unless  a  be  at  least  equal  to  c, 

Fontana ;  Memorie  della  Societa  Italiana,  1802,  p.  626,  &c. 

(4)  One  end  ^  of  a  beam  AB,  (fig.  29),  is  connected  to  a  fixed 
point  by  a  hinge,  about  which  the  beam  is  capable  of  revolving 
in  a  vertical  plane ;  the  other  end  B  is  attached-  to  a  weight  P 
by  means  of  a  string  passing  over  a  pully  C  in  the  same  vertical 
plane ;  to  find  the  position  of  equilibrium. 

Let  a  horizontal  line  AD  through  A  meet  a  vertical  line 
through  C  in  the  point  D.  Let  O  be  the  centre  of  gravity  of 
the  beam,  at  which  we  shall  suppose  its  whole  weight  W^  to  be 
collected.     Produce  CB  to  meet  AE  at  right  angles  to  it. 

AQ^a,  BG  =  b,  AD=^k,  CD  =  l,  ^BAD^e,  ^=the  in- 
clination of  CE  to  the  horizon. 

Then,  taking  moments  about  A, 

P.AE=^W.AF, 

or  P(a  + J)  sin  (<^-^)  =  TFacos^ (1); 

again,  from  the  geometry, 

(a  +  J)  sin  (?  +  J?a  sin  <^  =  Z, 
(a  +  J)  cos  ^  +  BC  cos  ^  =  A:, 
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and  therefore,  eliminating  BG^ 

(a  4- 6)  sin  (5  — ^)  =  Zcos^  — fcsin^ (2). 

The  equations  (1)  and  (2)  are  sufficient  for  the  determination 
of  0  and  ^y  or  of  the  position  of  equilibrium. 

(5)  A  weight  W  (fig.  30)  hangs  from  the  end  -&  of  a  rigid 
rod  BE  without  weight,  which  rests  on  a  smooth  hinge  at  B,  and 
is  supported  by  a  string  CADj  passing  through  a  fixed  ring  at 
A  in  the  vertical  lino  through  Bi  the  angles  AG  J),  ADG,  are 
equal,  zABG^  60^,  and  DE—BG:  to  find  the  direction  and 
magnitude  of  the  pressure  on  the  hinge. 

Let  X,  ri  be  respectively  the  horizontal  and  vertical  compo- 
nents of  the  pressure  exerted  by  the  hinge  on  the  rod,  which 
will  be  equal  and  opposite  to  the  components  of  the  pressure 
exerted  by  the  rod  on  the  hinge.  Let  7*  denote  the  tension  of 
the  string. 

The  resultant  of  the  action  of  the  two  portions  of  the  string 
on  the  rod  will  evidently  pass  through  jET,  the  middle  point  of 
the  rod,  at  right  angles  to  the  rod. 

Hence,  resolving  forces  parallel  to  the  rod, 

Zcos  30'+  rcos60°=  ITcos  60*, 

or  W-  r=XV3 (1): 

and,  taking  moments  about  Hy 

{Y+W).  J5J?.  cos  30"  =  X. \BE.mi 30", 

or  ^-^^^^ (2)- 

From  (1)  and  (2), 

whence,  if  R  denote  the  resultant  action  of  the  hinge  on  the  rod, 

and,  if  ^  denote  the  inclination  of  ^s  direction  to  BA, 

tan  ^  =  y-=  —  V3  =  tan  -^ , 
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(6)  A  cylinder  rests  with  its  base  on  a  smooth  inclined  plane ; 
a  string,  attached  to  its  highest  point,  and  passing  over  a  pully 
at  the  top  of  the  inclined  plane,  hangs  vertically  and  supports  a 
weight;  the  portion  of  the  string  between  the  cylinder  and  the 
pully  is  horizontal;  to  determine  the  conditions  of  equilibrium. 

Let  P  (fig.  31)  be  the  suspended  weight,  W  the  weight  of  the 
cylinder,  R  the  resultant  action  of  the  inclined  plane  on  the  base 
of  the  cylinder,  if  the  point  of  the  base  through  which  R  passes ; 
C  the  centre  of  the  base,  G  the  centre  of  gravity  of  the  cylinder. 
Draw  OK  at  right  angles  to  jB-B',  KH  horizontally  to  meet  the 
vertical  through  O. 

Let  a  =  the  radius  of  the  cylinder,  26  =  its  length,  (7if  =  a?. 

The  three  forces  P,  TF,  -B,  which  act  on  the  cylinder,  must 
pass  through  a  single  ppint  0. 

Resolving  forces  parallel  to  the  inclined  plane, 

Pcosa=  TFsina (1), 

perpendicularly  to  it, 

5  =  Psina+Trcosa (2). 

Again,  from  the  geometry, 

00  =  (?jff  +  0H=  a  sin  a  +  6  cos  a, 
aj=  00.  sina=ssina  (asina  +  ftcosa) (3). 

Now,  since  x  cannot  be  greater  than  a,  we  see  by  (3)  that 
a  is  not  less  than  sin  a  (a  sin  a  +  &  cos  a), 

aco8*a  isinacosa, 

a itana (4). 

The  conditions  (1)  and  (4)  are  su£Scient  and  necessary  for 
equilibrium.    By  (2)  and  (3)  we  know  R  and  x. 

(7)  To  find  the  force  requisite  to  keep  a  door  in  a  given  posi- 
tion, the  post  being  inclined  at  a  given  angle  to  the  vertical; 
neglecting  friction. 

Let  AB  (fig.  32)  be  the  door-post,  A  BCD  the  door;  Az  a 
vertical  line  through  A;  Ax  at  right  angles  to  Az  and  in  the 
plane  of  BAz\  E  the  intersection  of  the  line  CD  produced  with 
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the  horizontal  plane  through  A ;  join  AE.  With  -4  as  a  centre 
describe  a  sphere  cutting  AB,  Ax,  AE,  at  the  points  p,  j,  ?•,  and 
join  these  points  by  great  circles  of  the  sphere. 

Let  ^  BAz  =  fi,  and  a  =  the  inclination  of  the  plane  of  the 
door  to  the  plane  zAx;  W=  the  weight  of  the  door. 

Then,  since  the  angle  pqr  of  the  spherical  triangle  pqr  is  a 
right  angle,  we  have,  by  Napier's  rules, 

cos  prq  =  sin  qpr  cos  pq  =.sin  aainjS; 

but,  if  0  denote  the  angle  which  PPs  direction  makes  with  the 
plane  of  the  door,  it  is  clear  that 

sin^  =  cos|)rj; 

hence,  a  denoting  the  distance  of  the  centre  of  gravity  of  the 
door  from  the  post,  the  moment  of  W  about  AB  will  be  equal  to 

Tfasinasin/8; 

let  P  be  the  force  applied  at  right  angles  to  the  door,  at  a  point 
distant  from  the  door-post  by  a  space  J,  sufficient  to  keep  it  in 
its  present  position;  then,  by  the  equation  of  moments,  we  have 

Ph  =  Wa  sin  a  sin  /9. 

The  following  solution  is  rather  more  brief  than  the  pre- 
ceding one. 

The  component  of  Win  the  plane  zAx  at  right  angles  to  AB 

is  equal  to  PTsin/S,  and  the  component  of   WnmlS  at  right 

angles  to  the  door  is  TTsin/Ssina:  hence  the  moment  of  W 

about  AB  is  equal  to 

Wa  sin  a  sin  /3, 
and  therefore 

Pb  =  Wa  sin  a  sin  /8, 

(8)  A  uniform  bar  AB  (fig.  33)  is  placed  in  the  straight  line 
joining  two  centres  of  force  K,  L,  which  attract  with  forces 
varying  directly  as  the  distance;  to  find  the  position  in  which 
the  bar  will  rest. 

Let  fA,  fA,  be  the  absolute  forces  of  the  centres  K,  L\  let 
P  be  any  point  in  the  bar  AB\  KA^x,  LB=y,  KP^s, 
BP=^8\  AB=2a,  KL  =  l\  p  =  the  density  of  the  bar,  /c  =  the 
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area  of  a  transverse  section.    Then  for  the  equilibrium  of  the 
bar  we  must  have 


Kpfisds  =  I        icpfia'ds' ; 


tf 

or,  since  k  and  p  are  supposed  to  be  the  same  for  all  points  of  the 

bar, 

/o^+So  ry+20 

8  da  ^  III        %'da\ 

/i{(a;+2a)«-a^}=/*'{(y+2a/-y«}, 

/li  (a?  +  a)  =/a' (y  +  a)  =/a' (i- a-a?), 

(/i+fi)x-fil'-(/i  +  fi)  a, 

^7 
A*  +  /* 

similarly  y  =  — ^ — ,  —  a. 

'^     /*  +  A* 

The  value  of  x,  or  of  y,  determines  the  position  of  equilibrium. 

(9)  One  end  J.  of  a  uniform  beam  AB  (fig.  34)  is  placed 
upon  a  smooth  horizontal  plane  OA^  and  the  other  end  B 
touches  a  vertical  plane  OB:  the  point  (?  is  a  centre  of 
attractive  force,  the  intensity  of  the  force  varying  directly  as 
the  distance ;  to  determine  the  position  of  equilibrium. 

Conceive  the  beam  to  be  inclined  at  an  angle  (o  to  the  horizon. 
Take  P  bjij  point  in  the  beam  and  join  OP. 

Let  OP^r,  AP  =  8,Aa^BG^ay  z  POA=^0,  /A  =  the  abso- 
lute  force  of  attraction,  B,  R,  the  reactions  of  the  planes  at 
A,  B.    Then,  resolving  forces  horizontally,  we  have 

B'=  IfirdscosO  —  fL  I    dsiia  —  s) cosw  =  2/Aa'cos(» (I). 

Resolving  forces  vertically, 

JB—  TTs  I/Lircls sin 0 s /i  I    sin  co  tfcb  =  2/ia* sin  g» (2), 

w.  s,  5 
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Taking  moments  about  0^ 

J2.  2acosek)»  TFa cos ck>  +  22' •  2a sin co, 

2jBcosa>s  TTcos  CD  +  2ir  sin  (tf (3)« 

and  therefore,  substituting  in  this  equation  the  values  of  R  and 
R  from  (1)  and  (2),  we  have 

2  cos  a>  (Tr+  2/Aa* sin  a>)  =  ^cos a>  +  2  sin  co  •  2/ui*  cos  co, 

and  therefore  TTcos  »  =  0,    o)  =  Jtt, 

or  the  beam  lies  in  contact  with  the  vertical  plane  OB. 

It  is  evident,  however,  that  this  is  not  the  only  position  of 
equilibrium ;  the  beam  will  plainly  remain  at  rest  if  it  be  placed 
in  contact  with  the  horizontal  plane  OA  with  one  extremity 
at  0.  In  writing  down  the  equations  (1),  (2),  (3),  it  is  tacitly 
assumed  that  the  beam  receives  no  pressure  from  the  planes  ex- 
cepting at  its  extremities,  an  hypothesis  which  holds  good  in  the 
former  position  of  equilibrium  while  it  evidently  does  not  in  the 
latter :  it  is  for  this  reason  that,  in  our  analytical  investigation, 
out  of  the  two  admissible  values  0  and  \ir  for  <o  we  obtained  only 
the  latter. 

(10)  A  rigid  rod  AB  (fig.  35),  the  lower  extremity  A  of 
which  is  attached  to  a  hinge  about  which  it  can  revolve  freely, 
rests  against  a  smooth  vertical  wall  CD :  to  find  the  pressure 
on  the  wall  and  hinge. 

Let  Q  be  the  centre  of  gravity  of  the  rod,  at  which  we  may 
suppose  its  whole  weight  PFto  be  collected ;  let  -4  (?  =  ft,  AB  =  a, 
JL  BA  C^OL.  Also  let  li  denote  the  reaction  of  the  wall  against 
the  rod,  which  will  take  place  at  right  angles  to  CD ;  and  let  B!, 
8,  be  the  vertical  and  horizontal  parts  of  the  reaction  of  the 
hinge  upon  the  rod.    Then 

Wb 
a  tan  a 

This  problem  was  first  proposed  under  a  vicious  form  in  a 
work  by  Stone ;  where  the  author  proposes  to  determine  the 
position  oi  AB  corresponding  to  a  maximum  value  of  i2.    In  a 


PQUILIBRIUM  OF  A  SINGLE  BODY.  67 

review  of  Stone's  work  by  John  Bernoulli*,  the  solution  given 
by  Stone  was  declared  to  be  erroneous,  and  a  different  one  was 
offered  by  the  reviewer.  Bernoulli's  solution  is,  however,  essen- 
tially vicious.  The  problem  was  correctly  solved  for  the  first 
time  by  Couplet*.  The  opinions  however,  both  of  mathema* 
tidans  and  of  architects,  were  for  many  years  divided  as  to  the 
respective  merits  of  the  solutions  given  by  Bernoulli  and  by 
Couplet,  and  even  down  to  very  late  years  numerous  memoirs 
have  appeared  on  the  subject  by  different  mathematicians,  with 
various  conclusions ;  several  of  whom  have  arrived  at  results 
at  variance  with  the  solutions  both  of  Bernoulli  and  of  Couplet. 
The  reader  who  may  be  curious  to  examine  the  various  solutions 
of  this  problem,  which  by  the  aberrations  of  the  learned  rather 
than  by  any  intrinsic  difficulty  has  obtained  considerable  cele- 
brity, is  referred  to  a  memoir  by  Franchini  in  the  Meniorie 
deUa  Societa  ItcUiana,  Tom.  xvi.  parte  1,  p.  228  ;  1813. 

(11)  A  ladder  of  uniform  thickness  rests  with  its  lower  end 
upon  a  smooth  horizontal  plane,  and  its  upper  end  on  a  slope 
inclined  at  an  angle  of  60®  to  the  horizon ;  the  ladder  makes 
an  angle  of  30*  with  the  horizon :  to  find  the  force  which  must 
act  horizontally  at  the  foot  of  the  ladder  to  prevent  sliding. 

If  FT  denote  the  weight  of  the  ladder, 

3* 
the  required  force  =  -r-W. 

(12)  A  sphere  rests  upon  two  inclined  planes;  to  find  the 
pressure  experienced  by  each. 

Let  W  be  the  weight  of  the  sphere ;  a,  a',  the  inclinations  of 
the  inclined  planes  to  the  horizon ;  and  R,  R,  their  respective 
pressures.    Then 

„        TTsin  /         jy        WsinoL 

M^=^— — : — : M  = 


sin  (a  +  a  j  sia  (a  4-  a) 

Leibnitz ;  Opera,  Tom.  III.  p.  176, 

(13)  A  globe  of  given  uniform  density  is  supported  by  the 
rim  of  a  circular  hole  in  the  floor:  to  find  the  radius  of  the 
globe  when  its  whole  pressure  on  the  rim  is  a  minimum. 

^  Opera^  Tom.  xv.  p.  1S9.       *  Mimoira  de  VAcadimU  de  ParU^  1781,  p.  60. 

6—2 
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If  a  be  the  diameter  of  the  hole,  the  required  radius  of  the 
globe  is  equal  to  -7^  • 

(14)  A  sphere,  of  which  G  is  the  centre,  is  supported  on  an 
inclined  plane  AB  by  a  horizontal  string  CB\  to  find  the 
tension  of  GB. 

If  W  be  the  weight  of  the  sphere,  and  a  the  inclination  of 
the  plane  to  the  horizon, 

the  tension  of  the  string  »  TTtan  a- 

(15)  A  given  weight  P  is  suspended  from  the  rim  of  a 
uniform  hemispherical  bowl  placed  on  a  horizontal  plane;  to 
find  the  position  in  which  the  bowl  will  rest. 

If  W  denote  the  weight  of  the  bowl,  r  the  radius  of  the 
sphere,  c  the  distance  between  its  centre  and  its  centre  of 
gravity,  and  6  the  inclination  of  the  axis  of  the  bowl  to  the 

vertical, 

iV 

tan  O^-inrr* 
Wc 

(16)  A  rigid  rod  without  weight  passes  through  two  fixed 
rings,  and  is  urged  by  a  force  P  in  the  direction  of  its  length 
against  a  plane  to  which  it  is  inclined  at  an  angle  a :  to  find  the 
pressure  on  the  plane. 

The  required  pressure  is  equal  to  P  cosec  a. 

(17)  One  end  of  a  beam,  the  weight  of  which  is  TF,  is  placed 
on  a  smooth  horizontal  plane;  the  other  end,  to  which  a  string 
is  fastened,  rests  against  another  smooth  plane,  inclined  at  an 
angle  a  to  the  horizon ;  the  string,  passing  over  a  puUy  at  the 
top  of  the  inclined  plane,  hangs  vertically,  supporting  a  weight 
P:  to  find  the  condition  of  equilibrium. 

If  a  =  the  length  of  the  beam,  and  &sthe  distance  of  its 
centre  of  gravity  from  its  lower  end,  the  condition  of  equili- 
brium is  expressed  by  the  equation 

Pa  =  Wb  sin  a, 

which  shews  that,  if  the  beam  can  rest  in  any  one  position,  it 
will  rest  in  all  positions. 
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(18)  A  unifonn  beam  rests  upon  two  perfectly  smooth  in- 
clined planes;  to  find  its  position  and  its  pressures  upon  the  two 
planes. 

Let  a,  a\  be  the  inclinations  of  the  two  planes  to  the  horizon ; 
R^  R\  the  pressures  which  they  experience ;  then,  supposing  the 
end  of  the  beam  which  rests  against  the  former  plane  to  be  the 
lower  one,  and  ^  to  be  the  inclination  of  the  beam  to  the  horizon, 
we  shall  have,  W  being  the  weight  of  the  beam, 

,       ^      sin  (a'  — a)         ^        PTsina'         ^^        TTsina 
2  sin  a  sin  a  sin  (a  +  a )  sin  (a  +  a ) 

(19)  A  uniform  beam  ABC  (fig.  36)  is  placed  with  one  end 
A  on  the  inner  surface  of  a  fixed  hemispherical  bowl,  the  dia- 
meter of  which  is  less  than  the  length  of  the  beam,  and  is  in 
contact  with  the  rim  of  the  bowl  at  the  point  B ;  to  find  the 
position  in  which  the  beam  will  rest,  the  radius  OB  of  the 
bowl  being  horizontal. 

If  r  be  the  radius  of  the  bowl,  2a  the  length  of  the  beam,  and 
0  its  angle  of  inclination  to  the  horizon  \  then 

4r  cos*^  —  a  cos  5  —  2r  =  0. 

(20)  To  find  the  position  of  equilibrium  of  a  uniform  beam, 
one  end  of  which  rests  against  a  vertical  plane,  and  the  other 
on  the  interior  surface  of  a  given  hemisphere. 

Let  r  be  the  radius  of  the  hemisphere,  c  the  distance  of  its 
centre  from  the  vertical  plane,  2a  the  length  of  the  beam ;  0  the 
inclination  of  the  beam  to  the  horizon,  and  ^  of  the  radius  at 
the  point  where  the  beam  presses  against  the  hemisphere.  Then 
the  position  of  equilibrium  will  depend  upon  the  equations 

tan  ^  =  2  tan  6,    2a  cos  9  =  r  cos  ^  +  c. 

(21)  A  beam  AB  (fig.  37)  leans  against  a  smooth  vertical 
prop  (7Z>,  the  end  A  being  prevented  from  sliding  along  the 
horizontal  plane  AD  by  a  string  AD  fastened  at  2> ;  to  find  the 
tension  of  the  string. 

Let  0  be  the  centre  of  gravity  of  the  beam ;  -4  (7  =  a,  CD  =  6, 
AD  ^Cf  W^  the  weight  of  the  beam,  37=  the  tension :  then 

T^     ^      W 
^-(JV,^*^- 
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(22)  A  uniform  rigid  rod  AB  (fig.  38)  rests  upon  a  fixed 
point  E,  while  its  lower  end  A  presses  against  a  vertical  line 
FF* ;  a  weight  P  is  suspended  from  the  extremity  B;  to  find  the 
position  of  equilibrium  of  the  roA 

Let  TF=  the  weight  of  the  rod,  b  =  the  perpendicular  distance 
of  E  from  the  line  FF*,  AE=  a?,  a  =  the  length  of  the  rod ;  then 

Fontana;  Memorie  della  Societa  Itcdiana,  1802,  p.  630. 

If  we  suppose  TF=  0,  then  we  shall  have  x  =  (aJ*)  ,  whatever 
be  the  magnitude  of  P.  This  problem  is  discussed  by  Euler^ 
Acad,  des  Sciencea  de  Berlin,  Tom.  Yii.  p.  196,  in  illustration  of 
Maupertuis'  Principle  of  Rest. 

(23)  One  end  of  a  beam  is  connected  with  a  horizontal  plane 
by  a  hinge  about  which  the  beam  can  revolve  freely  in  a  ver- 
tical plane ;  the  other  end  is  attached  to  a  weight  by  means  of 
a  string  passing  over  a  pully  in  the  same  vertical  plane;  to 
find  the  position  of  equilibrium. 

Let  a,  b,  be  the  distances  of  the  centre  of  gravity  of  the  beam 
from  its  lower  and  its  higher  extremities,  W  its  weight,  and  0 
its  inclination  to  the  horizon ;  let  ^  be  the  inclination  of  the 
string  to  the  horizon,  and  P  the  weight  attached  to  its  extremity ; 
let  I  be  the  distance  of  the  pully  from  the  horizontal  and  k 
from  the  vertical  line  through  the  hinge.  Then  the  position  of 
equilibrium  will  depend  upon  the  equations 

P  (a  +  6)  sin  (0  -  d)  =x  Wa  cos  0, 

(a  +  6)  sin  (^  —  ^  =  A  sin  ^  —  Z  cos  <}>. 

(24)  A  uniform  beam  rests  with  one  end  upon  a  given  in- 
clined plane,  the  other  end  being  suspended  by  a  string  from  a 
fixed  point  above  the  plane ;  to  determine  the  position  of  equi- 
librium, the  tension  of  the  string,  and  the  pressure  on  the  plane. 

Let  2a  be  the  length  of  the  beam,  0  its  inclination  to  the 
inclined  plane,  IF  its  weight,  and  R  the  pressure  which  it  exerts 
on  the  inclined  plane ;  let  T  be  the  tension  of  the  string,  c  its 
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length,  and  ^  its  inclination  to  the  inclined  plane ;  ako  let  h  be 
the  distance  of  the  fixed  point  from  the  plane ;  and  a  the  incli- 
nation of  the  plane  to  the  horizon. 

Then  the  position  of  the  beam  will  depend  upon  the  two 
equations 

2  sin  (^  —  ^  sin  a  =a  cos  ^  cos  (0  +  a), 

c  sin  ^  +  2a  sin  O^b; 

and  then  It  and  T  will  be  given  by  the  formulse 

J,     TF'cos(a  +  ^)       ^    TTsina 
COS  9  cos  9 

(25)  A  uniform  beam  rests  with  one  end  against  a  smooth 
vertical  plane,  its  other  end  being  supported  by  a  string  attached 
to  a  fixed  point  in  the  plane ;  to  determine  the  position  of  the 
beam,  its  pressure  against  the  plane,  and  the  tension  of  the 
string. 

Let  b  be  the  length  and  T  the  tension  of  the  string ;  2a  the 
length  of  the  beam,  W  its  weight,  and  R  its  pressure  against 
the  vertical  plane ;  also  let  ^,  0,  be  the  inclinations  of  the  beam 
and  of  the  string  to  the  vertical.    Then 

.    a     /16a«-6V     .     .     /16a»-J*\i 
sm<?«(— g^^j,sm^  =  (-^2a«    J' 

(26)  A  weight  W  hangs  from  a  rod  BO  (fig.  39),  which  rests 
on  a  fulcrum  at  B,  and  is  supported  by  a  string  DA  at  right 
angles  to  the  rod,  D  being  the  middle  point  of  BG;  to  deter- 
mine the  magnitude  and  direction  of  the  pressure  on  the  fulcrum, 
the  rod  being  inclined  to  the  horizon  at  an  angle  of  30*^  and 
being  without  weight. 

Let  BD  =s  CD  =  a ;  and  let  X,  F,  represent  the  vertical  and 
horizontal  components  of  the  pressure  exerted  by  the  rod  on  the 
fulcrum;  then 
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and,  if  0  denote  the  inclination  of  the  resultant  pressure  to  tbe 
vertical,  and  B  its  magnitude, 

(27)  A  uniform  beam  AB  (fig.  40),  moveable  in  a  vertical 
plane  about  a  hinge  at  A^  leans  upon  a  prop  CD  fixed  in  the 
same  plane ;  to  detennine  the  normal  strain  upon  the  prop  CD, 

Let  -45  =  2a,  CD^b,  ^BAC^^a,  tACD  =  P.  Then  the 
resolved  part  of  the  pressure  of  AB  on  CD  at  right  angles  to 
CD,  whidi  is  the  normal  strain  on  the  prop,  will  be  equal  to 

TTasin  2%  cos  (<i  +  /3) 
2fe'sin /3  * 

(28)  A  uniform  beam  is  hung  from  a  fixed  point  by  two 
unequal  strings  attached  to  its  extremities:  to  compare  the 
tension  of  each  string  with  the  weight  of  the  beam. 

Let  a,  b,  represent  the  lengths  of  the  strings,  P,  Q,  their 
respective  tensions,  c  the  length  and  Wihe  weight  of  the  beam  ; 

then        i=  ^  Q-  h 


W    (2a«  +  26»  -  c*)* '     ^V     (2a»  +  26»-c^)* 

(29)  An  isosceles  right-angled  triangle  rests  in  a  vertical 
plane  with  the  right  angle  downwards,  between  two  pegs  at  a 
distance  a  from  each  other  in  the  same  horizontal  line ;  to  de- 
termine its  positions  of  equilibrium. 

Let  h  =  the  perpendicular  from  the  right  angle  on  the  base, 
and  d=the  inclination  of  the  base  to  the  horizon ;  then 


(?  =  0,or^=coB-'(^) 


(80)  A  flat  board  DE  (fig.  41),  in  the  form  of  a  square,  is 
supported  upon  two  fixed  points  P,  Q,  with  its  plane  vertical, 
the  distance  between  P,  Q,  being  equal  to  half  a  side  of  the 
square :  to  find  the  positions  of  equilibrium. 

If  a  be  the  inclination  of  PQ  and  0  of  AE  to  the  horizon,  the 
positions  of  equilibrium  are  given  by  the  equation 

Bin*  (2^  -f  a)  =  sin  W. 
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(31)  A  uniform  rod  of  given  length  rests  against  a  peg  at  the 
focus  of  a  parabola,  the  axis  of  which  is  vertical  and  of  which 
the  vertex  is  the  lowest  point,  the  lower  extremity  of  the  rod 
being  supported  on  the  curve ;  to  determine  the  angle  which  the 
rod  makes  with  the  axis  of  the  parabola. 

If  a  be  the  length  of  the  rod,  and  4fm  the  latus  rectum  of  the 
parabola;  then 

.J  /ni\i 


the  required  angle  =  2  cos"*  (—  J 


(32)  A  uniform  rigid  rod,  of  length  a,  can  turn  in  a  hori- 
zontal plane  about  its  middle  point :  at  one  end  a  string  is  tied 
which  passes  over  a  fixed  pully,  vertically  over  that  end,  and  at 
a  distance  b  from  it,  and  is  then  fastened  to  a  given  weight : 
the  rod  is  then  turned  through  an  angle  0,  and  kept  at  rest  in 
that  position  by  a  horizontal  force  P  perpendicular  to  the  rod 
through  its  other  end :  to  find  the  value  of  0  when  P  is  a 
maximum. 

The  required  value  of  0  is  given  by  the  equation 

,    J         b' 
tan*  s  =  -^ — z^  . 

(33)  A  uniform  isosceles  triangle  is  placed  within  a  smooth 
hemispherical  bowl,  its  three  angular  points  touching  the  bowl ; 
to  find  the  position  in  which  it  will  rest. 

Let  a  =  the  length  of  each  of  the  equal  sides,  k  =  the  altitude 
of  the  triangle,  r  =  the  radius  of  the  hemisphere,  0  ==  the  in- 
clination of  the  triangle  to  the  vertical ;  then 

,      .     3(VA»->a*)* 

*^^^=-^F^3^- 

(34)  A  uniform  circular  lamina  is  placed  with  its  centre  upon 
a  prop;  to  find  at  what  points  on  its  circumference  three  weights 
w^,  w^,  w^,  must  be  attached  that  it  may  remain  at  rest  in  a 
horizontal  position. 
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If  $^,  0^,  O^f  be  the  angles  included  between  the  radii  of  the 
points  of  attachment  of  (w,,  wj,  (w,,  wj,  {w^,  tr,),  respectively, 
then 

cos  tf, « ■^^^--^* — —>    cosg^=^    ^   ' ^, 

A         tD^  —  II?  '  —  W?  * 
*  2m?jM7j 

(35)  A  hemisphere  is  fixed  with  its  base  on  the  ground 
between  two  parallel  vertical  planes,  both  of  which  touch  it,  and 
of  which  one  reaches  to  a  height  equal  to  the  diameter :  a  beam 
of  given  length  and  weight,  supported  by  the  hemisphere,  rests 
over  the  top  of  the  finite  plane,  one  of  its  ends  pressing  against 
the  indefinite  plane :  to  find  the  pressures  of  the  beam  on  the 
planes  and  hemisphere,  and  to  determine  the  greatest  length 
of  the  beam  for  which  there  can  exist  any  pressure  on  the 
hemisphere. 

Let  r  s  the  radius  of  the  hemisphere,  2a  =  the  length  of  the 
beam,  J2  =  the  pressure  on  the  top  of  the  finite  plane,  8^  the 
pressure  on  the  indefinite  plane,  T«  the  pressure  on  the  sphere. 

Then,  W  denoting  the  weight  of  the  beam, 

« 

^     32a  —  25r    „^     «     •  .,»• 
^^      HOr      '^'    S^iW, 

125r-32a 


Sect.  2.    Friction. 

Statical  fi-iction  consists  in  the  resistance  arising  from  mutual 
roughness,  which  is  opposed  to  the  production  of  relative  motion 
between  two  substances  in  contact.  If  the  substances  were 
perfectly  smooth,  their  mutual  pressure  at  every  point  of  the 
surfaces  of  contact  would  take  place  in  some  determinate  straight 
line  depending  upon  the  forms  of  the  surfaces  ;  if  the  consider- 
ation of  roughness  be  introduced,  the  force  of  friction  when 
called  into  play  will  exert  itself  at  each  point  in  a  direction  at 
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right  angles  to  the  mutual  pressure  corresponding  to  perfect 
smoothness.  The  estimation  of  the  magnitude  of  friction  for 
assigned  substances  and  for  given  surfaces  of  contact,  can  be 
effected  solely  by  experiment. 

Suppose  22  to  denote  the  total  pressure  of  two  substances,  of 
which  the  surfaces  of  contact  are  two  planes,  and  let  F  be  the 
greatest  force  which  friction  can  exert  in  the  prevention  of 
relative  motion ;  then  F  is  taken  as  the  measure  of  the  stati- 
cal friction.  After  the  performance  of  numerous  experiments, 
Alnontons^  who  was  the  first  to  discuss  scientifically  the  subject 
of  friction,  was  led  to  conclude  that,  so  long  as  the  substances 
remain  the  same,  F  varies  directly  as  J3,  and  is  independent  of 
the  magnitude  of  the  area  of  contact.  Thus,  ii  denoting  some 
constant  quantity,  the  magnitude  of  which  is  to  be  obtained  by 
experiment,  we  should  have  for  any  assigned  substances 

where  /a  is  called  the  coefiScient  of  friction.  This  relation,  how* 
ever,  although  generally  adopted  by  mathematicians,  is  probably 
not  quite  accurate.  Muschenbroek'  and  the  Abb^  Nolet*  con- 
cluded from  experiments  that  the  value  of  /a  depends  in  some 
degree  upon  the  magnitude  of  the  area  of  contact,  and  that  for  an 
assigned  area  of  contact  it  does  not  remain  invariable  for  all 
values  of  R,  Bossut^  agreed  with  Amontons  in  supposing  fi  to 
be  independent  of  the  area  of  contact,  but  considered  that  its 
value  decreases  as  R  increases.  Various  experimenters  have 
given  their  labours  to  the  same  subject  with  very  different 
conclusions.  Professor  Vince*  inferred,  from  the  performance 
of  very  careful  experiments,  that  the  coefficient  of  friction  does 
really  diminish  with  the  increase  of  R^  and  that  for  a  given 
pressure  it  decreases  when  the  area  of  contact  is  diminished. 

^  Minunres  de  VAeadhnie  des  Sciences  de  Parie,  1699,  p.  206. 

*  JniroducU  ad  Phil  Nat.  Tom.  i.  cap.  9, 1762.     Led,  Phyi.  Exp.  Tom.  u 
p.  241. 

*  LS^om  de  Phytique  ExpMmentaUf  Tom.  i.  p.  280 ;  1754. 
«  Traiti  de  MecatUque,  Part  i.  ohap.  4,  sect.  1,  p.  178. 

*  Philoiophieal  TrafuaeUons  1785,  Part  i.  p.  165. 


76  EQUILIBBIUM  OF  A  SINGLE  BODY. 

It  would  appear  however,  from  the  valuable  experiments  of 
Coulomb*  and  Ximenes',  that  the  variation  of  fi,  owing  to  any 
change  in  the  magnitude  of  the  area  of  contact,  is  extremely 
small  and  of  an  irregular  character,  and  that  it  decreases  very 
slightly  as  R  increases.  Bossut'  has  remarked  that  the  statical 
friction  between  two  substances  becomes  greater  by  allowing 
them  to  remain  in  contact  for  some  time  before  it  is  called  into 
play,  an  observation  which  has  been  fully  confirmed  by  the 
experiments  of  Coulomb. 

K  the  surfaces  of  contact  be  not  plane  areas,  the  coefficient  of 
friction  will  on  this  account  receive  a  change  of  value ;  and 
generally  it  will  depend  upon  the  forms  of  the  surfaces  of 
contact,  as  well  as  upon  the  nature  of  the  substances.  The 
friction  of  a  solid  cylinder  against  a  hollow  one  has  been  con- 
sidered by  Coulomb  and  Ximenes,  who  have  found  it  to  be 
much  smaller  than  between  two  plane  surfaces  of  the  same  sub- 
stance ;  the  coefficient  of  friction  is,  however,  approximately  con- 
stant«  as  in  the  case  of  plane  surfaces  of  contact. 

The  friction  of  which  we  have  been  speaking,  is  the  friction 
called  into  play  by  the  rubbing  of  two  substances  against  each 
other;  the  roughness  of  substances,  however,  exerts  force  to 
interrupt  the  production  of  relative  motion  also  in  the  case 
when  one  body  is  urged  to  roU  along  another  without  rubbing; 
this  may  be  called  the  friction  of  cohesion,  depending  probably 
upon  the  mutual  tenacity  of  the  particles  of  the  two  bodies. 
This  species  of  friction  was  first  noticed  by  Bossut,  and  after* 
wards  carefully  investigated  by  Ximenes  and  Coulomb :  in  the 
case  of  a  cylinder  rolling  along  a  plane,  the  friction  of  cohesion 
is  found  to  vary  inversely  as  the  diameter. 

The  friction  which  exists  between  two  substances  in  motion, 
which  may  be  called  their  dynamical  friction,  is  very  consider- 
ably less  than  their  statical  friction.  The  dynamical  friction  is 
measured  by  the  force  necessary  to  keep  the  bodies  in  motion ; 
the  statical  friction  by  the  force  necessary  to  set  them  originally 

^  Mimoiret  prisent.  h  VAeadSmie,  Tom.  z.  1785. 

*  Terria  e  Pentica  delle  ResUt,  de*  Sol.  ne'  loro  Attr.  Pisa,  1762» 

*  TraiU  de  Micaniqtu,  Part  i.  chap.  4,  sect.  1,  p.  178. 
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in  motion.  The  difference  of  the  magnitudes  of  statical  and 
dynamical  friction  was  noticed  by  Camus^  and  Desaguliers*,  and 
afterwards  by  various  other  experimenters.  Professor  Vince 
ascertained  by  experiments,  that  dynamical  friction  is  a  constant 
force  for  hard  substances,  whatever  be  the  velocity  of  the  rela- 
tive motion;  but  that  in  the  case  of  softer  bodies  it  increases 
considerably  with  an  increase  of  velocity.  The  friction  of  pivots 
has  been  fully  considered  by  Coulomb  in  the  Mimcirea  de  FA  cad. 
des  Sciences  de  Paris,  1790.  The  friction  and  rigidity  of  ropes 
was  first  investigated  experimentally  by  Amontons  in  the  me- 
moir to  which  we  have  alluded  above,  and  afterwards  by  Cou- 
lomb and  Ximenes. 

(1)  A  uniform  beam  AB  (fig.  42)  rests  with  one  end  A 
upon  a  rough  horizontal  plane  ATZ,  its  other  end  B  being  attached 
to  a  string  which  passes]  over  a  smooth  puUy  E  and  supports  a 
weight  P;  to  determine  the  range  of  positions  in  which  the  beam 
may  be  placed  consistently  with  equilibrium. 

Let  G  be  the  centre  of  gravity  of  the  beam,  and  W  its  weight ; 
0,  ^,  the  angles  of  inclination  of  AB,  BE,  to  the  horizon  for  any 
position  of  equilibrium;  let  AG  =  BG  =  a',  let  jP  denote  the 
friction,  estimated  along  LK,  which  is  called  into  play  at  A,  and 
which  will  be  at  right' angles  to  R,  the  vertical  reaction  of  the 
plane  on  the  beam.  Suppose  the  whole  weight  of  the  beam  to 
be  collected  at  its  centre  of  gravity. 

Then  for  the  equilibrium  of  the  beam  we  have,  resolving  the 
forces  horizontally, 

jP=:Pcos<^ (1); 

resolving  vertically, 

5  +  Psin^=F. (2); 

and,  taking  moments  about  Aj 

Wacos0  =  P.  2a  sin (<^ -  ^, 
or  Trco8^  =  2Psin(^-^) (3). 

Assume  F^  \R,  where,  if  fi  denote  the  coeflScient  of  friction 

I  TraiU  de$  Farcti  Uouvanta.  *  Court  de  Phytique. 
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between  the  end  of  the  beam  and  the  plane,  X  may  have  any 
value  from  zero  up  to  /a.    Then  by  (1)  we  have 

XR^Pcos^ (4). 

From  (2)  and  (4),  we  obtain 

Pcos<^-f\P8in^  =  XTr, 

or,  putting  X  =  tan  e^ 

Pcos  (^  -  €)  =  IF  sin  e, 

which  determines  the  angle  ^  in  terms  of  W,  P^  €\  and  then  0 
may  be  determined  from  (3).  By  giving  then  to  e  any  values 
from  zero  up  to  tan'^/A,  we  shall  obtain  a  series  of  positions 
of  equilibrium. 

Suppose  for  instance  X  to  be  equal  to  zero ;  then  from  (4) 

Pcos  ^  =  0,  and  therefore  ^  «  ^tt  ; 

hence,  by  (3),  TTcos  5  =  2P  cos  0, 

and  therefore  either  W^  2P,  in  which  case  0  remains  indeter- 
minate  and  may  have  any  value  whatever,  or  6^  ^7r.  Again 
from  (2),  since  ^  =  i^tt,  we  have 

2?=  JT-P. (5), 

and  therefore,  if  0  be  not  equal  to  ^tt,  we  must  have 

R^P^\W. 

Thus  we  see  that  the  end  B  of  the  beam  must  be  in  the  ver* 
tical  line  through  E\  and  that,  unless  ABh^  placed  verticaUy, 
the  weight  P  must  be  equal  to  half  the  weight  of  the  beam.  If 
the  beam  be  placed  vertically,  it  is  clear  from  (5)  that  P  may 
have  any  value  from  0  up  to  W^  but  no  greater  value,  because 
R  cannot  be  negative. 

If,  instead  of  taking  X  «  0,  we  were  to  give  it  any  other  value 
between  0  and  /i,  we  should  have  to  determine  the  values  of  8 
and  ^  as  in  the  present  case. 

(2)  A  beam  AB  (fig.^  43)  is  supported  on  a  prop  CD  by  a 
given  force  P  acting  at  a  given  angle  of  inclination  to  the  hori- 
zon ;  to  find  the  position  of  the  beam  when  it  is  upon  the  point 
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of  sliding  past  the  point  C  from  A  towards  B,  the  prop  and 
beam  being  relatively  rough. 

Produce  BA^  PA,  to  meet  the  horizontal  line  KL  in  the 
points  F,  E;  let  (?  be  the  centre  of  gravity  of  the  beam.  Let 
AO^a,  CG^a,  ^PEL^a,  ^  AFE^d,  iZ  =  the  reaction  of 
the  prop  at  right  angles  to  AB,  and  /t  =  the  coefficient  of  friction; 
then  /t£  will  be  the  friction,  of  which  BA  is  the  direction. 

Then  for  the  equilibrium  of  the  beam  we  have,  resolving 
forces  vertically, 

Psina  +  5costf=Tr+/t5sin^ (1); 

resolving  horizontally, 

Pcosa  =  5sin  tf  +  /ii2 cos5 (2); 

and,  taking  moments  about  (7, 

Fa?cos^  =  P(a  +  a:)8in(a-^ (3). 

From  the  equations  (1)  and  (2)  there  is 

costf  — /Asin^_  TF— Psina 
sin  ^  +  /i  cos  tf  ""      P  cos  a      ' 
and  therefore 

Pcosa (1  -  Attan ^  =  (TT-Psin  a)  (tan ^  +  /i), 

P  (cos  a  +  /*  sin  a)  —  ^  TF—  { TF  +  P  0*  COS  a  —  sin  a) }  tan  ^ ; 

assume  /i  » tan  6 ;  then,  multiplying  both  sides  of  the  equation 
by  cos  6, 

P  cos  (€  —  a)  —  TFsin  e^{P  sin  (c  —  a)  +  TTcos  e]  tan  ^, 

^     Pcos  (c  —  a)  —  TTsin  € 
P  sm  (c  —  a)  +  }y  cos  € 

which  determines  the  inclination  of  tho  beam  to  the  horizon. 

Knowing  0  we  may  determine  x  from  the  equation  (3) ;  and 
thus  the  position  of  the  beam  will  be  completely  ascertained. 

If  the  beam  be  on  the  point  of  sliding  in  a  direction  opposite 
to  that  which  we  have  supposed,  the  quantity  fi  must  be  re< 
placed  by  —  /A,  or  €  by  —  € ;  and  the  formulae  for  the  former  case 
will  all  become  adapted  to  the  latter. 
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(3)  A  unifonn  rectangular  board  KLMN  (fig.  44)  is  placed 
upon  a  rough  inclined  plane  ABi  supposing  the  inclination  of 
the  plane  AB  to  the  horizon  to  be  gradually  increased,  to  find 
whether  the  equilibrium  of  the  board  will  be  disturbed  by  the 
commencement  of  a  rolling  or  of  a  sliding  motion. 

First  suppose  that  the  board  begins  to  slide ;  let  iZ  be  the 
whole  of  the  reaction  of  the  plane  at  right  angles  to  itself  on 
the  board,  /l&  the  coefficient  of  friction,  and  ^  the  inclination  of 
the  plane  at  the  commencement  of  sliding.  Then,  resolving 
forces  parallel  to  the  inclined  plane, 

/LtjB=  TFsin  ^ ; 

and}  resolving  forces  at  right  angles  to  it, 

R  =  Worn  ^ ; 
hence,  eliminating  R^ 

tan^  =  yx. 

Next  suppose  that  the  board  tumbles  over  the  comer  K  be- 
fore the  commencement  of  sliding ;  then  the  vertical  through  O 
will  pass  through  jK"  when  ^  has  received  the  proper  value;  draw 
OH2X  right  angles  to  the  plane,  let  HK=^  a,  OH^  h  \  then 

tan  ^  =  tan  z  KGS=  t  • 

Hence,  if  /t  be  less  than  r  1  sliding  will  take  place  before 
rolling;  on  the  contrary,  if  /*  be  greater  than  -r ,  rolling  will  take 

place  before  sliding ;  i£  fihe  equal  to  r ,  rolling  and  sliding  will 
take  place  simultaneously. 

(4)  A  beam  PQ  (fig.  45),  which  is  capable  of  free  motion  in 
every  direction  about  a  smooth  hinge  at  P,  rests  with  its  end  Q 
against  a  rough  vertical  plane  ABG;  to  determine  the  position 
of  the  beam  when  it  is  bordering  on  motion. 

From  P  draw  PO  at  right  angles  to  the  plane  ABG;  join 
OQ;  the  locus  of  Q  will  be  a  circle  in  the  vertical  plane  having 
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O  for  its  centre ;  let  <?  be  the  centre  of  gravity  of  the  beam ; 
PSV  be  the  projection  on  the  horizontal  pl^e  through  PO  of 
the  line  iVQ,  ^Tand  V  being  the  projections  of  G  and  Q\  draw 
HK  at  right  angles  to  PO ;  let  TTbe  the  weight  of  the  beam, 
§ju  the  coefficient  of  friction  between  the  beam  and  the  vertical 
plane,  and  H  their  mutual  pressure ;  iiR  will  act  in  the  tangent 
to  the  locus  of  Q  at  the  point  Q,  that  is,  at  right  angles  to  OQ 
and  in  the  plane  ABC,  and  from  A  towards  B ; 

let  PG^a,  QG  =  b,  ^QPO^a,  i  QOA^O. 

Then  for  the  equilibrium  of  the  beam  we  have,  taking 
moments  about  PO^ 

W.HK^/iR.OQ (1); 

and,  taking  moments  about  the  horizontal  line  through  P,  which 
is  at  right  angles  to  PO,  it  being  observed  that  the  vertical 
resolved  part  of  fiR  is  fiR  cos  ^  QOV, 

W.PK=^R.QV-\-fiR.POcoB^QOV (2). 

Now,  from  the  geometry, 

HK=  GKcosO^a  sin  a  cos  6, 

0^  =  (a  +  6)sina,  POcos  z  Q(?F=(a+5)cosacos  (?, 
PK'=acosa,  ^7=  OQsintf  =  (a  + J)  sinasind; 
hence,  from  the  equations  (1)  and  (2), 

Wa  sin  a  cos  0==fjLR  (a  +  b)  sin  or, 
and    Wa  CO&  a  =^R  {a +  b)  sin  a  sin  ^  + /iti?  (a  +  6)  cosacos^: 
dividing  the  latter  of  these  equations  by  the  former, 

cos  a      _  sin  a  sin  ^  +  /it  cos  a  cos  0 
sin  a  cos  tf  ~  fisina  ' 

^  cos  a  =  cos  ^  (sin  a  sin  ^  +  /*  cos  a  cos  0), 
/iCOsasin*d  =  sinasindcos  0, 

tan  0  =  -  tan  a. 
/* 

w.  s.  G 
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We  may  solve  this  problem  also  in  the  following  manner : 
taking  moments  q}x)ut  the  vertical  line  through  P  we  have, 
since  fiB  sin  ^  is  the  horizontal  resolved  part  of  fiR, 

B.  Or=-fiR.Bm0.PO, 

and  therefore  OQ  oos  0  =  fjL  sin  0.  PO ; 

but  OC=OPtana; 

hence  tan  fl  =  -  tan  a, 

(5)  A  beam  AB  (fig.  46)  is  placed  with  one  end  upon  a 
rough  horizontal  plane  Ox,  and  rests  against  a  rough  plane 
curve  KPL  at  any  point  P ;  supposing  that,  whatever  be  the 
point  P  against  which  the  beam  leans,  it  is  always  in  an  equi- 
librium bordering  on  motion,  and  that  the  coefficient  of  friction 
is  the  same  both  for  the  curve  and  for  the  horizontal  plane,  to 
find  the  nature  of  the  curve. 

Draw  PM  at  right  angles  to  Ox ;  let  ff  be  the  centre  of 
gravity  of  the  beam,  W  its  weight,  AO^a,  t  BAx=0,  OM^x, 
PM^y,  /IAS the  coefficient  of  friction;  let  B  and  Bf  be  the 
normal  reactions  of  the  curve  and  of  the  plane  against  the  beam; 
in  consequence  of  friction  the  curve  wiU  exert  on  the  beam  a 
force  fiB  along  PS,  and  the  hoiizontal  plane  a  force  fiB'  along 
Ax. 

Hence  for  the  equilibrium  of  the  beam,  resolving  forces 
parallel  to  Ox, 

B  ain  0  =  fiB  COB  0-{-  fiR, 

B(&in0^ficos0)=^fiB' (1); 

resolving  forces  perpendicularly  to  Ox, 

Bco30  +  fiBsm0+B=^  W, 

i2(cos5  +  /Lfr8in5)+U'="Fr (2); 

and,  taking  moments  about  A, 

iJ . -4P«  Fa  cos  ^,  oxB.AM^  Ifacos'^ (3). 

From  (1)  and  (2)  we  get 

(l+/i*)i2sin5  =  ;An^, 
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and  therefore,  from  (3), 

(1 +/)  Tfa  sin  ^cos* ^  =  /ATr.  ^if, 

(1  +  /a")  a  sin  ^cos'  0  =/a  .  AM\ 

but  sin  ^  =  -^ ,  cos  ^  =  -J- ,     AM  =  v  -i- ; 

da  ds  ^  dy' 

hence  we  have 

„        ax     dy  da?  dx 

put  /i  s=  tan  £,  and  this  equation  becomes 

J^df_     d£^ 
sm2€  dx^"^^  da?' 

which  is  the  differential  equation  to  the  curve. 

If  the  friction  of  the  curve  and  the  plane  be  different,  we 
may  obtain  the  differential  equation  to  the  curve  with  equal 
ease. 

(6)  A  uniform  rod  passes  over  the  fixed  point  A  and  under 
the  fixed  point  B,  (fig.  47),  and  is  kept  at  rest  by  the  friction 
at  the  points  A  and  B;  to  determine  the  circumstances  of 
equilibrium. 

Let  /aB,  fiS,  be  the  forces  of  friction  at  A^  B,  respectively,  B 
and  8  being  the  normal  actions  of  the  fixed  points  on  the  rods. 
Let  0  be  centre  of  gravity  of  the  rod. 

Let  AB  =  a,  a  =  the  inclination  of  AB  to  the  horizon,  2b 
ss  the  length  of  the  rod,  and  AO  —  x. 

Resolving  forces  along  the  rod,  we  have 

fi(B  +  8)^WQina (1); 

resolving  perpendicularly  to  the  rod,  we  have 

JR=Foo8a  +  /S (2); 

and,  taking  moments  about  O, 

Rx^S(X'\-a) (3). 

G— 2 
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From  (1)  and  (2), 

2fiL8=^  W(8iiia  — ^cosa) (4). 

From  (2)  and  (3)  there  is 

aS^xWcosa (5); 

and  therefore,  by  (4)  and  (5), 

os.ificosa^a  (sin  a  —  /x  cos  a), 

a?  =  ^(tana-/i) (6). 

Since  8  cannot  be  negative,  therefore,  by  (5),  x  cannot  be 
negative.     Moreover,  from  the  geometry,  it  is  plain  that 

xLh-a (7). 

Let  \  be  the  coefficient  of  friction.  Then  /ir  may  have  any 
value  between  0  and  X  which  gives  to  a?,  as  determined  by  the 
equation  (6),  a  positive  value  consistent  with  the  inequality  (7). 

If  ^  (tan  a  —  \)  >  i  —  a, 

a  tan  a 

equilibrium  is  impossible. 

(7)  A  beam  rests  with  its  lower  extremity  on  a  horizontal, 
and  its  higher  against  a  vertical  plane ;  having  given  its  length, 
the  position  of  its  centre  of  gravity,  and  the  coefficients  of  the 
friction  of  the  horizontal  and  of  the  vertical  plane,  to  find  its 
position  when  in  a  state  bordering  on  motion. 

If  a,  J,  be  the  distances  of  the  centre  of  gravity  of  the  beam 
from  its  lower  and  higher  extremity;  /a,  fiy  the  coefficients 
of  friction  between  the  beam  and  the  horizontal,  and  between 
the  beam  and  the  vertical  plane ;  and  0  the  inclination  of  the 
beam  to  the  horizon ;  then 

tan^  =  ?f^* 

(8)  A  uniform  and  straight  plank  rests  with  its  middle 
point  upon  a  rough  horizontal  cylinder,  their  directions  being 
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perpendicular  to  each  other ;  to  find  the  greatest  weight  which 
can  be  suspended  from  one  end  of  the  plank  without  its  sliding 
off  the  cylinder. 

Let  W  be  the  weight  of  the  plank,  and  P  the  attached 
weight ;  r  the  radius  of  the  cylinder,,  2a  the  length  of  the 
plank^  tan  X  the  coefficient  of  friction.  Then  P  will  be  given 
by  the  relation 

P  _     r\ 
W     a-rX' 

(9)  A  uniform  rod  rests  over  a  smooth  peg,  its  lower  end 
being  supported  by  a  rough  horizontal  plane :  to  find  its  posi- 
tion of  equilibrium  when  bordering  upon  motion. 

If  2a  =a  the  length  of  the  rod,  h  =  the  height  of  the  peg  above 
the  horizontal  plane,  and  tan  €  =  the  coefficient  of  friction : 
then  0,  the  inclination  of  the  rod  to  the  horizon  in  the  required 
position,  is  determined  by  the  equation 

a  sin  20 .  sin  (0  +  e)^  2h  sin  e. 

(10)  A  uniform  beam  AB,  (fig.  48),  of  which  the  end  B 
presses  against  a  rough,  vertical  plane  CD,  is  supported  by  a 
fine  string  AG  attached  to  a  fixed  point  (7  in  the  plane ;  to  find 
the  position  of  the  beam  when  bordering  upon  motion. 

Let  the  point  £  be  on  the  point  of  ascending ;  let  /it  =  the 
coefficient  of  Wction,  a  =  the  length  of  the  beam,  CA  =  ?, 
^ACB^0,  £  A BD  =:(!>.  Then  0  may  be  found  from  the 
equation 

(4a*- 4r-/iA»P)  tan'^- 2/APtan  tf +  4a*- P  =  0 ; 

and  then  ^  may  be  determined  by  the  equation 

a  sin  ^  =  Z  sin  0. 

If  £  be  on  the  point  of  sliding  downwards,  fi  must  be  re- 
placed by  —  ft. 

(11)  A  uniform  rod  rests  within  a  rough  circle^  the  plane  of 
which  is  vertical :  to  investigate  the  position  of  the  rod  when 
the  friction  can  only  just  maintain  the  equilibrium. 

If  a  denote  the  angle  between  the  rod  and  the  radius  through 
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either  extremity,  taii£  the  coefficient  of  friction,  and  $  the  in* 
dination  of  the  rod  to  the  horizon  in  the  required  position, 

sin  26 


tan^== 


cos  2€  — cos  2a* 


(12}  A  homogeneous  solid  hemisphere  is  capable  of  rolling 
on  its  curve  surface  upon  a  horizontal  plane,  the  Motion  being 
such  as  to  prevent  all  sliding ;  to  find  the  moment  of  a  couple 
which  may  keep  it  at  rest  with  its  base  inclined  at  an  angle 
of  30^  to  the  horizon. 

If  TT  be  the  weight  and  a  the  radius  of  the  hemisphere,  the 
moment  of  the  couple  will  be  equal  to  ^  Wa. 

(13)  A  sphere  of  radius  a  is  just  supported  on  a  rough  plane, 
inclined  at  an  angle  of  45®  to  the  horizon,  by  a  weightless  rod, 
the  lower  extremity  of  which  is  attached  by  a  hinge  to  the 
inclined  plane,  and  the  higher  to  the  surface  of  the  sphere,  at  a 
point  where  the  radius  is  parallel  to  the  plane ;  the  rod  and  the 
centre  of  the  sphere  lying  in  a  vertical  plane  which  cuts  the 
inclined  plane  at  right  angles.  To  find  the  length  of  the  rod, 
the  coefficient  of  friction  being  equal  to  tan  6. 

The  length  of  the  rod  is  equal  to  a  cosec  e. 

(14)  A  heavy  uniform  rough  bar  is  placed  over  one  and 
under  the  other  of  two  fixed  rough  rods  which  are  parallel  to 
each  other,  and  horizontal,  in  a  vertical  plane  at  right  angles 
to  them :  to  find  the  length  of  the  shortest  bar  which  will  rest 
in  such  a  position. 

Let  the  distance  between  the  two  rods  be  a,  and  its  inclina- 
tion to  the  horizon  a  :  then,  /t  being  the  coefficient  of  friction, 
the  required  length  of  the  bar  is  equal  to 


a(l  +  -  tanaj. 


(15)  A  square  board  ABCD,  (fig.  49),  the  plane  of  which  is 
vertical,  rests  with  its  side  AD  in  contact  with  a  rough  vertical 
wall,  which  is  perpendicular  to  the  plane  of  the  board;  the  side 
AB  resting,  at  a  point  indefinitely  near  to  B,  upon  a  rough  peg: 
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to  find  the  least  value  of  the  coefficient  of  friction,  supposing  it 
to  be  the  same  for  the  wall  and  for  the  peg. 

The  least  value  of  the  coefficient  of  friction  is  equal  'to 
V(2)  - 1. 

(16)  An  elliptical  cylinder,  placed  between  a  smooth  vertical 
plane  and  a  rough  horizontal  one,  the  major  axis  of  the  ellipse 
being  inclined  at  an  angle  of  45^  to  the  horizon,  is  just  pre* 
vented  by  Motion  from  sliding;  to  find  the  coefficient  of  fric- 
tion. 

If  «  be  the  eccentricity  of  the  ellipse,  the  coefficient  of  fric- 
tion will  be  equal  to  ^e*. 

(17)  An  eUiptical  board,  the  plane  of  which  is  vertical,  rests 
upon  a  rough  horizontal  plane,  the  coefficient  of  friction  of  the 
plane  being  /a,  and  leans  against  a  rough  vertical  wall,  the 
plane  of  which  is  perpendicular  to  that  of  the  board  and  of 
which  the  coefficient  of  friction  is  ft'.  The  major  axis  of  the 
ellipse  is  inclined  at  ^  angle  of  forty-five  degrees  to  the 
horizon,  and  the  board  is  just  on  the  point  of  sliding  down: 
to  find  the  eccentricity  of  the  ellipse. 

The  eccentricity  is  equal  to  the  square  root  of  the  quantity 

2/t(l+At') 
1  +  fifji 

(18)  A  straight  uniform  beam  is  'placed  upon  two  rough 
planes,  of  which  the  inclinations  to  the  horizon  are  a  and  a\  and 
the  coefficients  of  friction  tan  X  and  tan  X';  to  find  the  limiting 
value  of  the  angle  of  inclination  of  the  beam  to  the  horizon 
at  which  it  will  rest»  and  the  relation  between  the  weight  of  the 
beam  and  each  of  the  two  normal  pressures  upon  the  planes. 

Let  d  be  the  required  limiting  angle;  iZ,  R,  the  normal 
pressures  on  the  planes ;  and  W  the  weight  of  the  beam.    Then 

2tan5  =  cot(a'  +  X')-cot(a-X), 

R  W  _  K 

cos  \  sin  (a'  +  X')     sin  (a  —  X  +  a'  +  X')     cosX'  sin  (a  —  X)  * 

(19)  A  beam,  moveable  about  a  smooth  hiuge  at  its  lower 
end,  rests  with  its  other  extremity  on  the  surface  of  a  fixed  rough 
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sphere,  the  centre  of  which  is  in  the  same  horizontal  line  with 
the  hinge  :  to  find  the  limiting  positions  of  equilibrium. 

'Let  A  be  the  lower  and  B  the  upper  end  of  the  rod,  C  being 
the  centre  of  the  sphere :  let  z  BAG  =  13,  ^  BCA  =  a :  let  ^  be 
the  inclination  of  the  plane  ABC  to  the  horizon  in  a  limiting 
position  of  equilibrium  :  then 

tao  ^  =  -  cos  a  tan  B, 

(20)  A  right  cone  is  placed  on  its  base  upon  a  rough  in- 
clined plane,  the  inclination  of  which  is  gradually  increased :  to 
investigate  the  condition  that  a  motion  of  rolling  and  of  sliding 
may  take  place  simultaneously. 

If  /3  denote  the  angle  of  indifierence,  and  2a  the  vertical 
angle  of  the  cone,  the  required  condition  is  expressed  by  the 
equation 

tan  j8  =  4  tan  «• 

(21)  A  uniform  rectangular  plank  AB,  (fig.  50),  of  given 
weight  W,  is  just  supported  against  a  rough  vertical  wall  BC 
by  a  weight  P  suspended  at  one  end  of  a  string  which  passes 
through,  a  ring  at  0,  vertically  above  B,  and  of  which  the  other 
end  is  tied  to  ^.  To  find  the  least  value  of  the  normal  pressure 
on  the  wall,  and  the  corresponding  magnitude  of  P. 

If  tan  6  denote  the  coefficient  of  friction,  the  least  value  of 
the  normal  pressure  is  ^Wcote,  and  the  corresponding  mag- 
nitude of  P  is  i  FT  cosec  e. 

(22)  When  a  person  tries  to  pull  out  a  two-handled  drawer 
by  pulling  one  of  the  handles  in  a  direction  perpendicular  to 
its  front,  to  find  the  condition  under  which  the  drawer  will 
stick  fast. 

The  drawer  will  stick  fast,  whatever  be  the  force  employed, 
if  the  coefficient  of  friction  be  not  less  than  the  ratio  of  the 
length  of  either  side  of  the  drawer  to  the  distance  between  its 
handles. 


t; 
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CHAPTER  IV. 

EQUILIBRIX7M  OF  SEVERAL  BODIES. 

If  there  be  a  system  of  bodies  mutually  acting  on  each  other 
by  contact,  by  connecting  rods,  or  in  any  conceivable  way,  it  will 
be  nec^saiy,  in  the  determination  of  the  circumstances  of 
equilibrium,  to  represent  the  unknown  actions  and  reactions 
by  appropriate  symbols.  We  shall  then  have  to  write  down 
the  equations  of  equilibrium  for  each  body  separately,  including 
among  the  known  forces  to  which  it  is  subject,  the  unknown 
actions  which  it  experiences  from  its  connection  with  the  other 
bodies  of  the  system.  From  these  different  sets  of  equations, 
taken  conjointly,  we  shall  have  to  determine  the  circumstances 
of  equilibrium. 

Sect.  1.    No  Friction. 

(1)  AB  (fig.  51)  is  a  uniform  beam,  capable  of  motion  about 
its  middle  point  D ;  a  beam  CE,  moveable  about  a  hinge  G 
in  the  vertical  line  through  2>,  presses  against  the  beam 
AB,  from  the  extremity  B  of  which  a  weight  P  is  suspended; 
to  determine  the  positions  of  equilibrium  of  the  beams,  having 
given  that  CD  is  equal  to  AD  or  BD, 

L^tAD^CDr:^BD^a,  ^ACD^0;  GC=b,  G  being  the 
centre  of  gravity  of  the  beam  CE ;  JS  =  the  action  and  reaction 
of  the  two  beams  at  A ;  W=^  the  weight  of  the  beam  CK 
Then  for  the  equilibrium  of  CE,  taking  moments  about  C, 
we  have 

i?.2acos5=  IT.  Jsin^; 

and  for  the  equilibrium  of  AB,  taking  moments  about  Z>, 

jB.acosd=:P.asin2^,     or  J2=2Psin^; 

from  these  two  equations,  by  the  elimination  of  R,  we  get 

Wb  sin  0  =  2Pa  sin  20  «  4Pa  sin  0  cos  0, 
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hW 
and  therefore  ^  =  0,     or  cos  ^  =  -, — ^ ; 

results  which  determine  the  required  positions  of  the  beams. 

(2)  Two  spheres  0  and  <?',  (fig.  52),  rest  upon  two  smooth 
inclined  planes  A  G  and  A  G\  and  press  against  each  other ;  to 
determine  their  position. 

Let  Wf  W\  be  the  weights  of  the  spheres  0,  0'  \  R  their 
mutual  action  and  reaction ;  a,  a,  the  inclinations  of  the  planes 
AO^  AC\  to  the  horizon;  0  the  inclination  of  the  line  0(7, 
joining  the  centres  of  the  spheres,  to  the  horizon. 

Then  for  the  equilibrium  of  the  sphere  0,  resolving  forces 
parallel  to  ACy 

Rcoa{a+ff)^  TFsin a ; 

and  for   the   equilibrium  of  the  sphere  0',  resolving  forces 
parallel  to  A  C\ 

i2cos(a'-^)=  PT'sina. 

Eliminating  B  between  these  two  equations, 

TTsin  a  cos  (a  ^0)=s  W*  sin  a  cos  (a  +  tf), 

Trtana(l+tana'tan*)=:  F'tana  (1 -tanatan^, 

j^v      r           ^      a     TT'cota-TTcota' 
and  therefore      tan  0  = wlTW* • 

(3)  Three  spheres  0,  (/,  O'V  (fig.  53),  are  placed  in  contact 
within  a  hollow  sphere ;.  a  vertical  plane  through  the  centre  of 
the  hollow  sphere  being  supposed  to  contain  the  centres  of  the 
three  solid  spheres ;  to  find  their  positions  of  equilibrium. 

Let  G  be  the  centre  of  the  hollow  sphere ;  0,  ff,  0\  the 
centres  of  the  solid  spheres;  join  OC,  O'G,  0*G\  let  W,  W\ 
W\  be  the  weights  of  the  three  spheres ;  GO  =  r,  Cff  =  /, 
GO'^t"\  zOCa^a,  ^0'(70"  =  a";  ^  =  the  incUnation  of 
O^G  to  the  horizon. 

Then,  since  the  actions  of  the  hollow  sphere  on  the  solid  ones 
all  three  pass  through  the  point  C,  we  have  for  the  equilibrium 
of  the  solid  spheres,  taking  moments  about  G,  observing  that, 
if  each  of  the  spheres  be  in  equilibrium,  they  would  likewise  be 
at  rest  if  rigidly  connected  together  as  a  single  body, 
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TTrcos  (^-a)  +  TFV  cosflH-  TfVco8(fl+  a")  =  0, 

Tfr(c<)sa  +  8inatantf)  +  TFV  +  TFV(cosa''-sma''tan^=0; 

J  *u      r  ^      a     ^'^"  cos  a"  +  Wr  +  TTr  cos  a 

and  therefore      tan  9  = ttf//  u—- — r, — -nf — • 

W  r  sin  a  —  Irr  sin  a 

(4)  A  hollow  cylinder  stands  upon  a  horizontal  plane,  and  a 
rigid  imponderable  rod,  in  a  vertical  plane  through  the  axis  of 
the  cylinder,  passes  over  the  upper  edge  of  the  cylinder  and 
rests  against  its  interior  surface :  a  given  weight  is  attached 
to  the  higher  extremity  of  the  rod,  and  the  cylinder,  which  is 
prevented  from  slipping  by  a  small  obstacle  on  the  plane,  is 
just  on  the  point  of  turning  over.  To  determine  the  weight  of 
the  cylinder. 

Let  a  =  the  length  of  the  rod  AEB,  (fig.  54),  AE=x; 
CSS  the  diameter  of  the  cylinder  and  Tr=its  weight;  P=the 
weight  suspended  from  B,  0=^  the  inclination  of  AB  to  the 
horizon;  and  let  B,  8,  denote  the  reactions  of  the  cylinder 
against  the  rod. 

For  the  equilibrium  of  the  rod  we  have,  resolving  horizon- 
tally, 

BcoQ0^Psm0 (1), 

and,  taking  moments  about  E^ 

RxBm0=^P{a-x)  cosd, 
or,  since  x  cos  ^  =  c, 

JScsind  =  P(aco8^-c)co3^ ..(2). 

From  (1)  and  (2), 

c  sin"^  =  (a  cos  tf  —  c)  cos*  0, 

C08d=g)* (3): 

hence  (a  —  x)  cos  5  =  c*  (a*  —  c  ). 

For  the  equilibrium  of  the  cylinder  and  rod,  regarded  as  one 
system,  taking  moments  about  0,  we  have 

Tr.ic  =  P(a-ir)cosd  =  Pc*(a*-c*), 

a*-c* 
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Cor.    From  (1)  and  (8), 
and,  resolving  vertically  for  the  equilibrium  of  the  rod, 

(5)  A  sphere  and  cone  of  given  weights  are  placed  in  contact 
on  two  inclined  planes,  the  intersection  of  which  is  a  horizontal 
line ;  to  determine  the  circumstances  of  equilibrium. 

Let  W,  W\  he  the  weights  of  the  sphere  and  the  cone, 
which  we  may  suppose  to  be  applied  at  their  centres  of  gravity 
^>  G^'>  (fig-  55).  Let  R  be  the  action  of  the  plane  AB  upon 
the  sphere,  and  S  the  mutual  action  of  the  sphere  and  cone : 
if  ^  denote  the  semiangle  of  the  cone,  then  evidently  the  line  of 
action  of  S  will  make  an  angle  ^  with  the  plane  Aff.  The 
plane  AB  will  exert  at  right  angles  to  itself  an  action  upon 
eveiy  element  of  the  base  of  the  cone ;  the  resultant  of  all  these 
actions  will  be  some  force  It  applied  at  some  point  E  of  the 
base  of  the  cone  in  the  line  AB'.  Let  a,  a,  be  the  inclinations 
of  the  two  planes  to  the  horizon. 

For  the  equilibrium  of  the  sphere  we  have,  resolving  forces 
parallel  to  the  plane  AB, 

Wsin  d^  8cos(a  +  a  - <l>) (1), 

and,  resolving  forces  at  right  angles  to  the  plane, 

R  =  TFcos  a  +  8sm  (a+  a'-  ^) (2): 

the  equation  of  moments  is  an  identical  equation,  since   all 
the  forces  which  act  upon  the  sphere  pass  through  its  centre. 

Again,  for  the  equilibrium  of  the  cone,  resolving  the  forces 
which  act  upon  it  parallel  to  the  plane  AB\ 

If '  sin  a' =  fif  cos  ^ (3); 

resolving  forces  at  right  angles  to  the  plane  AB\ 

jr^  TF' cos  a' +  £fsin^. .(4), 

and  taking  moments  about  G',  the  lines  EH^  mO',  being  repre- 
sented by  X,  y, 

Rx^  8jf  cos  if) (5). 
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From  the  equations  (1)  and  (3), 

Wsin  a  __  cos  (a  +  a  —  0)  ,^. 

Wain  a'  ^^         ^^^' 

from  which  tan^  may  be  readily  determined:  this  relation 
is  the  only  condition  to  which  the  cone  and  sphere  are  subject 
to  secure  equilibrium ;  as  will  be  evident  when  it  is  observed 
that  the  three  equations  (2),  (4),  (5),  introduce  four  unknown 
quantities  R,  R\  x,  y,  each  of  the  three  equations  at  least 
one,  which  are  not  involved  in  (1)  and  (3).  From  this  it  is 
evident  that  there  will  be  an  infinite  number  of  positions  of 
equilibrium,  or  that  if  <f>  only  have  the  value  given  by  (6), 
the  cone  and  sphere  will  rest  in  contact  in  whatever  manner 
they  may  be  placed  on  the  two  planes,  and  whatever  be  their 
magnitudes. 

The  values  of  <f>  being  determined  by  (6),  S  will  be  deter- 
mined by  (1)  or  (3),  and  therefore  JJ,  R,  from  (2),  (4),  respec- 
tively. Then  from  the  equation.  (5)  we  may  determine  a?, 
provided  that  y  be  given;  and  y  can  be  given  only  by  our 
knowing  the  magnitudes  of  the  cone  and  sphere,  and  the 
particular  position  of  equilibrium  in  which  we  may  choose 
to  place  them. 

(6)  Two  uniform  rods  AC,  A'C^  of  which  the  lower  extremi- 
ties are  situated  in  the  same  horizontal  plane,  and  prevented 
from  sliding,  lean  against  each  other  at  the  point  G,  and  are  in 
equilibrium ;  to  determine  the  relation  between  their  angles  of 
inclination  to  the  horizon,  the  small  area  of  mutual  contact 
at  C  being  vertical 

Let  Wy  W\  be  the  weights  of  the  rods  AG^A'C,  respectively, 
and  ^,  <f>',  their  angles  of  inclination  to  the  horizon ;  then 

Fcot^=F'cot^'. 

Franchini ;  Meniorie  della  Societa  Itcdiana, 
Tom.  XVI.  P.  I.  p.  237 ;  1813. 

(7)  An  inextensible  string  binds  tightly  together  two  smooth 
cylinders  of  given  radii ;  to  find  the  ratio  of  the  mutual  pressure 
between  the  cylinders  to  the  tension  by  which  it  is  produced. 
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If  i2  be  the  mutual  pressure,  T  the  tension  of  the  string, 
r,  r ,  the  radii  of  the  cylinders ;  then 

jg  _  4  (rQ* 

(8)  A  sphere  of  given  weight  and  radius  is  suspended  by 
a  string  of  given  length  from  a  fixed  point,  to  which  point  also 
is  attached  another  given  weight  by  a  string  so  long  that  the 
weight  hangs  below  the  sphere ;  to  find  the  angle  which  the 
string,  to  which  the  sphere  is  attached,  makes  with  the  vertical. 

If  P  denote  the  weight,  Q  the  weight  and  sphere  together, 
a  the  radius  of  the  sphere,  and  h  the  distance  of  its  centre  from 
the  point  of  suspension;  then  the  required  angle  will  be  equal  to 

^'""  (fft)  • 

(9)  A  heavy  sphere  is  placed  upon  three  spheres,  each  equal 
to  itself,  which  rest  in  contact  on  a  horizontal  plane :  to  find 
the  pressure  on  each^  and  also  the  horizontal  force  which  must 
be  applied  to  each  to  preserve  the  equilibrium. 

If  pr=  the  weight  of  each  sphere,  JS  =  the  pressure  on  each, 
and  F=^  the  required  hoiizontal  force ;  then 

(10)  A  sphere,  of  which  C  is  the  centre,  is  attached  to  a  point 
0  by  a  fine  string  and  touches  a  uniform  rod  OB  moveable  in 
a  vertical  plane  about  a  hinge  at  0:  to  find  the  position  of 
equilibrium. 

Let  W=^  the  weight  of  the  sphere,  W  =  the  weight  of  the 
rod,  r  =  the  radius  of  the  sphere,  2a  =  the  length  of  the  rod, 
h  s  the  distance  between  0  and  (7,  and  6 « the  inclination  of 
OG  to  the  vertical:  then 


cot^  = 


War 


r.H^')'- 


(11)    A  rod  AB  (fig.  56)  is  fixed  at  a  given  angle  of  inclina- 
tion to  the  vertical ;  a  rod  CD  is  attached  to  AB  by  connec- 
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tions  at  the  points  B,  C,  a  weight  W  being  suspended  from  the 
extremity  D ;  to  determine  the  pressures  exerted  by  AB  upon 
CD,  the  weight  of  CD  being  neglected. 

Let  F,  O,  denote  the  resolved  parts  of  the  pressures  at  B,  C, 
on  CD,  estimated  along  its  length ;  and  R,  S,  the  pressures  at 
right  angles  to  the  former ;  let  CD  =  I,  CB  =  c ;  then,  a  being 
the  inclination  of  the  rods  to  the  vertical, 

R^-Waina,    S^^^Wsina, 
c  c 

F+G^  Fcosa, 

the  single  value  oi For  G  being  indeterminate. 

(12)  A  uniform  rod  OA,  moveable  about  a  smooth  hinge  at 
0,  rests  tangentially  against  a  smooth  sphere,  of  which  C  is  the 
centre,  and  which  is  placed  upon  a  smooth  horizontal  plane 
]>a8sing  through  0 :  the  sphere  is  tied  to  0  by  a  string.  To 
find  the  tension  of  the  string. 

If  a  =  the  length  of  the  rod,  TF  =  its  weight,  r=.the  radius 
of  the  sphere,  cs  the  distance  of  C  from  0,  and  T=  the  tension 
of  the  string, 


(13)  A  beam  AB  (fig.  57)  is  moveable  in  a  vertical  plane 
about  its  middle  point  Q :  another  beam,  hanging  by  a  string, 
attached  to  its  higher  end,  from  a  point  in  the  same  plane, 
rests  with  its  lower  end  C  upon  OB.  To  determine  the  po- 
sition of  a  point  E  in  AO  2X  which  a  given  weight  TTmust  be 
suspended  so  as  to  preserve  equilibrium. 

If  W=  the  weight  of  AB,  and  P  =  that  of  the  other  beam, 
then 

(14)  Two  equal  and  uniform  rods,  equally  inclined  to  the 
horizon  and  connected  by  a  smooth  hinge  at  their  higher  ends. 
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pass  through  two  small  fixed  rings  in  a  horizontal  line :  to  find 
the  inclination  of  either  rod,  when  the  rods  are  in  a  position  of 
equilibrium. 

If  a  be  the  length  of  each  rod,  b  the  distance  between-  the 
two  rings,  and  6  the  inclination  of  either  rod  to  the  horizon, 


cos  0 


-©' 


(15)  Two  spheres  A,  B,  (fig.  68),  of  equal  weights  and  volumes, 
support  a  third  sphere  C,  the  weight  of  which  is  equal  to  that  of 
A  OT  B;  the  spheres  A,  B,  being  attached  by  equal  strings  to  a 
fixed  point  0 :  to  find  the  condition  of  equilibrium. 

If  a  denote  the  inclination  of  either  string,  and  /3  of  either 
AC  OT  BC  to  the  vertical, 

tan  ^  =  3  tan  a. 

(16)  Two  equal  uniform  rods,  equally  inclined  to  the 
horizon,  support  a  sphere  which  rests  against  their  higher 
extremities :  the  lower  ends  of  the  rods  are  fixed  to  hinges  in  a 
"horizontal  line :  to  find  the  inclination  of  either  rod  to  the 
horizon. 

If  2a  =  the  length  and  W==  the  weight  of  each  rod,  r  =  the 
radius  and  TF'.=  the  weight  of  the  sphere,  and  2c  ^  the  distance 
between  the  two  hinges,  then  0,  the  required  angle,  is  deter- 
mined by  the  equation 

(c  -  2a  cos  0y  .{(W+  Wy  cos"d  +  TF"  sin'^} 

^r^W+Wy. cos^0. 

(17)  Two  equal  uniform  rods  AOB,  A' OB,  (fig.  59),  in  a 
vertical  plane,  are  connected  together  by  a  smooth  hinge  at 
their  middle  point  0 :  their  lower  ends  B,  B\  rest  on  a  smooth 
horizontal  plane,  and  their  upper  ends  A^  A\  are  tied  together 
by  a  fine  string  :  a  sphere  C  is  placed  between  them  :  to  find 
the  tension  of  the  string. 

If  r  denote  the  radius  and  W  the  weight  of  the  sphere ; 
2a  the  length  and  P  the  weight  of  each  rod ;  a  the  indlina- 
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tion  of  each  rod  to  the  vertical,  and  T  the  tension  of  the 
string;  then 

y^  TFr  cosg  +  (2P+  W)  asin'g 
2a  sin'' a  cos  cc 

(18)  Six  thin  uniform  rods  of  equal  lengths  and  equal  given 
■weights  are  connected  by  smooth  hinge-joints  at  their  extremi- 
ties so  as  to  constitute  the  sii  edges  of  a  tetrahedron :  one 
face  of  the  tetrahedron  rests  on  a  smooth  horizontal  plane :  to 
find  the  longitudinal  strain  of  each  of  the  rods  of  the  lowest 
face. 

If  W  be  the  weight  of  each  rod,  the  required  strain  is  equal 
,     W 

^  276; 

(19)  A  heavy  ring  is  suspended  from  a  point  by  any  number 
of  equal  strings  attached  to  it  symmetrically;  and  another 
ring,  of  the  same  weight  but  of  smaller  radius,  is  in  equilibrium 
when  resting  on  the  strings  at  their  middle  points :  to  compare 
the  depths  of  the  rings  below  the  point  of  suspension. 

The  depths  are  in  the  ratio  of  2  to  3. 

(20)  Three  equal  rods  are  at  rest,  the  higher  ends  of  two 
of  the  rods  being  attached  to  fixed  hinges,  at  an  unknown 
distance  from  each  other,  in  a  horizontal  line,  and  their  lower 
ends  to  hinges  at  the  respective  ends  of  the  third  rod :  to  find 
the  greatest  inclination  of  one  of  the  higher  rods  to  the 
direction  of  the  pressure  on  its  higher  hinge. 


The  required  inclination  is  equal  to  sin"*  f  ^  j 


(21)  Two  equal  balls,  (fig.  60),  are  placed  within  a  hollow 
vertical  cylinder,  open  at  both  ends,  which  rests  upon  a  hori- 
zontal plane :  the  weight  of  each  ball  is  TT  and  radius  r,  the 
radius  of  the  cylinder  being  r  :  to  find  the  least  value  of  the 
weight  of  the  cylinder  in  order  that  it  may  not  be  upset  by  the 
balls. 

w.s.  7 
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If  TT' » the  least  weight, 

Tr'  =  2jr(i-J). 

(22)  A  paraboloid  of  revolution  is  placed  with  its  vertex 
downwards  and  its  axis  vertical,  between  two  planes  equally 
inclined  to  the  horizon;  to  find  the  greatest  ratio  which  the 
length  of  the  paraboloid  may  have  to  its  latus  rectum,  so  that, 
if  the  solid  be  divided  by  a  plane  through  its  axis  and  the  line 
of  intersection  of  the  inclined  planes,  the  two  parts  may  remain 
in  equilibrium. 

Let  ae=the  inclination  of  either  plane  to  the  vertical,  A^the 
greatest  length  of  the  axis  of  the  paraboloid,  and  2 » its  latus 
rectum :  then 

/h\i     IStt  l  +  sin"a 

If]    =  •  ^A    • .— a •  COS  a, 

\l/        64       sm'a 


Sect.  2.    Friction. 

(1)  The  higher  extremities  K,  K\  of  two  equal  uniform 
beams  AK^  AK',  (fig.  61),  which  are  capable  of  revolving  in 
a  vertical  plane  about  a  fixed  point  A  to  which  their  lower  ex- 
tremities are  attached,  are  connected  by  a  string  KK';  a  heavy 
sphere  is  placed  between  the  two  beams :  supposing  the  string 
to  contract,  to  determine  its  tension  when  the  sphere  is  just 
going  to  be  forced  upwards,  the  friction  between  the  sphere 
and  each  of  the  beams  being  given. 

It  is  plain  that  the  two  beams  must  make  equal  angles  with 
the  vertical  line  AL  which  passes  through  A,  because  the  centre 
of  gravity  of  the  system  consisting  of  the  two  beams  and  the 
sphere  must  lie  in  this  line. 

Let  Bf  R\  denote  the  actions  of  the  beams  upon  the  sphere 
at  right  angles  to  their  lengths,  and  F,  F,  their  actions  along 
their  lengths  which  are  due  to  roughness.  Let  2a  be  the  angle 
at  which  the  two  beams  are  inclined  to  each  other,  T  the  tension 
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of  the  string  KK' ;  W  the  weight  of  the  sphere,  W  of  each 
of  the  beams,  and  2a  the  length  of  each. 

Then  for  the  equilibrium  of  the  sphere  we  hayOi  resolving 
forces  parallel  to  LA^ 

(i^  +  J")cosa+F=(B  +  ^sina (1); 

resolving  at  right  angles  to  LA^ 

(ir'-i?^8ina  =  (fi-5')cosa (2); 

and  taking  moments  about  0>  the  centre  of  the  sphere, 

F.  OE^r.  0E\    or  F^F (3). 

From  (2)  and  (3)  we  have 

U'^U (4). 

Now  supposing  the  sphere  to  be  on  the  point  of  being 
disturbed  by  the  contraction  of  the  string,  one  or  both  of  the 
points  E^  E\  of  the  sphere  must  be  on  the  point  of  sliding 
along  the  corresponding  beams.  Suppose  that  sliding  is  on 
the  point  of  taking  place  at  E. 

Then,  i^  being  the  coefficient  of  Motion  between  the  sphere 
and  the  beam  AK^  we  have 

F^  fiR; 
and  therefore  from  (1),  (3),  (4s), 

2fiB  cosa  +  W=  2R  sin  a, 
and  therefore,  putting  fjk » tan  e, 

p_  TT  _     TTcose  . 

2  (sma  — /icosa)     2sm(a  — e)  ^' 

Also,  from  (3)  and  (4), 

F_F_ 

and  therefore  F'  =  fiR. 

Hence  we  see  that,  if /&'  be  the  coefficient  of  friction  between 
the  sphere  and  the  beam  AK\  fi  is  not  greater  than  f/,  since  the  ' 
greatest  value  of  F'  will  be  fiR\   If  /li  be  less  than  /a',  the  sphere 
would,  with  the  slightest  increase  in  the  tension  of  KK",  begin  ^ 
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to  roll  along  AK'  without  sliding ;  and,  if  /a  be  equal  to  fi,  the 
sphere  would  begin  to  slide  at  both  points  simultaneously. 

Again,  for  the  equilibrium  of  AK  we  have,  taking  moments 
about  A,  it  being  remembered  that  the  actions  and  reactions 
between  the  sphere  and  the  beams  are  equal  and  opposite, 

Ii.AE+  F'.  asin a  =  r.  2acos  a; 
and  therefore,  r  being  the  radius  of  the  sphere, 

Br  cot  a  +  Tr'asina=2racosa; 
hence,  putting  for  B  its  value  given  in  (5), 

TFrcos€Cosa 


2  sin  a  sin  (a  —  e) 
and  therefore 


+  W'a  sin  a  =  2  Ta  cos  a, 


*.«■ 


r=,      TTr  cos  6 .^jfr'ts,j,a.      . 

4a  sin  a  sm  (a  —  e) 

(2)  AB  (fig.  51)  is  a  uniform  beam,  capable  of  motion  about 
its  middle  point  D ;  CE  is  a  beam,  moveable  about  a  hinge  C  in 
the  vertical  line  through  D,  and  pressing  against  the  beam  AB, 
from  the  extremity  B  of  which  a  weight  P  is  suspended ;  CD, 
ADy  BD,  are  equal  lines ;  from  observing  the  magnitude  of  the 
angle  ACD  when  the  end  A  of  the  beam  AB  is  on  the  point  of 
sliding  in  the  direction  CE,  to  find  the  coeflScient  of  friction 
between  the  two  beams. 

Let  O  be  the  centre  of  gravity  of  the  beam  CE\  fi  the  coeffi- 
cient of  friction ;  jR  the  mutual  action  of  the  two  beams  at  right 
angles  to  CE\  z  ACD=fi=  jl  CAD\  AD=^a  =  BD;  Ca=^b, 
4Q  the  weight  of  the  beam  GE. 

Then  for  the  equilibrium  of  CE  we  have,  taking  moments 
about  C, 

R  .2a  cos  /3  =  4iQ  .h  sin  13, 

or  aii  cos  ^  =  26  Qsin^ (1); 

and  for  the  equilibrium  of  AB,  taking  moments  about  D, 

B.acosfi  =  fiR .  a  sin  ^  +  -P.  a  sin  2/9, 

iJ  (cos i8-/i sin i8)=Psin 2^ (2). 
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From  (1)  and  (2)  there  is 

?^^^^(cos/3- /*  8in/8)  =  2Psin/3cos/?; 
a  cos  p     ^  '^  ' 

and  therefore  6Q  (1  —  /*  tan  jS)  =  aPcos  ff, 

_bQ-aPcos/3 
^^      bQtoxifi      ' 

(3)  A  weight  W  (fig.  62)  is  suspended  from  the  middle  point 
of  a  rigid  rod  without  weight,  connecting  the  centres  0,  0',  of 
two  equal  heavy  wheels,  which  rest  on  a  rough  inclined  plane : 
the  wheel  0  is  locked:  to  find  the  greatest  inclination  of  the 
plane  which  is  consistent  with  the  equilibrium  of  the  carriage. 

Let  P  be  the  weight,  and  r  the  radius  of  each  of  the  wheels ; 
let  00'^2a,<f>  =  the  inclination  of  the  plane  to  the  horizon;  let 
£,  Sy  be  the  reactions  of  the  plane  on  the  wheels  at  right  angles 
to  itself;  /ijS  the  friction  on  the  wheel  0,  /«  being  the  coefBcient 
of  friction;  F  the  action  of  the  plane  on  the  wheel  O  at  right 
angles  to  jS';  X^Y^  the  resolved  parts,  parallel  and  perpendicular 
to  the  plane,  of  the  action  of  the  wheel  (/  on  the  rod  0(y\  and 
X\  Y\  the  similarly  resolved  parts  of  the  reaction. 

For  the  equilibrium  of  the  wheel  0  and  the  rod  OCX,  regarded 

as  one  system,  we  have,  resolving  forces  parallel  to  the  inclined 

plane, 

AaB  =  J+(P+  WQsin^ (1); 

resolving  forces  at  right  angles  to  the  plane, 

jB+  r=(P+TF)cos^ , (2); 

and,  taking  moments  about  0, 

^JSr  +  2ar=  TFacosi^ (3). 

Again,  for  the  equilibrium  of  the  wheel  (7,  we  have,  taking 
moments  about  the  point  of  contact  of  this  wheel  with  the  plane> 

XV=ZVBin^,    orX'-Psin^ (4). 

From  the  equations  (1)  and  (4),  observing  that  X'  is  by  the 
nature  of  action  and  reaction  equal  to  X,  we  get 

/AJB=(2P+F)sin^ (5). 
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Again,  from  (2)  and  (3), 

fArR  +  2a  {P+  TT)  cos ^  -  2aB=  Wacos  <f>, 

(2a  - /ir)  J8  =  a  (2P+ IF)  cos  0 (6). 

From  (5)  and  (6)  we  obtain  for  the  required  inclination  of 
the  plane, 

tanA  =  ^r— ^- . 

^     2a  — /xr 

CoE.  Having  ascertained  ^  we  know  E  from  (5)  and  X'  or 
X  from  (4),  and  therefore  Y  from  (2);  also,  F  being  the  only 
force  acting  on  the  wheel  (X  which  does  not  pass  through  its 
centre,  it  is  evident  that  l^must  be  equal  to  zero. 

(4)  Two  equal  beams  AC,  BG,  connected  by  a  smooth 
hinge  at  O,  are  placed  in  a  vertical  plane,  their  lower  ex- 
tremities A  and  B  resting  on  a  rough  horizontal  plane;  from 
observing  the  greatest  value  of  the  angle  A  GB  for  which  equili- 
brium is  possible,  to  determine  the  coefBcient  of  friction  at  the 
ends  A  and  B. 

If  p  be  the  greatest  value  of  ^  ^  GB,  and  fi  be  the  coefficient 
of  friction  at  each  of  the  ends;  then 

/A  =  J  tan  i  ^. 

(5)  Two  equal  semicylinders  are  placed  horizontally  at  the 
same  vertical  altitude,  their  flat  faces,  which  are  rough, 
resting  against  two  vertical  and  parallel  plane  surfaces  the 
distance  between  which  is  infinitesimalJy  greater  than  the 
diameter  of  either  cylinder:  a  smooth  wedge,  the  vertex  of 
which  is  downwards,  rests  between  the  two  semi-cylinders 
on  their  curved  surfaces:  to  find  the  vertical  angle  of  the 
wedge,  supposing  the  cylinders  to  be  on  the  point  of 
slipping  downwards. 

Let  W  be  the  weight  of  either  cylinder,  Tf '  that  of  the  wedge, 
/t  the  coefficient  of  friction,  and  2,6  the  vertical  angle  of  the 
wedge:  then 


tan^ 


2W+  W 


t  • 
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Sect.  3.    Systems  of  Beams. 

(1)  Two  uniform  rods  AC,  BC,  (fig.  63),  are  connected  toge- 
ther by  a  smooth  hinge-joint  at  G,  their  other  ends  being  fast- 
ened to  two  smooth  fixed  hinges  A,B,'v[lb,  vertical  line:  to  find 
the  magnitudes  and  directions  of  the  pressures  on  the  hinges 
and  of  the  mutual  action  of  the  rods  at  the  joint. 

It  is  frequently  convenient  in  problems  of  this  class,  to  make 
use  of  diagrams  in  which  the  several  members  of  the  system  are 
represented  to  the  eye  in  a  state  of  slight  detachment;  the  actions 
and  reactions  being  indicated  by  arrowed  lines  not  running  into 
each  other.  The  student  will  thereby  escape  falling  into  errors 
of  sign  in  writing  down  the  equations  of  equilibrium,  to  which  he 
is  liable  from  confounding  together  actions  and  reactions.  In  feict, 
the  problem  thereby  resolves  itself  into  the  consideration  of  the 
equilibrium  of  several  distinct  bodies. 

Let  AC=i  2a,  BG  »  2h,  and  let  tan  a,  tan  /3,  be  represented  by 
m,  n,  respectively.  The  horizontal  and  vertical  components  of 
the  actions  and  reactions  on  the  rods  are  indicated  in  the  diagram, 
as  well  as  the  weights  of  the  rods. 

For  the  equilibrium  of  AG  there  is,  resolving  horizontally, 

X+X'«0 (1), 

vertically,  Y+Y''^P. (2), 

and,  taking  moments  about  G, 

X.2acoaa+  F.2asinas:P.aflina, 
or  2X+2mr=mP (3). 

In  like  manner,  for  the  equilibrium  of  BG, 

X'^X" (4), 

Y'^Q+Y' (5), 

and  F .  23  sin  yS  c::  Z' .  26  cos  yS  +  Q .  6  Bin  ;9, 

or  2»r-2X+nQ (6). 

From  (1),  (2),  (3),  there  is 

2X"+2t»F"-mP. (7). 
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From  (4),  (5),  (6),  there  is 

2X"-2ny"  =  n(2 (8). 

From  (7)  and  (8)  we  have 

j,.^     mP-nQ 

*      m+n  ^ ' 

Also,  from  (7)  and  (8),  we  have 

X"  =  i.-^  .(P+  Q) (10). 

Hence  also,  by  (1)  and  (4), 

X  =  -i-^(P+0 (11), 

X=    i-^  (P+  (?) (12). 

From  (2)  and  (9), 

y^mP4-.(2P+(?) 

2  (m  +  n)  ^    ' 

From  (5)  and  (9), 

y,  ^  n(3  +  m(2(3  +  P)  .j^. 

2(m  +  w)         ^    ''* 

The  two  components  of  the  pressures  exerted  at  Ay  C,  B,  upon 
each  rod  having  been  ascertained,  the  required  directions  and 
magnitudes  of  these  pressures  are  therefore  known. 

(2)  At  the  middle  points  Of  the  sides  of  any  polygon 
ABGDE. (fig.  64),  and  at  right  angles  to  them,  are  ap- 
plied a  series  of  forces  P,  Q,  B, ,  respectively  proportional 

to  the  sides;  the  sides  of  the  polygon  are  perfectly  rigid,  and 
capable  of  moving  freely  about  the  angular  points  -4,  S,  (7, 2>, ... ; 
to  determine  the  form  of  the  polygon  that  it  may  be  in  equi- 
librium, the  lengths  of  the  sides  being  given. 

Letp,  q^r,  8, denote  the  mutual  actions  of  the  sides  of 

the  polygon  at  the  angles  A,  B,  C^  D, ,  of  which  the  di- 
rections will  lie  in  certain  straight  lines  bB^,  cOy,  dJDS, 
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For  the  equilibrium  of  the  side  BG  we  have^  resolving  forces 
at  right  angles  to  it, 

0  =  grsin^CBi8  +  rsinz5Cc (1); 

resolving  forces  parallel  to  BG, 

gcosz  GBfi^rcos^BGc (2); 

and,  taking  moments  about  the  middle  point  of  BG, 

fsinz  GBfi^r&in^BGc (3). 

Dividing  (3)  by  (2),  we  have 

tan  z  GBP  =  tan  ^  BGc, 

and  therefore  ^  GBfi^zBGc (4); 

hence  also,  from  (2)  or  (3),    q  =  r (5). 

Again,  from  (1)  and  (3),  we  have 

Q  =  2rsm^  BGc; 

in  precisely  the  same  manner  we  may  find  that 

B^2rBixi^DGy, 

J  ^,       -                    Q     sin  ^  BGc 
and  therefore  ^  =-= j^yy  ; 

but,  by  the  hypothesis, 

QBG    BmzBDG 
i2-2>0~sin^  GBD' 

-  sin  ^  BGo  _  sin  z  BDG 

^^^^^  Binzi>Oy"sin  ^  GBB' 

but  from  the  geometry  it  is  evident  that 

^  BGc  +  ^  DGy=  ^  BDG+  ^  GBB; 

hence  we  readily  see  that 

^BGc^^BDG (6). 

In  just  the  same  way  we  might  prove  that 

^  GBfi^iBAG, 

and  therefore,  by  (4), 

aBDO^^BAG. (7)- 
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From  this  relation  (7)  it  is  plain  that  a  circle  passing  through 
the  three  points  A,  B,  C,  must  pass  likewise  through  the  point 
D;  similarly  we  might  shew  that  this  circle,  since  it  passes 
through  B,  C,  B,  must  likewise  pass  through  J?,  and  so  on  in- 
definitely; hence  we  see  that  when  the  sides  of  the  polygon  are 
arranged  consistently  with  equilibrium,  all  its  angular  points 
must  be  situated  in  the  circumference  of  a  single  circle. 

From  (5)  we  gather  that 

p=»  J  =  r  =  8 , 

or  that  the  mutual  pressures  at  all  the  angular  points  are  equal. 
It  is  evident  also  from  the  relation  (6),  that  all  the  lines  oar,  i)8, 

cy,  dB, are  tangents  to  the  circle  passing  through  A,  B, 

C.D, 

The  value  of  the  mutual  pressure  at  each  of  the  angular 
points  is  easily  obtained :  thus,  as  we  have  shewn, 

Q^2rBinzBCc'y 

but  since  i  BCc  is  equal  to  half  the  angle  subtended  by  BC  at 
the  centre  of  the  circle  circumscribing  the  polygon,  it  is  clear 
that 

sm  I  BCc  =-^3^ —  : 
radius 

hence  r  =  radius  x  -^, 

and  therefore,  |)  =  j  =  r  =  « =^Pi 

where  p  denotes  the  radius  and  h  the  ratio  between  any  one  of 
the  forces  and  the  corresponding  side  of  the  polygon. 

Fuss ;  M^moires  de  St  P^tersb.  1817, 1818,  p.  46. 

The  following  is  a  diflFerent  solution  of  the  same  problem : — 

Let  the  forces  P,  Q,  B, be  represented  in  magnitude  by  the 

lines  2AB,  2BC,  2CZ),  k ,  to  which  they  are  proportional. 

Instead  of  the  force  2AB  acting  at  the  middle  point  of  the  side 
AB,  apply  two  forces,  each  equal  to  AB,  one  at  the  end  A  and 
the  other  at  the  end  B  of  the  side  AB\  each  of  these  forces 
being  at  right  angles  to  the  side  AB,  Again,  instead  of  the 
force  2BC  acting  at  the  middle  point  of  BC,  apply  a  force  BG 
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at  C,  and  a  force  BC  at  the  extremity  B  of  the  side  AB,  (which 
we  are  at  liberty  to  do,  because  the  point  B  of  AB  is  rigidly 
attached  to  the  point  B  of  BG)  each  of  these  forces  being  at 
right  angles  to  BC,  Now,  according  to  this  distribution  of  the 
forces,  the  only  force  which  could  twist  BC  about  (7,  is  the 
action  of  the  rod  AB  upon  the  end  B  o{£C;  and  therefore  for 
the  equilibrium  of  BC  it  is  necessary  that  this  action  should 
take  place  exactly  along  BC.  Hence  conversely  the  action 
of  CB  upon  BA  will  take  place  entirely  in  the  direction  CB. 
Let  this  action  be  denoted  by  B. 

Thus,  the  line  AB  is  acted  upon  at  the  point  j5  by  a  force  AB 
at  right  angles  to  AB,  a  force  BC  at  right  angles  to  BC,  and  a 
force  B  in  the  direction  CB :  but,  by  the  principle  of  the  paral- 
lelogram of  forces,  the  forces  AB  and  BC  at  ^  are  equivalent  to 
a  single  force  AC  acting  at  right  angles  to  AC;  hence  for  the 
equilibrium  of  AB  we  have,  taking  moments  about  A, 

B.  AB.  sin  z  ABC ^  AC .  AB  cos  ^  BAC, 

or  B  sin  z  ABC  =  ^C  cos  z  BAC. 

Similarly,  for  the  equilibrium  of  the  side  CD^ 

BsinjiBCD^BDco&^BDC; 

sin  £  ABC     AC  cos  z  BAC 


and  therefore 


sin  z  BCD     BD  cos  i  BBC 


But,  by  the  geometry, 

BC 

Bin  z  BAG ^AG^^^^"^^^     BD  sin  4  ABC 

AniBDG     W.       TZT'^ACsmzBCD' 

-^T^sm  X  BCD 

JjU 

Hence  from  these  two  relations  we  have 

sin  z  BA  0    cos  ^  BA  G 
Bin 4  BDG^  COB  zBDC' 

tan  z  BAC^iasi  i  BDG,    ^  BAC^  ^  BDC; 

which  shews,  as  in  the  former  solution,  that  the  sides  of  the 
polygon  must  be  so  arranged  that  its  angular  points  may  all 
lie  in  the  circumference  of  a  single  circle. 
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(3)  A  quadrilateral  ABCD,  (fig.  65),  consists  of  four  rigid 
rods,  which  are  capable  of  free  motion  about  the  angular  points 
Af  B,  0,  D;  supposing  the  points  A,  C,  and  B,  D,  to  be 
attached  together  by  strings  ^(7  and  BD  in  given  states  of 
tension,  to  determine  the  geometrical  conditions  necessary  for 
the  equilibrium  of  the  quadrilateral 

Let  P,  Q,  represent  the  tensions  of  the  strings  AC,  BD. 
Let  K,  L,  My  N,  denote  the  actions  and  reactions  between  the 
four  pairs  of  points  {A,  B),  {B,  C),  (G,  D),  {D,  A). 

The  force  P  acting  upon  the  point  A  in  the  direction  A  O,  is 
equivalent  to  a  force,  in  the  direction  AB^ 

psin  CAD_  r^AnABB  BO___-p  OD.AB 
^-^ BinBAD''     smBAD' AO"     BD.  OA' 

and  to  some  force  (jF  suppose)  in  AD. 

Similarly,  the  force  Q  acting  upon  the  point  B  in  the  direc- 
tion BD,  is  equivalent  to 

a  force,  m  BA,  =  Q  jjrjj^* 
and  some  force  ((?  suppose)  in  BC. 

Hence  clearly  the  point  A  is  solicited  by  a  force  F^N  in 
AD,  and  a  force 

^OD.AB     ^.      .J.  ,,. 

^BDTOA^^'''^^' <^>' 

and  therefore  for  its  equilibrium  we  have 

F-'N^O,  and  p9,^'^^^K^0. 

BD.  OA 

Similarly  for  the  equilibrium  of  the  point  B  there  is 

(?-i  =  0,  and  Q^^-K:^0 (2). 

From  (1)  and  (2)  we  have 


pOD.AB^  Q  OG.AB 


BD.OA 


AC.  OB 
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and  therefore 

P,OD        Q.OG 


BD.OA     AG. OB* 
which  is  the  condition  for  the  equilibrium  of  the  quadrilateral. 

Euler ;  Act.  Acad.  Petrop.  1779,  P.  ii.  p.  106. 

The  following  ia  a  different  solution  of  the  same  problem. 

For  the  equilibrium  of  the  rod  AB  there  is,  taking  moments 
about  B, 

N. BD.sm  i,  BDA  =  P.  BO.  sin  ^  BOQ\ 

and  for  the  equilibrium  of  the  rod  (72),  taking  moments  about  (7, 

JV .  04 .  sin  ^  .C42)  =  Q .  (70 .  sin  z  5  0  a : 
hence  obviously 

BB  sin  J.  OB  A         BB.AOP.BO 
CA&mzOAB   ^^   AC.BO^Q.CO' 

(4)  Four  rigid  rods  AB,  BO,  CD,  DA,  (fig.  66),  are  so 
joined  together  that  they  are  capable  of  revolving  freely  about 
the  angular  points  of  the  quadrilateral  which  they  form ;  these 
rods  are  attached  together,  two  and  two,  viz.  those  which  are 
contiguous,  by  strings  ao,  h/S,  cy,  d8,  in  given  states  of  tension ; 
to  determine  the  form  of  the  quadrilateral  which  shall  corre- 
spond to  the  equilibrium  of  the  rods. 

Let  A,  B,  C,  D,  denote  the  tensions  of  the  strings  aa,  1/3, 

cy,  dB.    Then  the  force  Am  aa,  upon  the  point  a  is  equivalent 

to  a  force,  in  BA, 

.      ^     Dx 
ri  Sin  aVa .  —  i      t\ 

_  J  sm  aaD  _   .  aa   ^  .  Aa .  Da  . 

"      sin  AaD"       .     .  r,     DA ""      aa.DA* 

sm  ADa .  -j— 
Aa 

and  to  a  force,  in  aD, 

A     Aa 
.      .  sm  aAa .  —  a      n. 

^  J,  sm  Aaa  ^  j  aa   ^   .  Aa .  Da 

""     sin  AaD ""  .  y.  AD ""      a% .  DA 

BinaAD,  —77 
aD 

=  A'  suppose. 
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But  the  force  A  in  aB  is  equivalent  to 

j.jy  sin  aBD .  -^7- 

a  force  in  AD,  =  A  - — tttd  =  -^  y.  .■ 

sin  ADB  .      .^^  BA 

JJA 

.,Ba,DA  __   .  Aa.Ba 
"      Da.BA"^  aa.BA' 

and  to  a  force  in  BD,  ^A'  — 


smDAa. 


sin  ADB 
Aa 


^,  Da       ., Aa . BD _  .  Aa.Aa.BD 

"^   .    j,.j,Ali~'^AB.Da'^aa.DA.BA' 
BmDAB.jy^ 

Thus  we  see  that  the  force  A,  acting  upon  the  point  a  in  the 
direction  aa,  is  equivalent  to  the  three  forces 

.  aD .  Aa  *     n  a  a       a  -^^  •  ^^  •     a  rk  A 

A  -TTi in  BA  upon  Ay    A  -j^ in  AD  upon  A, 

AD.aoL  ^       '        AB. aa  ^       ' 

_  aA.Aa.BD.     ^y.  ^ 

'^^  AB.AD.aa  '"^  ^^  "P"°  ^' 

Similarly,  the  force  A  acting  upon  the  point  a  in  the  direction 
aa,  is  equivalent  to 

J  aB .  AoL »     T\  A  A       A  Aa  •  aD  •      j  t%  m 

A  -Tri ui  DA  upon  j1,    A  —m m  ^5  upon  A. 

AB.  aa  '^  AD,  aa  ^ 

.  .  aA.Aa.DB .     ^.^  ^ 

and  J.  -7  rk — A  D ^  B-B  upon  i>. 

-4i> .  AB .  aa  -^ 

Now  these  three  forces  are  equal  and  opposite  to  the  three 
former,  and  therefore  the  string  aa  with  a  tension  A  produces 
the  same  effect,  and  may  therefore  be  replaced  by  a  string  BD 
with  a  tension 

J  aA.Aa.BD 
AB.AD.aa* 
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In  the  aame  way  we  may  shew  that  the  tension  of  07  is  equi- 
valent to  a  striDg  BD  of  which  the  tension  is  equal  to 

^  CB.CB.oy' 

Hence  the  tensions  of  aa,  cy,  together,  are  equivalent  to 
a  string  BD  with  a  tension 

.  Aa.Aa.BD     ^Cc.Oy.BD 
BA.DA.ad'^^  BC.DG.(/i' 

Similarly  it  may  be  shewn  that  the  tensions  hp,  dS,  are 
equivsJent  to  a  string  A  C  with  a  tension 

j.Bb.BI3.GA     j^DS.Dd.AG 
AB.CB.lp'^^  AD.CDM' 

Hence^  by  the  result  of  the  preceding  problem^  the  condition 
of  equilibrium  is  expressed  by  the  relation 

OB.  OP [  B.Bb.Bfi       D.Dh.Dd\ 
BD"     \AB.CB.bfi'^AD.OD.dB) 

OA.OC  fA.Aa.Aa       C.Cc.Cy\ 
""     AC*     \BA.DA.aa     BC.DG.cri)' 

Euler ;  Act.  Acad,  Petrop.  1779,  P.  2,  p.  106. 

(5)  Two  equal  uniform  beams  AB,  AG,  moveable  about  a 
hinge  at  A,  are  placed  upon  the  convex  circumference  of  a 
circle  in  a  vertical  plane ;  to  find  their  inclination  to  each  other 
when  they  are  in  their  position  of  equilibrium. 

Let  2a  » the  length  of  each  beam,  2d  » their  inclination  to 
each  other,  and  r  =  the  radius  of  the  circle.  Then  0  will  be 
determined  by  the  equation 

r  cos  0  Si  a  sin'  0. 

(6)  A  and  G  (fig.  67)  are  fixed  points  in  the  same  vertical 
line :  beams  AB,  GDj  are  freely  moveable  about  these 
points  by  hinge  joints;  AB,  from  the  end  B  of  which  a 
weight  is  suspended,  is  supported  in  a  horizontal  position  by 
GD9  with  which  it  is  connected  by  a  hinge  joint  at  i> :  to 
find  the  pressure  at  G,  the  weights  of  the  beams  being  neg« 
lected* 
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Let  n  and  V  be  the  horizontal  and  vertical  pressures  at  C, 
and  P  the  weight  suspended  from  B.    Then 


fr=p. 


AB 


V=P. 


AB 


AC      AD' 

and  therefore  the  whole  pressure  at  C  is  equal  to 


(7)  Two  uniform  rods  AC,  BD,  (fig.  68),  are  connected 
together  by  a  hinge  at  D :  their  ends  -4,  B,  resting  on  a  smooth 
horizontal  plane,  are  tied  together  by  a  string.  To  find  the 
tension  of  the  string. 

If  AG-=  2a,  BD=2h,  AB  =  c,  z  CAB^a,  l  DBA  =A  and 
P,  Q,  denote  the  weights  of  A  (7,  BD,  respectively,  the  tension 
of  the  string  will  be  equal  to 

Pa  sin  a  +  Q6  sin  ^ 
ctanatan/3      * 

(8)  Three  uniform  beams  AB,  BO,  CD,  of  the  same  thick- 
ness, and  of  lengths  I,  21,  I,  respectively,  are  connected  by 
hinges  at  B  and  G,  and  rest  on  a  perfectly  smooth  sphere,  the 
radius  of  which  is  equal  to  21,  so  that  the  middle  point  of  BG 
and  the  extremities  of  AB,  CD,  are  in  contact  with  the  sphere ; 
to  compare  the  pressure  at  the  middle  point  of  BG,  and  the 
pressures  at  A  and  D,  with  the  weight  of  the  three  beams. 

Let  W  be  the  weight  of  the  three  beams  taken  together; 
B  the  pressure  at  each  of  the  points  A  and  D ;  and  B!  the 
pressure  at  the  middle  point  of  BC.    Then 

TF     40'      W    100' 

(9)  Four  equal  uniform  beams  AB,  BC,  CD,  DE,  (fig.  69), 
connected  together  by  joints  at  their  extremities,  rest  in  equi- 
librium in  a  vertical  plane ;  the  distances  AE  and  GF,  of 
which  the  latter  is  perpendicular  to  AE  and  vertical,  are  given ; 
to  determine  the  conditions  of  equilibrium* 
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If  a,  Pj  be  the  indinations  of  AB  and  ED^  BO  and  D(7, 
to  the  horizon  ;  we  must  have 

tana=:3tan)9. 

Draw  BK  at  right  angles  to  AE ;  let  CF=  a,  AF=^  b,  FK  =  «, 
BK^  y ;  then  from  the  equation  in  a  and  /8,  and  the  geometry 
of  the  figure^  we  may  get 

a«  +  2y-(a*  +  a'6'  +  6*)^        _2a'  +  y-(a^  +  a'y  +  y)* 
'^"  26  '  y^  2^  • 

These  values  of  x  and  y  are  obtained  by  Couplet  in  his 
Becherches  sur  la  Canstnictifm  des  Gombles  de  Charpente,  in  the 

_  m 

M^moires  de  FAcad^ie  des  Scietices  de  Paris,  1731,  p.  69. 


w.  s. 


(  114  ) 


CHAPTER  V. 

EQUILIBRIUM  OF  FLEXIBLE  STRINGS. 

The  form  of  equilibrium  assumed  by  a  uniform  flexible  string 
sustained  at  its  two  extremities  and  acted  on  by  gravity,  at- 
tracted the  attention  of  OalileoS  who^  from  a  want  of  sufficient 
examination,  concluded  it  to  be  a  parabola ;  this  mistake  may 
have  arisen  from  the  fact  that,  in  the  immediate  neighbourhood 
of  its  lowest  point,  it  approximates  very  nearly  to  the  parabolic 
form.  The  inaccuracy  of  Galileo's  conclusion  was  experiment- 
ally ascertained  by  Joachim  Jungius*.  This  subject  having" 
been  at  last  successfully  investigated  by  James  Bernoulli  ^ 
he  proposed  the  problem  of  the  chatnette,  the  name  which  he 
gave  to  the  required  curve,  as  a  trial  of  skill  to  the  mathema- 
ticians of  the  day.  The  four  mathematicians  who  succeeded 
in  arriving  at  correct  solutions  of  the  problem  were,  James 
Bernoulli,  by 'whom  it  had  been  proposed,  his  brother  John, 
Leibnitz,  and  Huyghens :  their  four  solutions  appeared  without 
analysis  in  the  Acta  Ervditorum  for  the  year  1691,  Jun. 
pp.  273 — 282.  A  demonstration  of  the  results  of  these  four 
illustrious  mathematicians  was  first  published  by  David 
Gregory,  in  the  Philosophical  Transactions  for  the  year  1697. 

The  form  of  equilibrium  of  the  chainette  or  catenary,  of 
which  the  thickness  is  supposed  to  be  uniform,  having  been 
thoroughly  discussed,  James  Bernoulli*  next  directed  his  atten- 
tion to  more  complicated  problems  of  the  same  character ;  he 
investigated  the  form  of  equilibrium  when  the  thickness  varies 

1  Mechanica;  Dialogo  2,  p.  181. 

•  Geometria  Empyrica. 

s  Acta  Eruditorum,  Lips.  1690,  Mai.  p.  217 ;  Opera,  Tom.  i.  p.  424. 

*  Acta  Eruditorum,  Lips.  1691,  Jun.  p.  289;  Opera,  Tom.  i.  p.  449. 
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from  point  to  point  according  to  any  assigned  law,  and,  con- 
versely, determined  the  law  of  its  variation  that  the  string  may 
hang  in  assigned  curves :  he  likewise  considered  the  problem  of 
the  catenary  when  the  string  is  extensible,  the  extension  of 
each  element  being  assumed,  according  to  the  law  established 
experimentally  by  Hooke\  to  vary  as  the  tension.  The  analysis 
of  these  problems,  of  which  the  solutions  only  were  published 
by  James  Bernoulli,  was  supplied  by  John  Bernoulli*.  The 
consideration  of  the  general  conditions  of  the  equilibrium  of 
flexible  strings  was  first  attempted  by  Hermann",  whose  in- 
vestigations, however,  were  not  free  from  error ;  a  more  accu- 
rate analysis  was  furnished  by  John  Bernoulli^  who  has  par- 
ticularly examiiied  various  cases  of  the  equilibrium  of  strings 
acted  on  by  central  forces. 

Among  the  numerous  mathematicians  who  afterwards  dis- 
cussed the  theory  of  the  equilibrium  of  flexible  strings,  may  be 
mentioned  Euler",  Clairaut*,  Erafft^  Legendre",  Fuss*,  Ventu- 
roli*^  and  Poisson". 


Sect.  1.    Free  Inextensible  Siring;  general  Conditions 

of  Equilibrium. 

To  investigate  the  conditions  for  the  equilibrium  of  an 
inextensible  string,  of  which  the  density  and  thickness  vary 
from  point  to  point  according  to  any  assigned  law ;  the  accele- 
rating forces  which  act  upon  the  string  being  any  whatever. 

^  De  Potentia  Xe$tituHva,  or  Spring, 

*  Lectianei  MatkemoHca  in  wum  Hotpitaliij  Opera^  Tom.  it.  p.  887. 

*  PhoronanUa,  lib.  i.  cap.  8,  and  Append.  §  v. 

*  Opera,  Tom.  iv.  p.  284. 

^  Comment.  Petrop,  Tom.  in. ;  Nov.  Comment.  Petrop.  Tom.  zv.  and  Tom.  zz. 

*  MiiceUanea  BerolinenHa,  Tom.  yii.  p.  270, 1748. 

'  Nov.  Comment.  Petrop.  Tom.  y.  p.  148;  1754  and  1756. 
>  Mhn.  Aead.  Par.  1786,  p.  20. 

*  Nova  Acta  Petrop.  Tom.  zii.  p.  145, 1794. 

^^  Elements  of  Mechanics,  by  GresBwell,  Part  i.  p.  62. 
^^  Traits  de  MSeanique,  Tom.  i.  p.  564,  seeonde  ^tion. 

8—2 
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Let  APB  (fig.  70)  be  any  portion  of  the  string  in  a  position 
of  rest ;  Pp  being  a  small  element  of  its  length ;  x,  y,  z,  and 
x  +  Bx,  y  +  Btf,  z  +  Sz,  the  co-ordinates  of  P  and  p  respectively; 
8  the  length  of  the  string  reckoned  from  some  assigned  point  up 
to  P,  and  a  +  Sa  the  length  up  to  ;>;  t  the  tension  of  the  string 
at  P. 

The  resolved  parts,  parallel  to  the  axes  of  x,  y,  z,  of  the  force 
exerted  upon  the  point  P  of  the  element  ij)  by  the  portion  AP 
of  the  string,  will  evidently  be 

dx         dy         dz 

'^di'  "*5?'  ""^a^' 

and  therefore,  since  each  of  these  three  forces  must  be  some 
function  of  8,  it  is  plain  by  Taylor's  theorem  that  the  resolved 
parts  of  the  force  exerted  on  the  element  i^  by  the  portion  pB 
of  the  string,  will  be 

da     d8\  dsj 

Again,  let  X,  Y,  Z,  be  the  sums  of  the  resolved  parts  of  the 
accelerating  forces  which  act  upon  the  element  Pp;  p  the 
density  of  the  string  at  P,  and  k  the  area  of  a  section  at 
right  angles  to  its  length  at  that  point.  Then  the  mass  of  the 
portion  i)9  of  the  string  will  be  kpSs^  which  therefore,  for  a 
constant  value  of  Bs,  will  vary  as  kp ;  the  product  kp,  which 
we  will  represent  by  m,  may  be  called  '*  the  mass  of  the  string 
at  the  point  P."  The  resolved  parts,  parallel  to  the  co-ordinate 
axes,  of  the  moving  force  of  the  element  Pp,  will  be 

mXSs,    mYSs,    mZSs. 

Hence  for  the  equilibrium  of  i))  we  mu^t  have,  equating 
to  zero  the  sum  of  the  resolved  forces  which  act  upon  it  parallel 
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to  each  of  the  three  axes,  and  dividing  the  three  resulting 
equations  by  Bs, 


^)  +  mX=^0, 


,{a); 


d_fdx 
d8\d8 

^(,g)+^.o.J 

-which  three  equations  constitute  the  conditions  of  equilibrium 
of  the  entire  string. 

By  the  elimination  of  t  we  readily  obtain  the  three  following 
equations^ 

dy  ImZds  =  dz  ImYds, 
dz  I  mXds  =  dx  ImZds, 

dx  lmYd8  =  dtf  jmXds; 

any  two  of  which  will  be  differential  equations  to  the  required 
curve  of  equilibrium. 

Cor.  1.    From  the  equations  (a)  we  have  also 

tj-^-jmXds,     t^==-  jmYda,     t^--  ImZds; 

squaring  and  adding  these  equations,  and  observing  that 

da?  .  dy^     dz^     -  .,. 

l^-^df-^d?^^ (^)' 

we  obtain  for  the  value  of  the  tension  at  any  point, 

f^  (JmXdsJ  +  (JmYday  +  (JmZdaJ. 

We  may  obtain  also  another  expression  for  the  tension: 
differentiating  {b)  with  respect  to  8,  we  get 

dx^     dyd^     dz^^_  ., 

da  dff^ds  df^dsdff''^ ^^^' 
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henoe^  multiplying  the  three  equations  (a)  by  dx^  dy,  dz,  in 
order,  and  adding  the  resulting  equations,  we  have,  by  the  aid 
of  (6)  and  (c), 

t^C-jm  {Xdx  +  Ydy  +  Zdz), 

where  C^  iis  an  arbitrary  constant. 

Cor.  2.  If  the  whole  string  lie  entirely  within  one  plane,  let 
the  plane  of  xy  be  so  chosen  as  to  coincide  with  this  plane ; 
then  the  thi'ee  differential  equations  to  the  string  will  be 
reduced  to  the  single  one 

dx  [mYda^dylmXds (d); 

and  the  two  formulae  for  the  tension  will  become 

e  =  (JmXdsJ  +  (jmTdsJ, 

e«0-Jm(X(fo+  Ydy). 

These  two  formulae  for  the  tension,  and  also  the  differential 
equation  {d)  to  the  string,  coincide  with  those  given  by  Fuss ; 
M^moirea  de  8t,  P^tersbourg,  1794,  pp.  150, 151. 


Sect.  2.    Parallel  Forces. 

(1)  A  flexible  string  fixed  at  any  two  points  A  and  B, 
(fig.  71),  is  acted  on  by  gravity ;  supposing  the  mass  of  the 
string  to  vary  according  to  any  assigned  law  as  we  pass  from 
one  point  to  another,  to  find  the  equation  to  the  catenary  of 
rest ;  and  conversely,  the  curve  being  known,  to  determine  the 
law  of  the  mass  of  the  string. 

Let  the  axis  of  y  extend  vertically  upwards,  and  let  the  axis 
of  a;  be  horizontal,  the  plane  xOy  coinciding  with  the  plane 
which  contains  the  catenary.    Then,  since 
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we  have,  by  the  first  two  of  the  equations  (a)  of  section  (1), 

d  /.dx\     f.  ,  . 


daVds) 

sOl)-^ » 


Integrating  the  equation  (a),  we  get 

dx     ^ 

where  C7  is  a  constant  quantity :  let  r  denote  the  tension  at  the 
lowest  point  of  the  curve :  then  evidently  t=  C7,  and  therefore 

'S-' (* 

From  (J)  and  (c),  we  have 


T 


d  dy 


3- 

dx 


and  therefore  '^a^  /^^ 5 

but  at  the  lowest  point  of  the  catenary  ^  =  0,  and  therefore, 
supposing  a  to  be  the  value  of  b  at  the  lowest  point, 

^g  I  mcfe (rf). 

If  m  be  given  in  terms  of  the  variables  x^  y,  9,  the  form  of  the 
catenary  may  be  determined  from  {d). 

Again,  differentiating  ((2),  we  obtain 

*»-^^ (*^' 

dx 

a  formula  by  which  m  may  be  computed  for  every  point  of  the 
string  when  the  form  of  the  catenary  is  given.  Also  from  (c) 
we  get 
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'-S (A 

which  gives  the  tension  at  any  point  of  the  catenary  when  its 

form  is  known. 

John  Bernoulli ;  Lectiones  MathematiccB, 

Lect  38,  39,  40 ;  Opera,  Tom.  in. 

(2)  A  flexible  string  A  OB,  (fig.  72),  fixed  at  two  points  A  and 
B,  is  acted  on  by  gravity;  the  mass  at  any  point  F  varies 
inversely  as  the  square  root  of  the  length  OP  measured  from 
the  lowest  point  0 ;  to  find  the  equation  to  the  catenary. 

Let  the  origin  of  co-ordinates  be  taken  at  0,  x  being  hori- 
zontal, and  y  vertical,  and  the  plane  of  ay  coinciding  with  the 
plane  of  the  catenary ;  also  let  0  be  the  origin  of  8. 

Then,  if  /t  be  the  mass  at  the  end  of  a  length  c  from  the 
lowest  point, 

c* 

and  therefore  by  (1,  d),  a  being  in  the  present  case  zero,  we  have 

hence,  putting  for  the  sake  of  brevity 

2gf/tc*      1^ 

^ dx  da?" dx~  {    *  da?)  ' 

pin 

dX  QM  . 

integrating  with  respect  to  a?  we  obtain 
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but  a:  =  0,  ;p  =  0,  simultaneously;  hence  C7=  2)8,  and  therefore 

2/9(1  +  ^)*=  a, +  2^ ("^' 

squaring  and  transposing, 

4/3'^=(»+2/3)«-4/8', 

2fidy  =  {{x  +  2y3)»  -  4,ff}idx ; 
integrating  we  hare 

0+2fiy=i  {x  +  2ff)(a?  +  i0x)^  -  2/3* log  {«  +  2y8+  (ai»  +  ifix)^] ; 
but  x  =  0,y='0,  simultaneously ;  hence 

(7 =-2/3*  log  (2^); 
hence,  eliminating  C, 

2^y  =  i (a.  +  2)8)  (x*  +  4/9x)4 - 2/8« log ^^±M+^±i^, 
which  is  the  required  equation  to  the  catenary. 

Cob.    From  (a)  we  get 

ds  _x  +  2l3 
dx'^     2/8     ' 

and  therefore,  by  (1,/), 

which  gives  the  tension  at  any  point  of  the  curve. 

John  Bernoulli ;  Lect.  Math.,  Opera,  Tom.  lu.  p.  497. 

(3)^  To  find  the  law  of  variation  of  the  mass  of  a  catenary 
acted  on  by  gravity  that  it  may  hang  in  the  form  of  a  semi- 
circle with  its  diameter  horizontal. 

The  notation  remaining  the  same  as  in  (2),  the  equation  to 
the  catenary  will  be 

a"=2ay-y", 

where  a  denotes  the  radius  of  the  semicircle  :  hence 

o»_ai?=.(o-y)»,    y  =  o-(a*-x')*;   /■  .*'•• 


»        •       •,    •  •       •    • 


122  EQUILIBRIUM  OF  FLEXIBLE  STRINGS. 

and  therefore,  by  (1,  e), 

_Tflfac'_T      g      _       rg 
"^^■■^a'-a:*'"5f(g-y)" 

or  the  mass  at  any  point  varies  inversely  as  the  square  of  its 
depth  below  the  horizontal  diameter  of  the  semicircle. 
Cor.    By  (1,/)  we  have  for  the  tension  at  any  point 

,        ds  ra  ra 

5  =  T-7- 


dx     (a'-i»*)i      a-y* 

John  Bernoulli ;  Opera,  Tom,  IIL  p.  602. 

(4)  To  find  the  length  of  a  uniform  chain  ALB^  (fig.  73), 
suspended  from  two  points  A  and  B  in  the  same  horizontal 
line,  when  the  stress  on  each  point  of  support  is  equal  to  the 
whole  weight  of  the  chain ;  to  find  also  the  depth  of  the  lowest 
point  L  of  the  chain  below  the  line  AB,  and  the  direction  of 
its  tangent  at  A  or  B. 

Let  yCLO  be  vertical,  OL  being  equal  to  a  length  of  the 
chain  of  which  the  weight  is  equal  to  the  tension  at  the  lowest 
point  L,  Ox  horizontal;  PM  at  right  angles  to  Ox.  Let 
OM^x,  PM^y,  OL^cALB^l,  AC^BC^a. 

Then  the  equation  to  the  curve  will  be 


a 


y  =  ic(e«+e«) (1), 

and  also  i  =  c(6«-€"*) (2). 

Let  m  denote  the  mass  at  any  point  of  the  chain,  which  is 
the  same  at  all  its  points;  then  the  tension  at  P  will  be  equal  to 


«B 


mgy  ^  imcg  (e'^  +  e  «), 

a  a 

and  therefore  at  £  to       imcg  (c^  +  e  ^) ; 


*  * 
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but  by  the  hypothesis  the  tension  at  JS  is  equal  to  mgl,  and 
therefore  by  (2)  to 

mcg(€^  ^€  *); 
hence  ^mcgie^+e  ^)  =  mcg(€^  —  e  *); 


i€««f€" 


a 

0 


«^-3.    T=l<««3,    ?  =  Jlog.3 (3). 


c 
Hence  from  (2)  we  have 

log.3V3       siJ'-Qiiog^ 
which  gives  the  length  of  the  chain. 
Again,  putting  a;  =  a^  we  have  from  (1), 

and  therefore  CL  -  (|e«  +  J«  «  - 1)  o 

_  /3*  +  3-1 


_/3*  +  3^     ,\    2a       ,       ,„ 

/2        \    2a    _    2o   2-3* 
I3*       /log.  3 -log. 


3     3*    ' 

'which  gives  the  depth  of  the  lowest  point  of  the  chain  below 
the  line  AB. 

Again,  firom  (1)  we  have 

and  therefore,  ^  denoting  the  inclination  of  the  chain  at  £  to 
the  horizon, 

tan^  =  i(e^-e"'>j(3i-|)  =  |4; 

hence  ^  =  ^  • 

^     6 


rf  • 
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(5)  A  uniform  string  A* ALBS  (fig.  74)  is  placed  over  two 
supports  A  and  B  in  the  same  horizontal  line,  so  as  to  remain 
in  equilibrium ;  having  given  the  length  of  the  string,  and  the 
distance  between  the  points  of  support,  to  find  the  pressure 
which  they  have  to  bear. 

Let  L  be  the  lowest  point  of  the  curve  ALB^  OLy  a  vertical 
line  through  L,  where  OL  is  equal  to  a  length  of  the  chain,  the 
weight  of  which  is  equal  to  the  tension  at  i/ ;  Ox  horizontal. 
Then,  Ox,  Oy,  being  taken  as  the  axes  of  co-ordinates,  we  shall 
have  for  the  equation  to  the  curve  ALB^  putting  OL  =  c, 

y  =  ^(€C+€"0 (1); 

and,  if  m  be  the  mass  at  each  point  of  the  string,  the  tension 
at  P  will  be  equal  to 

^gy  or  J  meg  (e*  +  €~« ) ; 

hence,  i{  AC^^BC^a,  the  tension  at  B  will  be  equal  to 

a           a 
^Cg{€C  +€"«) (2), 

But  the  tension  at  ^  is  evidently  equal  to  the  weight  of  BB\ 
and  therefore,  if  BB*  &=  5,  to  the  expression  tngs ;  hence 

m^r*  =  ^  mc^r  (ec  +  €'« ), 

a           a 
or  «  =  Jc(€C  +  €"«) (3). 

Suppose  that  the  length  of  the  whole  string  A'ALBB  is  21 ; 
then  the  length  of  the  portion  LBB  will  be  Z,  and  2  —  «  will  be 
the  length  of  BL.    Hence,  by  the  nature  of  the  catenaiy, 

Z-«=ic(€«  —  €"«) (4). 

Adding  together  the  equations  (3)  and  (4),  we  obtain 

a 

whence  c  is  made  to  depend  upon  the  known  quantities  a  and  I: 
hence  the  expression  (2)  for  the  tension  at  ^  is  known. 
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Differentiating  (1),  we  get 
but,  it  LP^s', 


hence 


dy  _  6^  —  6  « 

and  therefore,  if  ^  denote  the  angle  between  the  line  BJff  and 
the  curve  BL  at  jB, 

a        ^a 

Let  P  denote  the  pressure  on  the  point  B,  and  t  the  tension 
of  the  string  at  B ;  then 

i*  =  2T*+2T*COS^ 

=  27»  (1  +  cos  ^) ; 
and  therefore,  from  (2)  and  (5), 


i*=Jm*cy(€«+e"«)*a  + 


a  _a 
€«  —  €*« 
"a  3* 
6«  +  6"e 


=  mVgf"  (€«  +  €~«)  6C 

=  mV/(l  +  €«), 

Sa 

which  gives  the  required  value  of  the  pressure,  c  having  been 
previously  determined. 

(6)  A  uniform  chain  ABO  (fig.  75)  is  suspended  from  a 
point  A  above  an  inclined  plane  RS :  having  given  the  angle 
which  the  chain  at  the  point  of  suspension  and  which  the  plane 
makes  with  the  horizon,  and  also  the  length  of  the  whole  chain, 
to  find  the  length  of  the  portion  BG  which  is  in  contact  with 
the  plane. 
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Let  ABLA'  denote  the  catenary,  of  which  AB  is  an  arc,  L 
being  the  lowest  point.  Let  P  be  any  point  in  the  curve  AL ; 
0  the  inclination  of  the  curve  at  P  to  the  horizon,  t  the  tension 
at  -B;  a,  /9,  the  values  of  0  at  -4,  -B,  respectively;  c  the  length 
of  chain  of  which  the  weight  is  equal  to  the  tension  9,t  L\  ra 
the  mass  of  the  chain  at  any  point ;  LP  =  8,  ABC—l^  BC=  l\ 

Then,  by  the  nature  of  the  catenary, 

tcosfi^^mcff, (1), 

5  =  ctan^ (2). 

Now  it  is  evident  that  the  tension  at  Bib  equal  to  mgt  sin  fi ; 
hence,  from  (1), 

mgl' sin  fi  cos  fi  =^  meg,      c=VBmffcosfi, (3). 

Again,  from  (2),  we  have 

LBA  =  ctsLna,     LB  =  ctsLn  fi, 
and  therefore  Z— Z'  =  c  (tan a  — tan ^); 

hence,  from  (3), 

Z  —  r  =  r  sin  )8  cos  /8  (tan  a  —  tan  fi), 

Z  cos  a  =  r  (cos  a  +  sin  a  sin  ^  cos  /3  —  sin*/8  cos  a) 

=  Z'  cos  /8 .  cos  (a—fi) 

„  _  I  cos  a 

cos  )8  cos  (a  — /8)  ' 

(7)  To  find  the  form  of  equilibrium  of  a  heavy  chain  the 
density  of  which  varies  inversely  as  the  square  of  the  length 
of  the  chain  reckoned  from  a  given  point  in  it. 

For  the  equilibrium  of  the  chain  we  have,  a  being  a  constant, 
the  axis  of  x  being  horizontal,  that  of  y  vertical, 

dsVdsJ     ^'       dsVdsJ'if' 
Integrating  these  equations  and  then  eliminating  t,  we  have 

"=1='-! m. 

a  and  b  being  constants. 


1   «. 


«    t 
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Let  p  be  the  radius  of  curvature  at  any  point :  then 

*^  ^^^     dp     ' 

dx  ds 

and  therefore,  by  (1), 

ap  =  (1  +*■)  «•-  2ai«  +  a*. 

Put  5=a«^  +  /i,  and  determine  fi  so  that  in  the  result  the 
coefficient  of  the  first  power  of  a  shall  vanish.     Then  we  see 

that  11  = .; — rk  t  and  that 

1  +  6"    ,  .      a 


9 ^  V  + 


a     "»    '  1  +  6* 


where  c  is  a  constant.    Let  dj>  be  the  angle  of  contingence : 
then  p  =  -T^,  and  therefore 

integrating  and  supposing  that  ^  =  0  when  8^  =  0,  we  have 

8^^c  tan  ^. 

Let  a?j,  y^,  be  the  co-ordinates  referred  to  a  system  of  axes 
such  that  the  tangent  is  parallel  to  that  of  x^  when  ^  =  0 : 
then 


c 

e  heing  a  constant.    Suppose  that  the  origin  is  sxich  that  x^  —  O 
vhen  p,  =  0  :  then  e  =  0,  and  we  have 


-p, +  (1 +;>.*)*  =  e' 
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whence  2pj  =  e*  —  e  * , 

ft 

supposing  the  origin  such  that  y^^c  when  x^^O. 

When  «i  =  0,  g  =  /x  =  and  therefore,  by  (1),  P  =  "-t- 

hence  the  axis  of  the  catenary  is  inclined  to  the  horizon  at  an 
angle  tan"*  6. 

Haton  de  la  Qoupilli^re  ;  Nouvelles  Annalea  de 
Math^matiqties,  2me  S^e,  Tome  ix.  p.  554. 

.  (8)  A  uniform  chain  hangs  in  equilibrium  over  two  smooth 
pegs  which  are  in  a  horizontal  line  and  at  a  given  distance 
from  each  other :  to  find  the'  depths  of  the  ends  of  the  chain 
below  the  pegs,  when  the  tension  at  its  middle  point  is  equal 
to  the  weight  of  its  curvilinear  portion. 

If  a  be  the  distance  between  the  pegs,  each  of  the  required 
depths  is  equal  to 

a\/5 


..g(i±=^) 


(9)  A  uniform  heavy  string  passes  through  two  small  smooth 
rings,  which  rest  on  a  fixed  horizontal  bar :  if,  one  of  the  rings 
being  kept  stationary,  the  other  be  held  at  any  other  point 
of  the  bar,  to  find  the  locus  of  the  position  of  equilibrium  of 
that  end  of  the  string  which  is  the  farther  from  the  stationary 
ring. 

Let  I  be  the  whole  length  of  the  string :  then,  the  fixed  ring 
being  taken  as  origin  of  co-ordinates,  the  axis  of  a;  being  vertical 
and  that  of  y  horizontal,  the  equation  to  the  required  locus  is 


y  =  (te)»  .  log  (4) 


(10)    A  OB  (fig.  72)  is  a  flexible  string  acted  on  by  gravity, 
and  is  in  a  position  of  rest ;  the  mass  at  any  point  varies  as 
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the  cosine  of  the  angle  at  which  an  element  of  the  curve  at 
the  point  is  inclined  to  the  horizon ;  to  find  the  equation  to  the 
catenary. 

doD 
Assuming  m^fi-r,  where  fi  is  some  constant  quantity,  the 

equation  to  the  catenary  vill  be 

which  shews  that  the  catenary  is  the  common  parabola. 

James  Bernoulli ;  Act,  ErudiU  Lips.  Jun.;  Opera,  Tom.  I. 
p.  449.    John  Bernoulli ;  Opera,  Tom.  III.  p.  501. 

(11)  To  find  the  equation  to  the  catenary  when  the  mass 
at  any  point  varies  as  x  cos  ^,  where  ^  is  the  angle  of  inclination 
of  the  element  of  the  curve  at  any  point  to  the  horizon. 

Assuming  m  =  /8«  -r- ,  the  required  equation  will  be. 

which  belongs  to  a  cubical  parabola. 

James  Bernoulli ;  J6.    John  Bernoulli ;  Ih. 

(12)  To  find  the  equation  to  the  catenary  when  the  mass 
at  any  point  varies  as  x^  cos  <^. 

•1  dx 
Assuming  m  =  /8x«  ~j- ,  the  equation  will  be 

16^)3"a;*  =  225Ty. 
James  Bernoulli ;  Ih,     John  Bernoulli ;  lb, 

(13)  To  find  the  equation  to  the  catenary  when  the  mass 
at  any  point  varies  as  y"*  sin  ^,  where  n  is  any  positive  quantity. 

If  the  origin  of  co-ordinates  be  so  chosen  that  the  axis  of  x 
passes  through  the  lowest  point  of  the  catenary,  and  that  y=co 
when  X  =  0,  the  required  equation  will  be 

^„»_     (n  +  l)T 

James  Bernoulli ;  lb,    John  Bernoulli ;  lb, 
w.  s.  9 
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(14)  To  find  the  mftsa  at  any  point  when  the  catenary  is 
the  common  parabola. 

The  construction  and  notation  being  the  same  as  in  (2), 

2t 

where  a  is  the  latus  rectum  of  the  parabola. 

John  Bernoulli ;  Opera,  Tom.  III.  p.  504. 

(15)  A  chain,  suspended  at  its  extremities  from  two  tacks  in 
the  same  horizontal  line,  forms  itself  into  a  cycloid ;  to  find  the 
mass  at  any  point  of  the  string  and  the  weight  of  the  arc 
between  this  and  the  lowest  point. 

Let  w  denote  the  weight  of  the  arc ;  then,  taking  the  ordinary 
equations  to  the  cycloid 

x=a(0  +  sir\0),    y  =  a(l  — cos5), 
we  shall  have 

T(seci^'  ,      -  ^ 

m=       .  ,    w  =  Ttan*r. 

4fag 

(16)  One  end  of  a  uniform  chain  is  attached  to  a  fixed 
point  -4,  and  the  other  to  a  weight  which  is  placed  on  a  rough 
horizontal  plane  passing  through  A,  and  the  chain  hangs 
through  a  slit  in  the  horizontal  plane;  to  find  the  greatest 
distance  of  the  weight  from  A,  in  order  that  the  equilibrium 
may  be  possible. 

If  a  be  the  length  of  the  chain,  x  the  greatest  distance  of 
the  weight  from  A,  fi  the  coefficient  of  friction,  and  n  twice 
the  ratio  between  the  given  weight  and  that  of  the  chain, 


■  ^L"  ">{T+^)    "J 


(17)  A  uniform  chain  is  suspended  from  two  tacks  in  the 
same  horizontal  line  at  a  distance  2a  from  each  other ;  to  de- 
termine the  length  of  the  chain  that  the  stress  on  the  tacks 
may  be  a  minimum. 


« « 
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Let  G  denote  a  length  of  the  chain  of  which  the  weight  is 
equal  to  the  tension  at  the  lowest  point ;  and  let  I  denote  the 
required  length  of  the  chain :  then 


from  the  former  equation  -  and  therefore  c  is  to  be  determined, 

and  then  I  will  be  given  by  the  latter. 

If  for  instance  2a  =  10  feety  then  o  »  4 .  168  feet  nearly,  and 
i  =  12 .  578  feet  nearly. 

Diarian  Repository,  p.  644. 

(18)  A  chain  acted  on  by  gravity  hangs  in  the  form  of  a 
cnnre*  of  which  a^y^x*  is  the  equation;  to  find  the  point  at 
which  the  mass  is  a  mazimumi  and  its  maximum  value. 

When  m  is  a  maximum,  x  and  y  being  the  co-ordinates  of  the 
point, 

a  •  2.3*T 

2*     ^     *  ^ 

The  law  of  the  mass  of  the  chain  is  erroneously  investigated 
in  the  Lady's  and  OenUematis  Diary  for  the  year  1745 ;  see 
also  Diarian  Repository,  p.  435. 

(19)  A  uniform  chain  of  length  2Z  is  suspended  from  two 
points  in  a  horizontal  line,  the  distance  2a  between  which  is 
given :  to  investigate  an  equation  for  the  determination  of  the 
inclination  of  the  curve  to  the  horizon  at  either  point  of  support. 

If  ^  represent  the  required  angle, 


a  =  Z  cot  ^  log  [tan  — t""^) 


(20)  A  uniform  chain  ABCDE,  (fig.  76),  passes  over  a 
smooth  puUy  B,  the  portions  BA^  DE,  of  the  chain  hanging 
freely,  while  the  portion  CD  rests  upon  a  smooth  table.     Sup- 

9—2 
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posing  CD  to  be  half  the  length  of  the  whole  chain,  and  AB 
to  be  equal  to  twice  DEy  to  compare  the  length  of  the  chain 
with  the  height  of  B  above  CD. 
The  required  ratio  is  equal  to 

2  (8  +  V3). 

(21)  A  chain  of  variable  thickness  hangs  in  the  form  of 
a  curve  defined  by  the  equation 

|  =  log(sec|), 

the  axis  of  x  being  horizontal :  to  find  the  law  of  variation 
of  the  thickness  and  of  the  tension. 

The  tension  of  the  string  at  any  point  varies  as  the  area  of 
the  section  of  the  string,  each  varying  as  sec  [  rj  . 

(22)  The  mass  of  a  string  is  so  distributed  that,  when  it  is 
suspended  by  its  extremities  from  two  points,  the  tension 
varies  as  the  density:  to  find  the  form  of  the  string  in  its 
position  of  equilibrium. 

Let  the  origin  be  at  the  lowest  point  of  the  string  and  let 
the  axis  of  a;  be  a  tangent  at  this  point :  then,  c  being  a 
constant,  the  equation  to  the  form  will  be 

y  =  clogrsec^j. 

(23)  A  uniform  chain  of  leogth  {  hangs  over  two  fixed 
points,  which  are  in  a  horizontal  line :  from  its  middle  point 
is  suspended  by  one  end  another  chain  of  equal  thickness 
and  of  length  V,  Supposing  each  of  the  two  tangents  of  the 
former  chain  at  its  middle  point  to  make  an  angle  6  with  the 
vertical,  to  find  the  distance  between  the  two  fixed  points, 
and  to  shew  that  6  can  never  exceed  a  certain  value. 

Tlie  distance  between  the  two  fixed  points  is  equal  to 

i+i  ^""^ 
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The  value  of  6  can  never  exceed  that  given  by  the  equation 

tan  •=:  =  -5 — zr  • 

(24)  A  chain  of  variable  density,  suspended  from  two  points, 
hangs  in  the  form  of  a  curve  the  intrinsic  equation  to  which 
is  a  ^f[i^),  the  origin  of  8  being  at  the  lowest  point  of  the 
curve  and  ^  being  the  inclination  of  the  tangent  at  any  point 
to  the  vertical :  to  find  the  law  of  the  density. 

The  density  at  any  point  varies  inversely  as  (sin0)*./'(<^). 

(25)  A  chain  of  variable  thickness,  but  of  the  same  material 
throughout,  is  suspended  from  two  points :  to  find  the  law  of 
the  thickness  and  the  form  of  the  curve,  when  the  tension  at 
different  points  of  the  chain  varies  as  the  strength  of  the  chain 
at  those  points\ 

Let  the  origin  of  co-ordinates  be  at  the  lowest  point,  the 
axis  of  y  being  horizontal  and  that  of  x  vertical :  let  8  be  the 
length  of  a  uniform  chain  the  thickness  of  which  is  equal  to  that 
at  the  lowest  point,  and  of  which  the  weight  is  equal  to  that 
of  the  length  of  the  chain  firom  the  lowest  point  to  the  point 
{Xi  y) ;  and  let  c  be  the  length  of  a  uniform  chain  of  the  thick- 
ness at  the  lowest  point  and  of  which  the  weight  is  equal  to 
the  tension  at  the  lowest  point.  Then»  k  denoting  the  thick- 
ness at  the  lowest  point  and  k  at  the  point  {x,  y), 

^'  =  f(c«  +  M     aj  =  clog^^-±^,    «  =  ctan2?. 
Sir  Davies  Gilbert :  Philosophical  TVansactions  for  1826. 

Sect.  3.     Central  Forces. 

(1)  To  find  the  equation  to  a  flexible  string  in  a  position  of 
equilibrium  under  the  action  of  any  central  attractive  force. 

Let  APB  (fig.  77)  be  any  portion  of  the  string ;  S  the  centre 
of  force ;  P  any  point  in  the  string,  PT  a  tangent  at  this  point ; 
8Ysk  perpendicular  from  8  upon  PT;  p  a  point  of  the  string 

^  The  ewre  is  called  the  Catenary  of  Umfonn  Strength. 
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indefinitely  near  to  P,  and  ph  a  tangent  at  p.  Also  let  OP^  Op, 
be  the  normals  at  P,  |>,  0  being  therefore  the  centre  and  OP 
the  radius  of  curvature  at  P ;  let  OP  produced  meet  ph  in  h. 

Let  OP=p,  8P^r,  SY^p,  ^  8PT=<f>,  ^  kOp^^r,  m  =  the 
mass  at  P;  *  =  the  tension  at  P  and  t  +  cft  at  p;  i^«=&, 
jFs=  the  central  force  at  P 

Then  for  the  equilibrium  of  the  element  I^  we  have,  resolving 
the  forces  which  act  upon  it  at  right  angles  to  Pr, 

Finds  sin  ^  =  {<  +  dt)  coapkO^  {t  +  dt)  sin  yfr^ 
or>  retaining  infinitesimals  of  the  first  order, 

ds 
Fmds  sin  <^  =  ^^  =  f  — ; 

and  therefore 

jFwisin^=  - (a); 

and  resolving  forces  parallel  to  PT  we  have 

Fmds cos^  =  {t  +  dt)  sinOkp-t 
=  (<  +  dOcos'^-t, 
or,  retaining  infinitesimalfl  of  the  first  order  only, 

Fmdscos^^dt; 

and  therefore,  ds  cos  (f)  being  equal  to  dr, 

Fvidr^dt (6)- 

From  the  equation  (a),  since 

dr       J    •     JL     P 
/^  =  -^^  ^""^  sm^  =  ^, 

we  have  Fmdr  +  —  *  =  ^  j 

/^ 

and  therefore  from  (6) 

p        t 

log  (pO  =  log  ^' 
where  (7  is  an  arbitrary  constant ;  and  therefore 

G        G 

p-1- 


JFmdr 


(c). 
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which  is  the  equation  to  the  catenary  in  p  and  r  when  the 
fonn  of  F  is  known. 

Let  6  be  the  angle  between  8P  and  any  fixed  line ;  then 

and  therefore  from  (c),  putting  JFmdr  =  E, 

Rf^dB^G{d7*+r^dfff, 
Rr^deP^(P{df^  +  f^deF), 

and  therefore  d9=x    ^^  , — —-. (i), 

the  differential  equation  to  the  catenary  between  r  and  0.    This 
is  the  form  in  which  the  solution  is  given  by  John  Bernoulli^. 

The  value  of  the  tension  at  any  point  of  the  catenary  is  given 
by  (6),  when  the  expression  for  .Pin  terms  of  r  is  known. 

The  relations  at  which  we  have  arrived  may  be  deduced 
from  the  general  equations  of  equilibrium  of  section  (1) ;  the 
method  however  of  the  tangential  and  normal  resolution  is 
more  convenient  in  the  case  of  central  forces. 

If  the  central  force  be  repulsive  instead  of  attractive,  we  must 
replace  Fhj  ^F,  wherever  it  occurs  in  the  above  formulsB. 

(2)  To  find  the  form  of  the  catenary  when  the  central  force 
is  attractive  and  varies  inversely  as  the  square  of  the  distance ; 
the  mass  at  every  point  being  the  same. 

Let  A  OB  (fig.  78)  be  the  catenary ;  8  the  centre  of  force ; 
80  the  radius  vector  which  meets  the  curve  at  right  angles. 

Let  T  =  the  tension  at  0,  and  80  =  c. 

Then,  if  k  denote  the  attraction  at  the  distance  c, 

B^JFmdr^jk^mdr^G''-'^, 

1  Opera,  Tom.  nr.  p.  238. 
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where  C  is  an  arbitrary  constant:  but,  by  (1,  6),  f  =  £»and 
therefore 

hence  t^R=^r  +  mkc (a). 

Hence,  from  (1,  rf),  we  have 

Cdr 


d9  = 


|(,+»fc-=^V-C-}'' 


but  from  (1,  c),  since  jp  =  c  and  ^  =  r  at  the  point  0,  we  see  that 
(7=ct;  therefore 

crdr 


dd^ 


|^^  +  ^«^")V^oV}*' 


For  the  sake  of  simplicity  put  r  =  nm&c ;  then 


|(„+1_£)V_„V}' 


ncdr 


r{(n  +  l)V--2(7»+l)cr  +  c"-nV}*' 

the  equation  to  the  catenary  resulting  from  the  integration  of 
this  differential  equation  will  be  of  three  different  forms  accord- 
ing as  n  is  greater  than,  equal  to,  or  less  than  unity. 

First,  suppose  that  n  is  greater  than  unity;  then  the  integral 
of  the  equation  will  be,  supposing  that  ^  =  0  when  r  =  c, 


ncos|(7i«-l)*^|-l 


Secondly,  suppose  that  n=  1 ;  then  the  equation  to  the  cate- 
nary will  be,  if  ds=0  when  r  =  c. 


1-6^' 
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Thirdly,  let  n  be  less  than  unity ;  then,  if  as  before  0=^0 
when  r^c,  the  equation  will  be 

e(i-«^)*^  +€-(1-^*^  =  1  {^«  (1  -  n)  cl 

nr  ^       ^  ' 

Again,  from  (l,.c)  we  have,  since  G=CTy 

CT 

and  therefore  by  (a) 

CT nc 


T  +  mkc  —  '-^^^^^     n  + 1  — 


hence,  putting  r  =  oo. ,  we  have  p  = =• ,  which  shews  that  the 

three  catenaries,  corresponding  to  the  three  values^  of  n,  have 

all  of  them  asymptotes  passing  within  a  distance =-  from  the 

ti  + 1 

centre  of  force.     Put  r  =  oo  in  the  equations  to  the  three  curves, 

and  we^get  for  the  inclinations  of  the  pair  of  asymptotes  of  each 

to  the  line  80, 

n           >il         J        w       ,      l  +  (l-n*)* 
cos  *  - ,  and -^  log  —  ^  ' 


John  Bernoulli ;  Opera,  Tom.  iv.  p.  240. 
Whewell's  Mechanics,  3rd  edit.  p.  183. 

(3)  To  find  the  equation  to  a  uniform  catenary  A  OB 
(fig.  78),  acted  on  by  a  central  force  tending  to  8,  the  intensity 
of  which  varies  as  the  fi^  power  of  the  distance ;  the  tension  at 
0  being  equal  to  the  (1  +  /*)***  part  of  the  weight  of  a  length  80 
of  the  string,  each  element  of  which  length  is  supposed  to  be 
acted  on  by  a  constant  force  equal  to  that  at  0  and  towards  8. 

The  notation  remaining  the  same  as  in  (2),  the  equation 
to  the  catenary  will  be 


0)' 
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(4)  To  find  the  equation  to  a  uniform  catenary  8A0B, 
(fig.  79),  acted  on  by  a  central  repukive  force  emanating  from 
8,  at  which  the  two  ends  of  the  string  are  fastened,  the  intensity 
of  this  force  varying  inversely  as  the  fi^  power  of  the  distance ; 
the  tension  at  0  being  equal  to  the  (ji  —  1)***  part  of  the  weight 
of  a  length  80  o{  the  string,  each  element  of  which  length  is 
supposed  to  be  acted  on  by  a  constant  force  equal  to  that  at  0 
and  from  8. 

The  notation  remaining  the  same  as  before,  the  equation  to 
the  curve  will  be 

=  COS  (ji  —  2)  0, 


0' 


Sect.  4.    Constrained  EquUihrivm, 

(1)  A  flexible  string  ah,  (fig.  80),  acted  on  by  gravity,  rests 
on  the  arc  of  a  curve  APB  in  a  vertical  plane ;  to  find  the 
tension  of  the  string  and  the  pressure  on  the  curve  at  any  point. 

Let  P,  p,  be  any  two  points  of  the  curve  very  near  to  each 
other;  PO,  pO^  normals  at  these  points,  the  point  0  being  the 
centre  of  curvature  when  p  approaches  indefinitely  near  to  P: 
let  aXf  ay,  be  the  axes  of  x,  y,  the  former  being  horizontal,  the 
latter  vertical ;  aP^  a,  Pp  =:d8;  t^  the  tension  at  P  and  t-\'dt 
at  p ;  J2  =  the  pressure  on  the  curve  at  P,  m  =  the  mass  at  any 
point  of  the  string,  zP  Cjp  =  0,  PO  =  p. 

Then,  resolving  forces,  which  act  on  the  element  i^  of  the 
string,  parallel  to  the  tangent  at  P,  we  have 

(t  +  dt)  cos  ^  —  <  =  mgds .  -^ , 

or,  neglecting  infinitesimals  of  higher  orders  than  the  first, 

dt  =  mgdy  ; 

integrating  and  observing  that  t  is  equal  to  zero  when  y  <=  0,  we 
get 

^'^'fngy (1), 

which  gives  the  tension  at  any  point  of  the  string. 
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Again,  resolving  the  forces  on  the  element  Pp  parallel  to  the 
normal  OP, 

mgds  .-J-  +  (t  +  dt)Bm<l>  —  Eds, 
or,  neglecting  infinitesimalfl  of  orders  higher  than  the  first, 

but  %  is  equal  to  - ;  hence  we  have  for  the  pressure  on  the 
curve  at  any  point 

(2)  Two  equal  weights  Q,  Q,  are  suspended  at  the  extremi- 
ties of  a  flexible  string  hanging  over  a  smooth  curve  in  a  vertical 
plane ;  to  find  the  pressure  at  any  point  of  the  curve,  the  weight 
of  the  string  being  reckoned  inconsiderable. 

Let  APB  (fig.  81)  be  the  curve ;  OP,  Op,  normals  at  two 
consecutive  points  P,p\  d  the  inclination  of  OP  to  some  assign- 
ed line  in  the  plane  of  the  curve,  POp^dO;  PO*/),  AP^s, 
Pp^ds;  pszthe  pressure  at  the  point  P;  ^athe  tension  of 
the  string  at  P,  ^  +  eft  =  the  tension  at  p. 

Then  for  the  equilibrium  of  the  element  Pp  of  the  string  we 
have,  resolving  forces  at  right  angles  to  the  tangent  at  P, 

(<  +  cfo)  sin  dO^pda  ^ppdO^ 

and  therefore,  retaining  infinitesimals  of  the  first  order, 

tdO^ppdO,    t^pp (1) 

Again,  resolving  forces  parallel  to  the  tangent  at  P, 

(t'hdt)oo&d0-t^O, 

and  therefore,  retaining  infinitesimals  of  the  first  order, 

cftaO,  fs constant; 
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but  evidently  at  A   the  tension  is  equal  to  Q;  hence  t^  Q, 
Hence  from  (1)  we  have 

Q 

Q=pp,   p^-' 

r 

Cob.    The  whole  pressure  on  the  curve  AB\&  equal  to 

If  the  tangents  at  the  points  where  the  string  leaves  the  curve 
be  vertical,  we  have  irQ  for  the  whole  pressure  along  the  curve ; 
if  they  be  not  vertical  there  will  of  course  be  pressures  at  the 
points  A,  B,  in  addition  to  the  pressure  along  the  curve. 

Euler ;  Nov,  Comment  Petrop.  1775,  p.  307. 
Poisson ;  TrcdM  de  Micomque,  Tom.  I.  ch.  3. 

(3)  To  find  the  pressure  on  a  curve  -4.5,  (fig.  82),  when  two 
weights  Q,  R,  balance  each  other  over  it  by  means  of  a  fine 
string,  the  friction  between  the  string  and  the  curve  being  taken 
into  account;  and  the  weight  Q  being  considered  as  much  greater 
than  i2  as  is  consistent  with  equilibrium. 

Let  fjk  be  the  coefficient  of  friction ;  the  rest  of  the  notation 
being  the  same  as  in  the  preceding  problem.  Then  the  friction 
on  the  element  Pp  will  be  ffpda,  and  will  act  nearly  in  the 
direction  of  the  tangent  at  P.  Hence,  resolving  forces  on  the 
element  Pp  parallel  to  PO,  we  have 

{t  +  eft)  sin  dO^pds  =ppdO ; 

and  therefore  in  the  limit 

td0=ppdfO,    t^pp (1); 

again,  resolving  forces  parallel  to  the  tangent  at  P, 

{t-k-dt)  co^d0-t+ppd8=^  0, 

and  therefore  in  the  limit 

dt  +  fipd8=^0, 
and  consequently  by  (1) 

d<  +  ^cfo  =  0; 
P 
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integrating,  we  get 

log«  =  -/*/^  =  -/*/«W-C7-/t» (2); 

hence,  the  values  of  t  at  ^  and  B  being  Q  and  B^ 

logG=C^-A*^.,    logB=C^fJL0^ (3), 

and  therefore    log  -g  =  ^  (^,  -  tfj,    ^  ==  ^(^'^, 

which  expresses  the  relation  which  must  subsist  beftween  Q  and 
12  under  the  circumstances  of  the  problem. 

Also,  from  (2)  and  (3), 

log|  =  /i(^,-^,     «  =  Be^('.-^ (4); 

hence  the  whole  pressure  along  the  curve  is  equal  to 
I  pds  =1  —  i,  from  (1), 

but,  when  ^  =  6^,  it  is  clear  that  the  pressure  along  the  curve 
is  zero ;  hence 

and  therefore  the  whole  pressure  from  d^  to  d,  is  equcd  to 

In  addition  to  this  pressure  along  the  curve  there  are  the 
pressures  at  the  extremities  A  and  B. 

Cor.     If  the  curve  be  a  semicircle  0^—0^  =  ^,  and  we  have 

Q 

R     ^• 

Euler;  Nov.  Comment.  Petrop.  1775,  p.  316. 
Poissou ;  Traits  de  Mecatiiqve,  Tom.  I.  ch.  3. 
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(4)  A  heavy  uniform  string  rests  on  a  complete  cycloid,  the 
axis  of  which  is  vertical  and  vertex  upwards,  the  whole  length 
of  the  string  exactly  coinciding  with  the  whole  arc  of  the 
cycloid :  to  find  the  law  of  the  pressure  at  any  point  of  the 
cycloid. 

The  pressure  at  any  point  varies  inversely  as  the  curvature. 

(5)  A  heavy  chain  ABC  (fig.  83),  is  fixed  at  its  highest  end 
to  the  circumference  of  a  circular  section  of  a  rough  horizontal 
cylinder,  moveable  about  its  axis :  having  given  the  lengths  of 
the  two  portions  AB,  BO,  of  the  chain,  to  determine  the 
moment  of  a  force  about  the  axis  of  the  cylinder  which  shall 
maintain  the  equilibrium. 

Let  AB  =  a,  BG=h,  r  =  the  radius  of  the  cylinder,  and  m  = 
the  mass  of  a  unit  of  the  chain's  length.  Then  the  required 
moment  is  equal  to 

mrg  fr sin-  +61. 

(6)  Two  equal  weights  P,  P*,  are  connected  by  a  string  which 
passes  over  a  rough  fixed  horizontal  cylinder :  to  compare  the 
forces  required  to  raise  P,  accordingly  as  P  is  pushed  up  or  P' 
pulled  down. 

If  j}  be  the  force  in  the  former  and  p'  in  the  latter  case, 

P 

(7)  If  a  weight  P  attached  to  one  end  of  a  fine  cord,  which 
is  laid  over  a  rough  horizontal  cylinder,  can  support  a  weight 
nP  attached  to  the  other  end,  to  determine  the  weight  which 
it  can  support  when  the  cord  is  wrapped  r  times  round  the 
cylinder. 

The  required  weight  is  equal  to 

(8)  A  string  is  wrapped  round  a  smooth  elliptic  cylinder  in 
a  plane  perpendicular  to  its  axis  and  is  acted  on  by  two  forces 
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which  tend  from  the  foci,  vary  inversely  as  the  square  of  the 
distance,  and  ai*e  equal  at  equal  distances:  to  compare  the 
tensions  of  the  string  at  the  ends  of  the  major  and  minor  axes. 

The  tension  at  an  end  of  the  major  is  to  that  at  an  end  of 
the  minor  axis  iu  the  ratio  of  1  +  e*  to  1,  where  e  is  the  eccen- 
tricity of  a  transverse  section  of  the  cylinder. 

(9)  The  extremities  of  a  light  thread,  the  length  of  which  is 
7a,  are  fastened  to  those  of  a  uniform  heavy  rod,  the  length  of 
which  is  5a ;  and,  when  the  thread  is  passed  over  a  thin  round 
peg,  it  is  found  that  the  rod  will  hang  at  rest  provided  that  the 
point  of  support  be  anywhere  within  a  space  a  in  the  middle  of 
the  thread :  to  determine  the  coe£Scient  of  friction  between  the 
thread  and  the  peg ;  and,  when  the  rod  hangs  in  a  position  bor- 
dering upon  motion,  to  find  its  inclination  to  the  horizon  and 
the  tensions  of  the  two  parts  of  the  string. 

If  fi  represent  the  coefficient  of  friction,  W  the  weight  of  the 
rod,  8,  T,  the  tensions  of  the  longer  and  shorter  parts  of  the 
string  respectively,  and  0  the  inclination  of  the  rod  to  the 
horizon ; 

/*  =  |log|.    8=iW,    T=%W,    cos^  =  }^. 

(10)  A  thin  inextensible  cord,  in  which  the  density  of  the 
material  increases  in  geometric  as  the  distance  from  one  ex- 
tremity increases  in  arithmetic  progression,  is  laid  directly 
across  a  rough  horizontal  cylinder,  the  circumference  of  a  ver- 
tical section  of  which  is  equal  to  twice  the  length  of  the  cord : 
to  determine  the  coefficient  of  friction,  supposing  the  cord  to  be 
only  just  supported  when  its  two  extremities  are  both  in  the 
horizontal  plane  through  the  axis  of  the  cylinder. 

£ 

Taking,  in  accordance  with  the  hypothesis,  ac*  as  the  expres- 
sion for  the  density  at  a  distance  8  from  one  end  of  the  string, 
and  denoting  the  radius  of  the  cylinder  by  r, 
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Sect.  6.    ExteTtaible  Strings. 

If  a  uniform  extensible  string  of  given  length  be  stretched 
by  any  force,  it  is  found  by  experiment  that  the  extension  of 
the  string  beyond  its  natural  length  is  proportional  to  the  force. 
From  this  it  is  easily  seen  that,  if  the  string  be  of  variable 
length,  the  extension  will  vary  as  the  product  of  the  force  and 
the  natural  length  of  the  string.  Hence,  if  a  denote  the  natural 
length  of  the  string,  and  a'  the  length  under  the  action  of  a 
stretching  force  P,  we  shall  have 

where  X  is  a  constant  quantity  depending  upon  the  quality  of 
the  string,  called  the  modulus  of  elasticity. 

This  theory  was  fii'st  announced  by  Hooke,  in  the  form  of  an 
anagram,  among  a  list  of  inventions  at  the  end  of  his  Descrip- 
tiona  of  Helioacopes,  published  in  the  year  1676.  The  anagram 
is  ceiiino888ttuu,  from  which  may  be  extracted  the  proposition, 
"ut  tensio  sic  vis."  He  afterwards  published  a  work  entitled 
De  Potentia  Restitutiva  or  Spring,  in  which  the  theory  was 
developed  at  large  with  experimental  illustrations.  Hooke's 
theory  forms  the  basis  of  a  memoir  by  Leibnitz,  in  the  Acta 
Eruditorum  for  the  year  1684,  entitled  Demonsirationes  Ifovce 
de  Resistentia  Solidorum,  For  additional  information  on  the 
subject  the  student  is  referred  to  s*Gravesande's  Element.  Physic. 
Lib.  I.  c.  26. 

(1)  An  elastic  string  A  G  (fig.  84)  is  suspended  from  its  ex- 
tremity A,  and  a  weight  is  attached  to  it  at  a  point  B ;  the 
natural  lengths  of  AB,  BO,  being  given,  to  find  the  length 
of  the  string  ^  0  in  its  present  circumstances. 

Let  m  denote  the  mass  of  a  unit  of  length  of  the  string  in 
its  natural  state ;  a,  b,  the  natural  lengths  of  AB,  BG,  and  a, 
b',  their  lengths  under  the  circumstances  of  the  problem ;  c  the 
length  of  a  portion  of  the  natural  string,  the  weight  of  which 
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is  equal  to  the  weight  attached  to  B;  let  P  be  any  point  in 
AB,  and  p  an  adjacent  point;  let  AP^x^  Pp^dx\  lei  ^  be 
the  tension  at  P  and  t'\-dt  atjp. 

Then,  by  Hooke's  Principle,  the  weight  of  Pp  will  be 

mgdx 

^' 

and  therefore,  for  the  equilibrium  of  Pp, 

{l+^dt-^-mgdx^O: 
integrating  we  get 

but  it  is  evident  that 

i=:wigr(a  +  &  +  c),    when  aj  =  0, 
and  <  =  wigr(6  +  c),    when  x^a!\ 

hence  we  obtain 

(a  +  6  +  c)|l+g(a  +  &  +  c)J-(6  +  c)|l+|g(6  +  c)|  +  a', 
and  therefore 

=  a  |l  +^  (a  +  2ft  +  2c)| (1). 

Again,  if  $  be  any  point  in  BC,  BQ  =  y,  and  T  =  the  tension 
at  Q,  we  shall  have,  as  before, 

but  evidently 

T  =  mgb,    when  y  =  0, 

and  T  =  0,    when  y  =  ft'; 

w.  s.  10 
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hence  we  have 


»-»('+^) » 


Hence,  from  (1)  and  (2),  if  V  denote  the  whole  length  of  the 
string  A  G,  we  find  that 

(2)  An  elastic  string,  of  which  the  unstretched  length  is  a, 
is  fixed  at  one  end  to  the  summit  of  a  smooth  inclined  plane 
the  length  of  which  is  also  equal  to  a ;  to  find  the  length  which 
will  hang  over  the  plane,  the  string  being  stretched  by  its  own 
weight. 

Let  A  CD  (fig.  85)  be  the  string,  A  the  summit  of  the  inclined 
plane  -4(7;  Pany  point  in  AC,  and  p  an  adjacent  point;  let  t 
be  the  tension  atP,  Tat  A,  and  t  at  C;  let  AP^x,  Pp==dx; 
m  =  the  mass  at  any  point  of  the  string  when  unstretched, 
a  =  the  inclination  of  -4  (7  to  the  horizon. 

Then,  by  virtue  of  Hooke's  Principle,  the  mass  of  Pp  will  be 

fndx 

and  therefore,  t  +  dt  being  the  tension  at  p,  we  have,  for  the 
equilibrium  of  Pp, 

/ 1  +  -  j  eft  +  m^r  sin  a  da?  =  0 : 
integrating  we  obtain 

t  Tl  +  51-)  +  ^fl^*  ^^  a  «  (7; 

hence,  r  being  the  value  of  t  when  x=^a  and  T  when  a?  =  0,  we 
have 

(T-T)|l  +  2^^(T+2')l  +  «i5ro8ina  =  0 (1). 
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Let  s  be  the  natural  length  of  CD  and  therefore  a  — 8  the 
natural  length  of  ^C.     It  is  evident  that 

T  =  mgs,     T  =  mg  {«  +  (a  —  b)  sin  a} ; 
hence,  by  (1), 

(a  -  «)    1  -f  ^  {25  +  (a  -  «)  sin  a}    =  a, 

^  (a  —  5)  {2«  +  (a  -  «)  sin  a}  =  «, 

'whence  9  may  be  determined  by  the  solution  of  a  quadratic 
equation. 

If  y  be  the  actual  length  of  the  portion  CD  of  the  string,  we 
may  shew  that 

•-("^¥). 

and  therefore  s  and  s  are  both  known. 

(3)  A  slightly  extensible  string  Ai  (fig.  86)  is  attached  to  the 
upper  extremity  A  of  the  vertical  radius  -4  0  of  a  circular  arc 
AB  along  which  it  rests ;  havitig  given  its  natural  length,  to 
find  its  length  as  it  rests  on  the  arc. 

Let  P,  p,  be  any  two  adjacent  points  in  the  string  Aa ;  draw 
the  lines  P(?,|)0;  let^P  =  «,  Pp^ds,  ^A0P  =  4>,  zPOp=^d<l>, 
AO  =  a;  m  =  the  mass  of  a  unit  of  length  of  the  string  when 
unstretched;  let  ^,  t-^-dt,  be  the  tensions  at  P,  p;  s',  da',  the 
natural  lengths  of  AP,  Pp, 

Then,  by  Hooke's  Principle, 


ds 


=  {'^i)^' (^)- 


Again,  for  the  equilibrium  of  the  portion  Pp  of  the  string,  we 
have,  resolving  forces  parallel  to  the  tangent  at  P, 

(t  +  dt)  cos  (d^)  +  mgds'  sin  ^  =  i; 

and  therefore,  retaining  infinitesimals  of  the  first  order, ' 

dt  +  mgds'  sin  <^  =  0 ; 

10—2 
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lience,  by  the  aid  of  (1)^  we  have 

or,  since  8  =  a^, 

( 1  +  -  j  d^  +  mag  sin  0  (20  =  0 : 

integrating  we  get 

t\l  +  51- ]  —  mag  cos  ^  =  (7. 

Let  fi  be  the  angle  subtended  at  0  by  the  arc  Aa ;  then  it  is 
clear  that,  when  ^=sl3,t  will  be  equal  to  zero ;  hence 

—  mag  cos  ffssO, 
and  therefore      mI  +  ot)  ^^'wiy  (cos0-cosi8) (2). 

From  (1)  we  have,  putting  a^  for  ^, 

and,  X  being  by  the  hypothesis  a  large  quantity, 

d8'^adi>(l'-Q^ad4>'-^d<l> (3). 

Now  from  (2)  we  get  approximately 

t  =  mag  (cos  ^  —  cos/8), 

and  therefore,  substituting  this  value  of  f  in  the  small  term  of 
the  equation  (3), 

da'^acUj} ^  (cos  ^  —  cos/9)  d<f>. 

Integrating  we  get 

s'+  C7«a0-^~^(8in^-^cos/8); 

but,  when  ^  =  0,  it  is  evident  that  8'  =  0;  hence  C7= 0,  and  we 
have 

8  =a(f> r-^  (sm  ^  —  ^  cosp) ; 
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let  aff  be  equal  to  the  natural  length  of  Aa ;  then  evidently 

/9'-i8-^(8in/9-/8co8/3); 
bat,  since  /3  » /S"  nearly,  we  may  substitute  /S*  for  /3  in  the  coefB- 
dent  of  the  smaU  quantity  ^ ;  thus  we  obtain 

)8«/9'  +  ^(8in/8'-/3' COSTS'), 

which  determines  the  required  length  Aol. 

(4)  Two  weights  P,  Q  (fig.  87),  resting  on  two  smooth  in- 
clined planes  CA,  OB,  are  connected  by  a  given  elastic  string 
PQ ;  to  find  their  position  of  equilibrium. 

Let  0  be  the  inclination  of  QP  to  the  horizon ;  a,  fi,  the 
inclinations  to  the  horizon  of  the  planes  CA,  CB;  a  the 
natural  length  of  the  string  PQ.  Then  the  position  of  equili- 
brium will  be  defined  by  the  two  equations, 

.      >,     Pcot/8-Qcota       n/i       fi  .       Psina    ) 

P+Q  {       Xcos(a  — ^)j 

(5)  Two  equal  weights  P,  Q  (fig.  88),  are  connected  by  a 
fine  elastic  string  PQ,  of  which  the  horizontal  line  BC  is  the 
natural  length ;  to  find  the  nature  of  the  curves  BP,  CQ,  on 
which  they  will  always  remain  in  equilibrium  when  the  string 
is  parallel  to  the  horizon,  the  plane  of  the  curves  being  vertical. 

Bisect  BC  in  A,  and  draw  ^if  vertical ;  let  AB^^a^AC, 
AM^x,  MPssyzsMQ;  then  the  equation  to  each  of  the 
curves  will  be 

X  (y  —  a)'  =s  2aPXf 

and  therefore  BP,  CQ,  are  two  semi-parabolas  of  which  B,  C, 
are  the  vertices. 

(6)  An  elastic  ring  BCis  placed  horizontally  round  a  cone 
the  axis  of  which  is  vertical ;  to  find  the  position  of  equilibrium 
of  the  ring. 

Let  A  (fig.  89)  be  the  vertex  of  the  cone,  0  the  centre  of  the 
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ring  in  its  position  of  equilibrium ;  let  i  OAB »  a,  27ra  =  the 
natural  length  of  the  ring,  and  W^  its  weight ;  then 

which  determines  the  required  position. 

Eamshaw ;  Btatica,  1st  edition,  p.  256. 

(7)  A  heavy  uniform  elastic  ring  rests  horizontally  on  a 
portion  of  a  surface  of  revolution,  of  which  the  axis  is  vertical, 
in  every  position ;  to  find  the  nature  of  the  generating  curve. 

The  generating  curve  is  a  parabola  of  which  the  axis  of  revo- 
lution is  a  diameter.  ■ 

(8)  A  fine  elastic  string  is  tied  round  two  equal  cylinders, 
the  surfaces  of  which  are  in  contact  and  axes  parallel,  the 
string  being  just  so. long  as  not  to  be  stretched  beyond  its 
natural  length;  one  of  the  cjlinders  is  turned  through  two  right 
angles,  so  that  the  axes  are  again  parallel :  to  find  the  tension 
of  the  string,  supposing  that  a  weight  of  one  pound  would 
stretch  it  to  twice  its  natural  length. 

»-2 

The  tension  of  the  string  =  — --^ ,  where  one  pound  is  the 

unit. 

(9)  A  heavy  uniform  rod  AB  is  attached  by  a  hinge  at  ^  to 
an  upright  rod  AC ;  the  points  B  and  Care  connected  together 
by  a  fine  elastic  string  which,  when  unstretched,  forms  the 
hypotenuse  of  an  isosceles  right-angled  triangle,  A  being  the 
right  angle :  to  find  the  position  of  equilibrium  of  AB, 

If  0  denote  either  of  the  angles  at  B  or  C,  W  the  weight  of 
AB,  and  X  the  modulus  of  elasticity,  the  oblique  position  of 
equilibrium  of  AB  is  defined  by  the  equation 

cos  6  = rp.. 

V(2)-^ 

There  is  therefore  no  oblique  position  unless 

\>W{l  +  ^2). 

(10)  A  fine  elastic  string,  passing  over  a  smooth  tack,  sup- 
ports a  uniform  rod,  to  the  extremities  of  which  the  ends  of  tho 
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string  are  attached.  Supposing  the  increase  of  the  length  of 
the  string,  when  stretched  in  a  straight  line  by  a  force  equal  to 
the  weight  of  the  rod,  to  be  equal  to  twice  the  length  of  the 
rod,  to  determine  the  position  of  equilibrium  under  the  present 
circumstances. 

K  2a  =  the  natural  length  of  the  string,  26  =  the  length  of 
the  rod,  and  0  =  the  angle  included  between  the  two  parts  of 
the  string, 

8ind  =  ^{(a'  +  6*)i-6}. 

(11)  Two  equal  rigid  rods  AC,  BG,  without  weight,  are  con- 
nected together  by  a  smooth  hinge  at  C  and  rest  in  a  vertical 
plane,  their  lower  extremities,  which  are  tied  together  by  an 
elastic  string  AB,  being  placed  upon  a  smooth  horizontal  plane. 
If  a  be  the  inclination  of  each  rod  to  the  horizon,  when  a  weight 
W  is  fixed  to  the  middle  point  of  each,  and  a  the  inclination 
when  a  weight  TF'  is  so  fixed ;  to  find  the  natural  length  of  the 
string. 

K  a  be  the  length  of  each  rod,  the  natural  length  of  the 
string  is  equal  to 

TFsin  a'  —  TT'  sin  a 


2a- 


ITtan  a'  -  F'  tan  a 


(12)  Two  fine  strings,  slightly  elastic,  are  fastened  to  the 
middle  points  of  the  sides  of  a  uniform  rectangular  board,  thus 
crossing  the  board  parallel  to  its  sides,  and  intersecting  in  the 
centre.  Supposing  the  board  to  be  suspended  from  the  inter- 
section of  the  strings,  to  find  approximately  the  distance  at 
which  it  will  hang  below  the  point  of  suspension. 

If  W  be  the  weight  of  the  board,  2a,  2J,  the  lengths  of  its 
sides,  and  X  the  modulus  of  the  elasticity  of  the  strings,  the 
required  distance  is  equal  to 


/I   i\» 

(a-  +  PJ 
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(13)  Six  equal  rods  are  connected  together  by  hinges  at 
their  ends  so  as  to  form  a  hexagon,  and,  one  of  the  rods  being 
supported  in  a  horizontal  position,  the  opposite  one  is  fastened 
to  ii  by  a  fine  elastic  string  joining  their  middle  points.  Sup- 
posing the  modulus  of  elasticity  to  be  equal  to  the  weight  of 
each  rod,  to  find  the  natural  length  of  the  string  in  order  that 
the  hexagon  may  be  equiangular,  in  the  position  of  equilibrium. 

If  a  =  the  length  of  each  rod,  and  I  =  the  natural  length  of 
the  string, 

4 

(14)  A  heavy  elastic  string  is  laid  upon  a  smooth  double 
inclined  plane  in  such  a  manner  as  to  remain  at  rest :  to  find 
how  much  the  string  is  stretched. 

If  Pr=  the  weight  of  the  string,  c  =  its  natural  length,  and  a, 
a,  denote  the  inclinations  of  the  planes;  then  the  required 
extension  is  equal  to 

Wc    sin  a  sin  a' 

2\  '  sin  a  +  sin  a' 

(15)  An  elastic  string,  the  upper  end  of  which  is  fixed,  rests 
on  a  rough  inclined  plane  in  the  direction  of  greatest  slope :  to 
determine  the  limits  of  the  extension  of  the  string  beyond  its 
natural  length. 

Let  a  be  the  inclination  of  the  plane ;  I  the  natural  length 
of  the  string,  and  I'  that  of  a  portion  of  it  the  weight  of  which 
is  equal  to  its  modulus  of  elasticity ;  e  the  angle  of  indifference : 
then  the  extension  of  the  string  will  lie  between  the  limits 

P  sin  (a  +  e)      P  sin  (a  —  e) 
2fcose     '       2r  cos  e 


(    153    ) 


CHAPTER  VL 


VIRTUAL  VELOCITIES. 


The  Principle  of  Virtual  Velocities  consists  in  the  following 
general  proposition : 

''  If  a  material  system,  acted  on  by  any  forces  whatever,  be 
in  equilibrium;  and  we  conceive  this  system  to  experience, 
consistently  with  its  geometrical  relations,  any  indefinitely 
small  arbitrary  displacement ;  the  sum  of  the  forces,  multiplied 
each  of  them  by  the  resolved  part,  parallel  to  its  direction^  of 
the  space  described  by  its  point  of  application,  will  be  equal 
to  zero;  this  resolved  part  being  considered  positive  when 
it  lies  in  the  direction  of  its  corresponding  force,  and  negative 
when  in  an  opposite  direction." 

The  resolved  parts  of  the  spaces  described  by  the  points  of 
application  of  the  forces  are  called  their  Virtual  Velocities. 
Let  P,  Q,  R,,..  denote  any  system  of  forces  acting  on  a  sys- 
tem of  points  consistently  with  equilibrium ;  and  let  a,  )8,  y, 

denote  their  virtual  velocities ;  then,  as  far  as  the  first  powers 
of  a,  )9,  y, are  concerned, 

Pa+Qfi  +  Ity  +  88  + =0 (A). 

The  Principle  of  Virtual  Velocities  was  first  detected  by 
Quido  Ubaldi^  as  a  property  of  the  equilibrium  of  the  lever  and 
of  moveable  pullies.  Its  existence  was  afterwards  recognized 
by  Oalileo*  in  the  inclined  plane,  and  the  machines  depending 
upon  it.  The  expression  '  moment '  of  a  force  or  weight  acting 
on  any  machine,  was  used  by  Oalileo  to  denote  its  energy  or 
efifort  to  set  the  machine  in  motion,  who  accordingly  declared 
that  for  the  equilibrium  of  a  machine,  acted  on  by  two  forces, 

^  JHechanicorum  Liber;  De  Libra,  De  Cochlea. 

*  Delia  Seienza  Mecanica,  Opera,  Tom.  i.  p.  265 ;  Bologna,  1C55. 
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it  is  necessary  that  their  moments  should  be  equal,  and  should 
take  place  in  opposite  directions ;  he  shewed  moreover  that  the 
moment  of  a  force  is  always  proportional  to  the  force  multiplied 
by  its  virtual  velocity.  The  word  'moment*  was  used  in  the 
same  sense  by  Wallis*,  who  adopted  Galileo's  principle  of  the 
equality  of  moments  as  the  fundamental  principle  of  Statics ; 
and  deduced  from  it  the  conditions  for  the  equilibrium  of  the 
principal  machines.  Descartes"  has  likewise  reduced  the  whole 
science  of  Statics  to  a  single  principle,  which  virtually  coincides 
with  that  of  Galileo;  it  is  presented  however  ynder  a  less 
general  aspect.  The  principle  is,  that  it  requires  precisely  the 
same  force  to  raise  a  weight  P  through  an  altitude  a,  as  a 
weight  Q  through  an  altitude  h,  provided  that  P  is  to  Q  as 
6  to  a.  From  this  it  follows,  that  two  weights  attached  to  a 
machine  will  be  in  equilibrium  when  they  are  disposed  in  such 
a  manner  that  the  small  vertical  paths  which  they  can  simul- 
taneously describe  are  reciprocally  as  the  weights. 

Torricelli*  is  the  author  of  another  principle  which  may  be 
immediately  deduced  from  the  principle  of  virtual  velocities : 
the  principle  is,  that  when  any  two  weights  rigidly  connected 
together  are  so  placed  that  their  centre  of  gravity  is  in  the 
lowest  position  which  it  can  assume  consistently  with  the  geome- 
trical conditions  to  which  they  are  subject,  they  will  be  in  equi- 
librium. The  principle  of  Torricelli  has  given  birth  to  the 
following  more  general  one,  viz. — that  any  system  whatever  of 
heavy  bodies  will  be  in  equilibrium  when  their  centre  of  gravity 
is  in  its  lowest  or  highest  position. 

John  Bernoulli  was  the  first  to  announce  the  principle  of 
virtual  velocities  under  its  most  general  aspect  in  the  form 
which  we  have  given  above,  in  a  letter  to  Varignon*,  dated 
B41e,  Jan.  2G,  1717.  The  striking  value  of  the  principle,  as  an 
instrument  of  analytical  generalization,  ha««  been  splendidly  ex- 
hibited by  Lagrange  in  his  Mecanique  Analytique. 

^  Mechanicaj  sive  de  Motu,  TractatvLS  Geometrictu, 

•  Lettre  73,  Tom.  i.  1657 ;  de  Mechanica  Tractatus,  Opxucula  Potthutna, 
3  De  Motu  gravium  naturaliter  descetidentium,  1644 

*  NouvelU  Mecanique,  Tom.  ii.  sect.  9. 
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From  the  principle  of  virtual  velocities  may  be  immediately 
deduced  the  principle  which  was  proposed  by  Maupertuis  in  the 
M4moire8  de  VAccidAnie  des  Sciences  de  Paris  for  the  year  1740> 
under  the  name  of  the  Loi  de  Repos;  and  which  Euler  has 
developed  at  large  in  the  Mimoires  de  VAcad^mie  de  Berlin  for 
the  year  1751.  Suppose  that  any  number  of  forces  P,  Q,  5,... 
tending  towards  fixed  centres  and  functional  of  their  dis- 
tances p,  q,  r,...  from  the  centres^  act  on  a  system  of  points 
rigidly  connected  together.  Then,  supposing  the  system  of 
points  to  be  slightly  displaced,  so  that  p,  q,  r,...  receive  incre- 
ments dp,  dq,  dr,,,.we  shall  have,  by  the  principle  of  virtual 

velocities, 

Pdp  +  Qdq  -\r  Rdv  +  ...  =  0. 

Let  dH  denote  the  left-hand  member  of  this-  equation ;  then 

dn  =  0 (B). 

From  this  it  appears  that,  if  the  system  be  so  placed  that  IT 
may  have  a  maximum  or  a  minimum  value,  there  will  be  equili- 
brium: this  proposition  constitutes  Maupertuis'  Principle  of  Best. 
It  does  not  however  fcdlow  conversely  that,  whenever  the  sys- 
tem is  at  rest,  11  shall  have  a  maximum  or  minimum  value, 
since  by  the  principles  of  the  differential  calculus  we  know  that 
the  equation  (B),  although  a  necessary,  is  not  the  only  condition 
for  the  existence  of  such  a  value.  Lagrange^  has  shewn  that,  if 
n  be  a  minimum,  the  equilibrium  will  be  stable,  and,  if  a  maxi- 
mum, unstable.  ^ 

As  an  example  of  this  theory,  it  is  evident  that,  if  any  system 
be  in  equilibrium  under  the  action  of  gravity,  there  will  be 
stable  or  unstable  equilibrium  accordingly  as  the  centre  of 
gravity  is  in  the  lowest  or  highest  position  which  is  compatible 
with  the  geometrical  relations  to  which  the  system  is  subject. 

The  principle  of  equilibrium  developed  by  Courtivron*  is 
likewise  grounded  upon  the  principle  of  virtual  velocities; 
Courtivron's  Principle  asserts  that,  if  a  system  of  bodies  be  in 
motion  under  the  action  of  any  forces  varying  according  to  any 

1  MScanique  Analyiique.    Premiere  Parties  sect.  5. 

'  Mimoiret  df  VAeademie  des  Scicfices  de  Berlin,  1748, 1749. 
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assigned  laws,  a  position  of  the  system  corresponding  to  a  maxi- 
mum or  minimum  value  of  the  vis  viva  will  be  a  position  of 
equilibrium ;  a  maximum  value  of  the  vis  viva  corresponding  to 
stable,  and  a  minimum  to  unstable  equilibrium. 


Sect.  1.    EquUibriunL 

(1)  A  particle  P  (fig.  90)  is  attracted  towards  two  centres  of 
force  A  and  B;  to  find  the  position  of  the  particle  that  it  may 
be  in  equilibrium. 

Let  Af  By  denote  the  two  forces;  let  -4P=  r,  BP  =  «,  AB=a; 
draw  PM  at  right  angles  to  AB,  and  let  AM=  x,  PM  ^y.  Then, 
supposing  P  to  receive  some  slight  arbitrary  displacement,  the 
decrements  c2r,  dsy  of  r,  s,  will  be  the  virtual  velocities  of  the 
forces  Ay  B ;  hence,  by  the  formula  (A), 

Adr-vBds^Q (1). 

But  r=(x»  +  y»)l,    fi  =  {(a-a:)'  +  y»]*, 


and  therefore,  by  (1), 

xdx 


but,  since  dx  and  dy  are  independent  quantities,  whatever  be  the 
small  variation  in  the  position  of  P,  we  have,  equating  their  co- 
efficients to  zero. 


Ax 


-J^::t.,-^ (2). 


=  0 (3). 


From  (3)  we  have  y  =  0,  and  therefore  from  (2)  we  see  that 
-4  =  2?;  thus  it  appears  that  if  any  particle  be  acted  on  by  two 
foix;es  tending  towards  two  fixed  centres,  the  conditions  for  it« 
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equilibrium  are,  first,  that  it  shall  lie  in  the  straight  line  joining 

the  two  centres,  and,  secondly,  that  the  two  forces  shall  be  equal. 

Euler;  Mdmoirea  de  VAcadimie  de  Berlin,  1751,  p.  184. 

(2)  A  rigid  rod  AB  (fig.  91),  without  weight,  rests  over  a  peg 
0,  and  against  a  smooth  wall  GD,  and  is  acted  on  by  a  weight 
P  suspended  from  the  extremity  A ;  to  determine  its  position  of 
equilibrium  and  the  pressures  on  the  wall  and  the  peg. 

Draw  JEOF  horizontally ;  let  AB = a,  OJB = x,  OE^  b,  AF^y. 
Let  J2,  jSf,  denote  the  reactions  of  the  wall  and  peg  against  the 
rod,  of  which  the  former  will  be  horizontal,  and  the  latter  at 
right  angles  to  AB.  Conceive  the  rod  AB  to  be  slightly  dis- 
placed from  its  position  of  rest  by  making  its  end  B  slide  along 
(72),  the  peg  0  still  touching  the  rod ;  then  it  is  evident  that 
the  point  B  will  have  no  motion  parallel  to  B,  and  that  the 
motion  of  the  point  0  of  the  rod  resolved  parallel  to  8  will  be 
an  infinitesimal  of  the  second  order.  Hence  of  the.  three  forces 
P,  8y  B,  P  alone  wiU  have  a  virtual  velocity.  We  have  then, 
by  the  principle  of  virtual  velocities, 

Pdfy  =  0,  or  dy^O (1), 

Now,  by  similar  triangles  AFO,  BEO,  there  is 

AFz=.AO  — 
and  therefore 


y  = 


a  — a? 


(«»-J*)*; 


X 

dififerentiating  this  equation  and  performing  obvious  simplifica- 
tions, we  shall  have 

and  therefore,  by  (1), 

aJ«-«^  =  0,    a;  =  (a6')* (2), 

which  defines  the  position  of  equilibrium. 

In  order  to  determine  8,  conceive  each  point  of  the  rod  to 
receive  the  same  vertical  displacement  )3,  the  point  B  thus 
sliding  along  CD  and  the  rod  moving  parallel  to  itself. 
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Then,  putting  t  BOE—<f>,  the  virtual  velocities  of  P,  B,  5, 
will  be  —  )3,  0,  /8  cos  ^,  respectively,  and  therefore 

8,fico9if>  =  P.  )8,      8 cos 4>  =  P\ 
but  cos  <^  =  -  =  Q',  by  (2) ; 


hence  S 


-"nr- 


In  order  to  find  B,  conceive  the  rod  to  be  displaced  along  its 
length  through  a  space  /3;  then,  the  virtual  velocities  of  P,  B,  S, 
being  — /Ssin  <f>,  /3cos  ^,  0,  respectively,  we  have 

B0coa(f>^  Pfi  sin  <^,     JB  =  Ptan  0; 
but  tan  ^  =3-^^ — g— ^  =  ^ jp^ ,  by  (1)  ; 

therefore  jj  =  p(^JzLL. 

i* 
Euler ;  Mimoires  de  VAcademie  de  Berlin,  1751,  p.  196. 

(3)  A  particle  is  placed  upon  a  smooth  inclined  plane  AB 
(fig.  92),  at  a  point  (?,  and  acted  on  by  a  force  P  in  a  given 
direction ;  to  determine  the  magnitude  of  P,  that  the  particle 
may  be  at  rest,  and  the  pressure  on  the  plane. 

Let  W  be  the  weight  of  the  particle,  B  the  reaction  of  the 
plane,  ^  P  OB  =  e,  a  =  the  inclination  of  AB  to  the  horizon  A  G. 

Conceive  the  particle  0  to  receive  a  displacement  /3  along  the 
plane  AB;  then,  the  virtual  velocity  of  B  being  zero,  the  Adrtual 
velocities  of  P,  W,  will  be  fi  cos  e,  —  /3  sin  a,  respectively. 
Hence,  by  the  principle  of  virtual  velocities, 

P/9  cos  6  =  TT/Ssino,   Pcos6=  IT  sin  a (1), 

which  determines  the  value  of  P. 

Next,  displace  the  particle  parallel  to  AC  through  a  space  /3 ; 
then,  the  virtual  velocity  of  TF  being  zero,  the  virtual  velocities 
of  P,  iJ,  will  be  respectively  fi  cos  (a  +  c),  —  /8  sin  a,  and  there- 
fore 

Pfi  cos  (a  +  €)  =  Bfi  sin  a, 
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whence        R  = ^-^^ = ^^ ,  by  (1). 

sin  a  cos  e 

Euler ;  M^moires  de  VAcadimie  de  Berlin,  1751,  p.  191. 

(4)  A  rigid  rod  OA  (fig.  93),  without  weight,  is  acted  on  by 
a  weight  P  hanging  from  its  extremity  A  ;  the  end  0  of  the  rod 
is  fixed ;  EF  is  a  spring  in  the  form  of  a  circular  arc  to  a 
centre  0,  of  which  the  force  of  contraction  varies  as  the  angle 
A  OB,  OB  being  a  horizontal  line ;  to  find  the  position  of  the 
rod  that  it  may  be  at  rest. 

Let  OA  =  a,  /  AOB  =  <f),  OF^  J ;  let  a  be  the  value  of  ^  when 
the  force  of  the  spring's  contraction  is  equal  to  E\  then,  corre- 
sponding to  the  angle  ^,  the  force  of  contraction  will  be  equal  to 

m  ■■■■         • 

a 

Let  ^  0  be  displaced  slightly  through  an  angle  d^  into  the 
position  Oa  \  draw  ap  at  right  angles  to  AP,  and  let  /  be  the 
new  position  of  F\  then,  by  the  principle  of  virtual  velocities, 

P.Ap-^<l>.F/=0 (1); 

but,  since  Ap,  Aa,  are  respectively  at  right  angles  to  OB,  OA, 
it  is  clear  that  ^  aAp  =  <f>,  and  therefore 

Ap  =  Aa  cos  ^  =^ad<f) .  cos  <^ ; 
also  Ff^  bd^ : 

hence  (rom  (1)  we  have 

E 

Pa  cos  <l> <f>b  =  0; 

cos<^_  Eb 
^^  ~0        Pdii' 

the  required  condition  of  equilibrium,  from  which  <f>  is  to  be 
determined. 

Euler;  M^moires  de  VAcadimie  de  Berlin,  1751,  p.  196. 

(5)  A  smooth  rod  AB  (fig.  94)  rests  against  two  horizontal 
bars  which  pierce  the  vertical  plane  through  the  rod  at  right 
angles  at  the  points  A\  A"\  the  rod  passes  under  the  lower  and 
over  the  higher  bar,  its  lower  extremity  A  being  sustained  upon 
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a  smooth  horizontal  plane ;  to  determine  the  pressures  upon  the 
two  bars,  and  upon  the  horizontal  plane. 

The  pressures  upon  the  bars  and  upon  the  horizontal  plane 
will  be  equal  to  their  reactions  upon  the  rod ;  the  reactions  of 
the  bars  upon  the  rod  will  be  two  forces  5*,  jB",  at  right  angles 
to  the  rod ;  and  the  reaction  of  the  horizontal  plane  will  be  a 
vertical  force  R.  Let  O  be  the  centre  of  gravity  of  the  rod,  at 
which  point  we  will  suppose  its  whole  weight  to  be  collected. 
Thus  we  have  four  forces  B,  JS*,  iZ",  W,  acting  respectively  at 
the  four  points  A,  A\  A\  O,  rigidly  connected  together,  so  &s 
to  produce  equilibrium. 

Let  AO=^a,  A' A"  =  b,  and  a  =  the  inclination  of  the  rod  to 
the  horizon. 

Conceive  the  rod  to  receive  a  small  displacement  of  such  a 
character  that  it  still  remains  in  contact  with  the  two  bars ;  then 
evidently  the  virtual  velocities  of  W  and  R  will  be  equal,  the  one 
being  a  positive  and  the  other  a  negative  velocity,  and  therefore, 
a  denoting  the  magnitude  of  the  virtual  velocity  of  each,  we  have 

Ra-Wa^O, 
and  therefore  JB=  W (1). 

Next,  conceive  the  rod  to  receive  a  slight  displacement,  as  in 
(fig.  95),  by  revolving  through  a  small  angle  m  about  the  point 
A"  which  is  supposed  to  be  kept  stationary ;  the  points  a,  a,  ff, 
being  the  new  positions  of  -4,  A\  G;  from  a  draw  am  at  right 
angles  to  the  vertical  line  through  A,  and  from  g  draw  gn  at 
right  angles  to  the  vertical  On  through  O,  Then,  by  the  prin- 
ciple of  virtual  velocities, 

R.Am-R.Aa'^W.Gn^O, 
and  therefore,  by  (1), 

W(Am^Gn)-R.AW^O (2); 

but  Am  «  Aa  cos  a  =  A  A" .  o> .  cos  a, 

and  On^0gcosa  =  il"©.  «>.  cos  a; 

and  therefore    Am^  On^AO.  cii)COsa  =  aa>cosa; 
also  A*  a'  =  A' A" .  a>  =  6o>. 

Hence  from  (2)  we  have,  substituting  for  Am  —  On  and  -4  V 
their  values,  Wao»  cos  a  —  fto)  iJ'  =  0, 
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and  therefore  jy^Facoea ^gj^ 

Ag^in,  conceive  the  rod,  as  in  fig.  96,  to  be  slightly  displaced 
into  the  position  aa'a"b,  parallel  to  its  original  position,  and  still 
touching  the  horizontal  plane ;  a,  a,  a",  h,  being  the  new  posi- 
tions of  A^  A\  A",  B.  Then,  the  virtual  velocities  of  Jff  and 
X'  being  equal  and  opposite,  we  have 

(6)  A  string  of  given  length  passes  over  a  given  pully; 
to  the  two  extremities  of  the  string  are  attached  two  weights, 
one  of  which  is  capable  of  sliding  freely  on  a  given  curve ;  to 
determine  the  curve  on  which  the  other  ought  to  slide  in  order 
that,  in  every  position  of  the  two  weights,  they  may  be  in 
equilibrium. 

Let  P,  P'  (fig.  97),  denote  the  two  weights  in  any  position ; 
A  the  pully ;  and  let  AJB  be  a  vertical  line  through  A ;  let 
AP^p,  AF'^p.  Praw  FM,  FM\  at  right  angles  to  AB; 
\QtAM^a>,  AM''^x\  ^  PAB^<t>,  .^  P'AB^tf/. 

Then,  supposing  the  two  weights  to  receive  displacements 
along  two  small  arcs  of  their  corresponding  curves  of  constraint, 
we  have,  by  the  principle  of  virtual  velocities, 

Pdx  +  P'dx^O; 

and,  since  this  relation  is  tnie  for  all  corresponding  points  of  the 
two  curves,  we  have,  integrating, 

Px-i-Px'^c, 

where  o  is  some  constant  quantity ;  and  therefore,  in  polar  co* 

ordinates, 

P/ocos^+Pp'oos^'ssc (1). 

Again,  if  I  denote  the  length  of  the  string, 

P+P=l (2). 

Supposing  the  curve  on  which  P'  moves  to  be  the  given  one,  we 
have  /(p',f)=0 (S), 

where  f{p',  <{>')  denotes  some  known  function  of  p',  ^\ 

w.  8.  11 
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Eliminate  from  the  equations  (1),  (2),  (3),  the  quantities  p\  ^', 
and  we  shall  get  for  the  equation  to  the  required  curve 

X(p,  <^)  =  0, 

X  ip>  ^)  denoting  some  function  of  p,  ^. 

John  Bernoulli;  AcL  Erudit,  1695,  Febr,  p.  69.  Leib- 
nitz; lb.  April,  p.  184  L'Hdpital;  Act.  Erudit. 
SuppL  Tom,  IL  sect  6,  p.  289,  Fuss ;  Nova  Acta 
Acad.Petrop.  1788,  p.  197. 

(7)  Four  uniform  beams  AB,  BC,  CD,  BE  (fig.  98),  con^ 
nected  together  by  smooth  hinges,  are  placed  in  a  position  of 
equilibrium,  the  ends  A  and  E  being  attached  to  two  smooth 
hinges  in  the  same  horizontal  line  AE;  the  beam  AB  is  equal 
to  the  beam  ED,  and  the  beam  BC  to  the  beam  CD ;  to  compare 
the  angles  BAE  and  CBD. 

« 

Let  AB^2a--DE,  BC=2b^CD,  z  BAE=a,  ^  CBD  =  fi, 
AE=iC;  m  =  the  weight  of  each  of  the  lower  and  n  =  that  of 
each  of  the  higher  beams.  Then,  by  the  principle  of  virtual 
velocities, 

,  2md  (a sin  a)  +  2nd  (2a  sina  +  6  sin  13)  »=  0, 

and  therefore 

0  ^  {m  -{-  in)  a  cosadx  +  nhcoa  fidfi (1). 

Again,  it  is  evident  by  the  geometry  that 

c  ==  4a  cos  a  +  46  cos  ff, 

and  therefore  0=  asina^+  bsial5dj3 (2). 

Multiply  (1)  by  sin  a  sin  /3,  and  then,  by  (2),  we  have 

(m  +  2n)  cos  a  sin  )8 « i  sin  fidl3  =  7t  cos  )3  sin  a .  i  sin  I3dfi, 

and  therefore      (m  +  2n)  cos  a  sin  )8  =  n  cos  13  sin  a, 

.  m  +  2n,      r. 

tan  a  = tan  p. 

n 

If  m  =  w,  we  haye 

tan  a  =  3  tan  j8. 
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(8)  A  beam  AS  (fig.  99)^  one  end  A  of  which  is  in  conlAcC 
with  a  smooth  vertical  plane  OK,  touches  a  smooth  curve  afi ; 
the  plane  of  the  beam  and  the  curve  being  at  right  angles  to 
the  plane  OK;  to  determine  the  nature  of  the  curve,  that  the 
beam  may  rest  in  any  position. 

From  any  point  0  in  the  section  OK  of  the  vertical  plane 
draw  OL  horizontal ;  from  the  point  of  contact  P  corresponding 
to  any  position  of  the  beam  draw  PM  vertical ;  let  Ohe  the 
centre  of  gravity  of  the  beam ;  draw  GH  vertical.  Let  0M=  x, 
PM=  j/y  AO^CL    Then,  from  the  geometry,  we  see  that 

Now  since,  for  the  equilibrium  of  a  material  system  acted  on 
by  gravity,  it  is  necessary  that  the  differential  of  the  altitude 
of  its  centre  of  gravity  be  zero,  it  is  clear  that  in  the  present 
problem,  equilibrium  being  possible  for  every  position  of  the 

beam,  (?J7must  be  of  invariable  magnitude.   Hence,  if  j>  =  -^ , 


C=y— ay-f 


ap 


(1  +i>')* ' 

differentiating  with  respeflt  to  x,  and  putting  -f-  =q, 


0  =  -<cj  + 


aq 


(1  +  P*)* ' 


a 


hence  Q—^,    ora?=    - 

the  former  of  these  solutions  gives  a  straight  line  for  the  locus  of 
P;  if  we  integrate  the  second  equation,  we  shall  get,  for  the 
equation  to  the  locus  of  P, 

(7=(tt'-a;*)«  +  y. 

Suppose  the  origin  of  co-ordinates  to  be  so  chosen  that  y  =  0 
when  a?  =  a,  in  which  case  0  will  be  the  intereection  of  the  beam, 

11—2 
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in  its  homontal  position,  with  the  line  OK;  then  (7  «  0,  and  the 
equation  will  be 

(9)  A  particle  0  is  acted  upon  by  three  forces  A,  B,  C7,  pass- 
ing through  three  points  A,  B,  C;  to  determine  the  conditions 
for  the  equilibrium  of  the  particle  by  the  principle  of  virtual 
velocities. 

The  three  points  A,  B,  C,  must  all  lie  in  a  single  plane  con- 
taining the  particle ;  also  the  relative  magnitudes  of  the  forces 
-4,  jB,  (7,  are  given  by  any  two  of  the  three  proportions, 

B  :  0  ::  sin  COA  :  sin  AOB, 
C  :A  ::  sm  AOB  :  sin  50(7, 
A  :  B  ::  siaBOC  :  wiCOA. 
Euler ;  Mimoires  de  FAcadAnie  de  Berlin^  1751,  p.  185. 

(10)  A  particle  is  acted  on  by  any  number  of  forces ;  to  find 
the  conditions  to  which  their  magnitudes  and  directions  must 
be  subject  that  the  particle  may  be  at  rest. 

From  the  particle  draw  straight  lines  representing  the  forces 
in  magnitude  and  in  direction  ;  then,  that  the  particle  may  be 
in  equilibrium,  its  position  must  coincide  with  the  centre  of 
gravity  of  a  number  of  equal  particles  placed  at  the  extremities 
of  the  straight  lines. 

This  celebrated  theorem  for  the  equilibrium  of  a  particle  is 
due  to  Leibnitz*:  Euler"  gave  a  demonstration  by  the  aid  of 
Maupertuis'  Loi  de  Repos,  and  Lagrange'  by  the  principle  of 
Virtual  Velocities.  See  also  Pofsson,  TraM  de  Mdcanique, 
Tom.  I.  No.  67.  A  more  general  theorem  of  forces,  which  com- 
prehends this  of  Leibnitz  as  a  particular  case,  has  been  given 
by  Chasles*:  see  Bulletins  de  VAcaddmie  des  Sciences  et  BeUes^ 
Lettres  de  BruxeUes,  184fO,  2me  partie,  p.  261. 

1  Journal  des  SavoM,  1693 ;  Opera,  Tom.  iii;  p.  283. 

*  Memoires  de  VAeademie  de  Berlirif  1761. 
'  M^eanique  Analytique^  Tom.  i.  p.  106. 

*  CorreffHmdanee  Math€matique^  Tom.  v.  p.  106—108;  1829. 
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(11)  A  little  ring,  moveable  along  an  elliptic  wire,  b  at- 
tracted towards  a  centre  of  force  which  varies  directly  as  the 
distance :  to  find  the  positions  of  equilibrium  of  the  ring. 

The  required  positions  lie  in  an  hyperbola,  the  asymptotes 
of  which  are  parallel  to  the  axes  of  the  ellipse. 

* 

(12)  A  string  of  given  length  passes  over  a  fixed  point;  to 
its  extremities  are  attached  two  weights,  one  of  which  is 
capable  of  sliding  freely  along  an  inclined  plane  passing  through 
the  point ;  to  determine  the  curve  on  which  the  other  must  be 
placed  in  order  that,  in  every  position  of  the  two  weights,  they 
may  be  in  equilibrium. 

Let  the  angle  which  the  inclined  plane  makes  with  the  vertical 
be  a;  then,  the  notation  remaining  the  same  as  in  (6),  the  equa- 
tion to  the  required  curve  will  be 

(P  cos  (^  —  P'  cos  a)  /)  =  c  —  PI  cos  a, 
which  belongs  to  a  conic  section. 

Fuss ;  Ifova  Acta  Acad.  Petrop.  1788. 

(13)  A  beam  PQ  (fig.  100)  rests  against  a  smooth  vertical 
plane  AB  and  a  smooth  curve  AP]  to  find  the  nature  of  the 
curve  in  order  that  the  beam  may  be  at  rest  in  all  positions. 

Let  0  be  the  centre  of  gravity  of  the  beam ;  draw  PM  hori- 
zontal ;  let  PQ  =  a,  0P=  c,  AM==  x,  PM^y  \  then  the  equa- 
tion to  the  curve  wiU  be 


c  a 

which  is  the  equation  to  an  ellipse,  the  centre  of  which  coincides 
with  Q  when  PQ  is  horizontal. 

(14)  A  uniform  beam  AB  (fig.  101)  rests  upon  a  smooth 
horizontal  plane  (7a,  and  against  a  smooth  vertical  plane  Gh ;  a 
string  A  GP^  one  end  of  which  is  attached  to  the  end  A  of  the 
beam,  hangs  through  a  small  ring  at  (7,  a  weight  P  being 
attached  to  the  other  extremity  of  the  string;  to  find  the 
position  of  the  beam  when  at  rest. 
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If  W  denote  the  weight  of  the  beam,  and  0  the  angle  *BA  (7, 

then 

W 
tand=2^. 

(15)  A  plane,  equilateral  pentagon  is  formed  of  five  equal 
rods  AB,  BG,  CD,  DE^  EA,  loosely  jointed  together :  the  plane 
of  the  pentagon  is  vertical,  the  point  C  being  uppermost :  the 
angular  points  B,  D,  of  the  pentagon  are  capable  of  sliding  on 
a  smooth  fixed  horizontal  rod :  to  find  the  relation  between  the 
inclinations  of  the  rods  AB,  BG,  to  the  horizon,  when  there  is 
equilibrium. 

H  6,  ^,  be  the  respective  inclinations  of  A  B,  BG, 

tan  d  =  2  tan  ^. 

(16)  A  plane  figure,  bounded,  by  a  parabola,  rests  in  a  vertical 
plane,  on  two  points  in  the  same  horizontal  line,  the  centre  of 
gravity  of  the  figure  being  in  the  axis  of  the  parabola  at  a  given 
distance  from  the  vertex ;  to  find  the  position  of  equilibrium. 

Let  2a  be  the  distance  between*  the  two  points,  4m  the  latus 
rectum,  h  the  distance  of  the  centre  of  gravity  from  the  vertex, 
and  0  the  inclination  of  the  axis  to  the  vertical  in  the  position 
of  equilibrium.;  then  the  equation 

sin  ^  [3a*  cos'^  -  4»i  (A  --  m)  cos'^  +  4in'}  =  0 

will  give  the  positions  of  equilibrium, 

(17)  A  particle  is  attracted  towards  each  of  two  fixed  centres 
of  force  varying  inversely  as  the  squajre  of  the  distance ;  to  find 
the  equation  to  the  surface  on  which  it  may  remain  at  rest 
in  every  position. 

If  fjL,  fL,  be  the  absolute  forces  of  attraction ;  r,  / ,  simultaneous 
distances  of  the  particle  from  the  centres;  and  a,  a,  given  values 
of  r,  r';  the  equation  to  the  surface  will  be 

r     r      a     a 

(18)  To  the  extremity  5  of  a  rod  AB  (fig.  102),  which  is  able 
to  revolve  freely  about  A,  is  attached  an  indefinitely  fine  thread 
BGM,  passing  over  a  point  C. vertically  abova  A,  and  sustaining 
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a  heavy  particle  at  M  on  a  smooth  ciprve  QMN  in  the  vertical 
plane  BAG)  to  determine  the  nature  of  the  curye  in  order 
that,  for  all  positions  of  the  rod  and  particle,  the  system  may 
be  in  equilibrium. 

Let  AB^2a,  AC=h,  l^the  length  of  the  thread  BGAf, 
p  =s the  straight  line  CM^  6^  i  A€M,  m  =» the  mass  of  the 
particle/ m' =  the  mass  of  the  rod.  Then  the  equation  to  the 
cunre  will  be 

my  +  2  (2mJ  cos  ^  —  vfiT)  p=^c, 
where  c  is  a  constant  quantity. 

This  problem  was  proposed  by  Sauveur  to  L'H6pital,  by  whom 
a  solution  was  published  in  the  Acta  ErudiUyrum,  1695,  Febr. 
p.  66.  The  curve  was  shewn  by  John  Bernoulli,  lb,  p.  59,  to 
be  an  Epitrochoid.    See  also  James  Bernoulli,  lb,  p.  65. 

(19)  A  rod,  passing  through  a  fixed  ring  in  the  axis,  which 
is  vertical,  of  a  surface  of  revolution,  rests  in  all  positions  with 
one  end  on  the  surface :  to  find  the  nature  of  the  generating 
curve. 

Let  P  be  any  point  of  the  curve,  0  the  ring,  6  the  inclination 

of  OP  to  the  vertical  line  drawn  dovnawards  from  0 ;  then,  if 

OP^Tf  and  2a  =  the  length  of  the  rod,  the  equation  to  the 

curve  is 

Ts=a4csecd, 

c  being  an  arbitrary  constant. 

(20)  The  plane  of  a  parabola  is  vertical  and  its  axis  hori- 
zontal :  two  weights  are  placed  on  the  curve,  being  attached  to 
the  ends  of  a  fine  string  which  passes  over  a  pully  at  the  focus: 
to  find  the  condition  of  equilibrium. 

If  P,  P',  be  the  weights  and  y,  j/,  their  distances  below  the 
axis,  the  conditioix  of  equilibrium  is  expressed  by  the  equation 

(21)  A  unifoim  rod  of  length  I  rests  between  the  concave  arc 
i)i  an  ellipse  and  the  axis  minor,  which  is  vertical,  the  axes  of 
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the  ellipse  being  22  and  I:  to  detennine  the  position  of  the  rod's 
equilibrium. 

The  rod  will  be  in  equilibrium  at  aU  inclinations  to  the 
horizon. 

(22)  Two  weights,  P,  P,  are  attached  to  the  ends  of  a  string 
placed  upon  a  parabola  of  which  the  axis  is  vei'tical ;  to  find 
the  condition  of  equilibrium. 

If  X,  x\  represent  the  distances  of  the  weights  P,  P',  below 
the  vertex,  and  4m  denote  the  latus  rectum,  the  weights  will 
rest  if 


XX  fn 

(23)  To  find  a  point  on  the  surface 

where  a  particle,  attracted  towards  the  origin  by  any  force,  will 
remain  at  rest. 

The  point  required  is  given  by  the  equations 

x^     y  ^  «  1 

(24)  A  right  cylinder  on  an  elliptic  base,  the  semiaxes  of 
which  are  a  and  b,  rests  between  two  smooth  planes  inclined  at 
right  angles  to  each  other,  the  line  of  intersection  of  the  planes 
being  parallel  to  the  cylinder's  axis,  which  is  horizontal:  to 
determine  its  positions  of  equilibrium^  (1)  when  the  inclination 

of  one  of  the  planes  is  greater  than  tan'^'r,    (2)  when  the 

inclination  of  each  plane  is  less  than  tan~^  v  • 

Let  a  be  the  inclination  of  one  of  the  planes  to  the  horizon, 
and  <f>  the  inclination  of  the  major  axis  of  a  transverse  section  of 
the  cylinder  to  the  other  plane.  Then,  under  the  hypothesis  (1), 
there  will  be  two  positions  of  equilibrium,  viz.  when  the  major- 
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axis  of  the  section  ifi  parallel  to  either  of  the  two  planes.  Under 
the  hypothesis  (2),  there  will  be  three  positions  of  equilibrium, 
viz.  two  the  same  as  under  the  former  hypothesis,  and  one  as 
defined  by  the  equation 

cos  26  «3  —  -i — n  •  cos  2a. 


Segt.  2.    Stability  and  Instability  of  Equilibrium. 

(1)  Three  weights  are  suspended  from  the  angles  of  an 
isosceles  triangle,  the  plane  of  which  is  vertical,  and  which  is 
supported  by  a  horizontal  axis  passing  through  its  centre  of 
gravity,  about  which  it  is  able  to  revolve:  to  determine  its 
positions  of  equilibrium,  when  the  two  weights  suspended  from 
the  extremities  of  the  base  of  the  triangle  are  equal  to  each 
other,  and  are  each  of  them  greater  than  the  third ;  and  to 
determine  the  character  of  the  equilibrium. 

Let  A  (fig.  103)  be  the  vertex,  and  AB  the  axis  of  the  triangle, 
O  being  the  centre  of  gravity.  Let  AB «  3a.  Let  P  be  the 
smaller  weight,  and  Q  either  of  the  larger  ones.  The  two 
weights  Q  may  be  collected  at  B,  Let  0  be  the  inclination  of 
AB  to  the  vertical.  The  moment  of  2Q  about  G  ia2Q  a  sin  0, 
and  that  of  P,  in  an  opposite  direction,  P .  2a  sin  0. 

The  resultant  of  these  two  moments  is 

2a(Q-P)8in^, 
estimated  in  the  direction  of  the  arrows.     This  moment,  from 
^s 0  to  ^  =  TT,  always  acts  in  the  same  direction,  provided  that 
0  be  not  actually  0  or  tt,  in  which  cases  the  moment  vanishes. 
Hence  we  see  that,  for  equilibrium, 

^  =  0  or  d  =  7r, 
the  former  corresponding  to  stable  and  the  latter  to  unstable 
equilibrium. 

(2)  AB  (fig.  104)  is  a  beam  moveable  about  a  hinge  A;  Cis 
a  small  pully  in  the  vertical  line  through  A,  AC  being  equal  to 
AO,  where  0  is  the  centre  of  gravity  o{  AB;  a  fine  string 
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is  attached  to  O,  \vhich  passes  over  C  and  supports  a  weight 
P ;  to  find  the  stable  and  unstable  positions  of  equilibrium  of 
the  beam. 

Let  GA  =  a=  CA,  I  =  the  length  of  the  string  OCP, 
Tr=  the  weight  of  the  beam  AB^  ^  00 A  =  0;  a;  =  the  vertical 
distance  of  the  centre  of  gravity  of  P  and  the  beam  below  the 
horizontal  plane  through  G. 

Now,  from  the  geometry, 

CP  =  l-2acos0; 
and  the  distance  of  G  below  the  horizontal  plane  through  C  is 

a  +  a  cos  2^ ; 
hence,  by  the  property  of  the  centre  of  gravity  of  bodies, 

(P+  W)  X  =  P(l -2a COS 6) +  Wa (I  +  con  2ff). 

Now,  when    thore   is  equilibrium,    ;7b  —  0    *^^    tfierefore 

'du     ^     1 
^  =  0,  where 

tt=  Wco820-2Pco80; 
therefore 

^  =  -  2Tr8in2tf  +  2Psin  ^  =  0, 

and  therefore        sin  0  (2  TTcos  tf  -  P)  =  0 ; 

hence  for  equilibrium  it  is  necessary  that  sin  0^0,  and  there- 

p 
fore  ^  =  0,  or  cos  0  =  ^r^r,. 

Differentiating  %i  a  second  time,  we  get 

^^  =  -4Frcos2d  +  2Pcosd; 

if^  =  0,  wehave  ^  =  _41f+2P; 

hence  -j^  and  therefore  -^  will  be  positive  or  negative,  and 
therefore  x  a  minimum  or  a  maximum  according  as  P  is 
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greater  or  less  than  2  W;  hence,  if  P  be  greater  than  2  TT, 
^  =  0  gives  a  position  of  unstable  equilibrium,  and,  if  P  be  less 
than  2  W,  6ne  of  stability. 

P 
Again,  if  cos  d  =  ^w-*  ^®  ^^*^'  "^^^^ 

^  =  -4IF(2cos'g-l)  +  2Pcosg  =  ^^y^^  ; 

if  then  2Tr  be  greater  than  P,  ^^  and  therefore  -^  is  positive, 

and  therefore  the  Altitude  of  the  centre  of  gravity  of  P  and  ihe 
beam  is  a  maximum,  and  therefore  the  position  will  be  one  of 
unstable  equilibrium ;  if  2  IT  be  less  than  P,  cos  0  will  be 
impossible,  or  the  only  position  of  equilibrium  will  be  the 
unstable  one  given  by  ^  =  0. 

(3)  A  uniform  beam  Pi?  (fig.  105)  is  placed  upon  two  smooth 
inclined  planes  AB,  AC;  to  find  whether  its  position  of  equi- 
librium is  one  of  stability  or  of  instability. 

Let  O  be  the  centre  of  gravity  of  the  beam ;,  from  P  and  O 
draw  PM,  OH,  at  right  angles  to  the  horizontal  plane  bAc 
through  A,  Let  zBAb^a,  l.  CAc  =  fi,  PO^a^  QG,  ^  =  the 
angle  of  inclination  of  PQ  to  the  horizon,  OH  =  z.  Then,  by 
the  geometry, 

jgr  ==  a  sin  ^  +  Pif  =  a  sin  5  +  -AP  sin  a 

.    ^       .        ^   sin  09-^) 

=  a  sm  ^  +  sm  a .  2a  - — 7—7-0^ 

sin  (a  +  p) 

=  -, — r^ — HT  {sin  09  -  a)  sin  ^  +  2  sina  sin  /8  cos  ^j ; 
sin  (a  +  p) 

then,  if  0  be  a  maximum  or  minimum, 

ti  =  sin  (/3  —a)  sin  9  +  2.  sin  /3  sin  a  cos  0 

will  be  a  maximum  or  minimum ;  hence 

T^  =  sin  08  -  a)  cos  5  -  2  sin  /9  sin  a  sin  tf  =  0 ; 

and  therefore,  for  equilibrium, 

tan  0  =Tr-! — s~"= —  I 
2smp8ma 

a  positive  quantity,  if,  as  Ive  will  suppose,  /8  be  greater  than  a. 
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Differentiating  u  a  second  time^  we  have 

-^  =  —  sin  (^  —  a)  sin  0  —  2  sin  )9  sin  a  COB  ^ ; 

from  this  it  appears  that,  since  6  is  clearly  less  than  ^  ,  -^ 

will  be  negative,  or  that,  in  the  position  of  equilibrium  the 
centre  of  gravity  is  at  its  maximum  altitude ;  hence  the  equi* 
librium  will  be  unstable. 

(4)  A  square  bosurd  hangs  in  a  vertical  plane  by  a  string, 
which,  passing  over  a  smooth  nail,  is  fastened  at  its  ends  to  two 
points  symmetrically  situated  in  one  edge  of  the  board.  To  in- 
vestigate the  positions  and  circumstances  of  equilibrium. 

Let  0  (fig.  106)  be  the  centre  of  gravity  of  the  board,  KCL 
the  string  passing  over  the  nail  G  and  attached  to  the  board  at 
the  points  K,  L ;  draw  OH2A,  right  angles  to  KL^  and  IdtACB 
be  an  indefinite  horizontal  line. 

Let  Z  =  the  length  of  the  string,  KL^a,  c  =  the  length  of  a 
side  of  the  square,  0  =:  the  inclination  of  HO  to  the  vertical, 
^u  s=  the  distance  of  G  below  AB. 

Since  CK^  CL^l,  the  locus  of  0,  relatively  to  KL,  is  an 
ellipse  of  which  K,  Z,  are  the  foci.  Now  conceive  d  to  be  for 
the  present  invariable :  then  it  is  evident  that  H  and  therefore 
G  will  be  the  lower,  the  lower  the  highest  point  of  the  ellipse : 
the  highest  point  must  therefore  coincide  with  C,  and  AB  must 
accordingly  be  a  tangent  to  the  ellipse. 

The  distance  of  H  from  the  tangent  o(  the  ellipse,  the  axis 
major  of  the  ellipse  being  {  and  eccentricity  j  ,  is  equal  to 

4(P-a"cos*^*: 

hence  u  =  c  cos  5  +  (Z"  —  a'  cos*^*. 

Differentiating  we  shall  get 
du       '    a{      a^cosO  ] 

de  l(P-a*cos'd)*       J 

d^u  _       ^  (      g'oosg       _   I  Pa'  sin'tf 

j^-cos     j-^p-j^— — J      ^|-^^_^,^^g.^j|* 
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Putting  j5  =  0,  we  shall  obtain 

^  =  0  or  cos^ss 1  • 

.^         a  cl  d*u         P(^Bm*0  ^.  ^,     • 

u  COS  ^8 — -- — --^,  ^a-as 1 — rg- «  a  negative  quantity. 

a(€f+^     dX^         a*cos'tf  ^  n  j 

Tbus  we  see  that,  if  Z  be  less  than  -  (a*  +  c*)*,  there  will  be 

c 

three  positions  of  equilibrium,  and,  if  it  be  greater,  only  one* 

In  the  former  case 

— ;-j  —  c  »  a  positive  quantity, 

and  therefore  ^  s  0  corresponds  to  a  position  of  unstable,  and 

COB0SS ^ 

a  (a'  +  c"r 
to  two  positions  of  stable  equilibrium. 

In  the  latter  case 

T  —  c  =  a  negative  quantity, 

(P  -  ay 

and  therefore  0  =  0  corresponds  to  a  position  of  stable  equi- 
librium. 


(5)  The  extremities  of  a  uniform  slender  rod,  acted  on  by 
gravity,  are  in  contact  with  two  planes  (one  horizontal  and 
the  other  vertical),  at  a  point  in  the  intersection  of  which  is 
a  centre  of  attractive  force,  varying  inversely  as  the  square  of 
the  distance,  which,  at  the  centre  of  gravity  of  the  rod,  is  equal 
to  half  the  force  of  gravity ;  to  find  the  position  of  equilibrium 
of  the  rod,  and  to  ascertain  whether  it  is  stable  or  unstable. 

Let  AB  (fig.  107)  be  the  rod,  Q  its  centre  of  gravity,  P  any 
point  in  it ;  join  OP,  0  being  the  centre  of  attraction ;  draw 
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PM  qX  right  angles  to  the  horizontal  line  OA,  L^t  AG^a 
r=^BG,  AP^8,  OP  =  r,  PM=y,  i.  0^15=^;  let  the  mass  of  a 
unit  of  the  rod's  length  be  taken  as  the  unit  of  mass. 

Then  the  attraction  on  an  element  Zs  of  the  rod  at  P  will  be 

a* 
equal  to  ghs  verticjally  downwards,  and  to  igr  -^  &  towards  the 

centre  0.  Hence,  adopting  the  notation  which. was  employed 
above  in  the  enunciation  of  Maupertuis'  Principle, 


n=r(r^L&rfy+i<7^'&drl, 


and  therefore    rfll  =  ^8"*  (&  dy)  —  ^a^g  dS"*  —  • 

Now,  by  the  geometry, 

y  =  «sin5,     dtf  =  8COQ0d0; 
hence    S"*'  (&  dy)  =  S^  («S«  cos  8  d0)  =  S"*  {shs)  cos  0  dd, 

and  consequently,  the  limits  of  the  integration  being  obviously 

0,2a, 

S-*(&dy)  =  2a»cos^£i». 

Again,  by  the  geometry,  we  see  that 

r'  =  »'—  4cwcos*d  +  4a*cos'^; 
hence  we  have 


^  (a*  -  4cw  co8« e  -f  4a"  cos"^)* 

c=  (7  +  log  {»  -  2a  cos"  tf  +  («"  -  405  cos"^  +  4a"  cos*^)*}, 

and  therefore,  between  the  limits  s  =  0,  «  =  2a, 

^.i&_,     sin  g (1  -f  sin  6)  _  ,     tan^'^  +  ^g) 
^     r  ^  ^^cosg(l-cosg)~^S       tan^g 

Hence  .3-1  &^_isec"i(^  +  2g)     ^sec'jg 

Hence  ofd    ^  -  ^^^  ^  ^^ ^  ^5)        tan  ^6 


cos  0     sin  0 
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Putting  for  S"*(&(iy)  and  cffi**  —  their  values  in  the  expres- 
sion for  dn,  we  get 

fl?^      ^    ^  \    cosB     Bind  J 

Now  there  will  be  equilibrium  if  11  have  a  maximum  or  a 
minimum  value,  and  therefore  if 

sin  0  -  cos  ^  —  4  sin  tf  cos'^  =  0 ; 

multiplying  this  equation  by  ees  0  +  sin  d,  a  quantity  which  can- 
not be  equal  to  zero  from  0  =  0  to  ^  s  j^tt,  we  get 

-  cosStf-  (1  +  cos2^)(l  +  8in2^-  cos25)  =  0, 

cos  2^  + sin  2d  +  sin  2d  (xx>s2d  +  sin  2^  »  0, 

(1  +  sin  20)  (cos  20  +  sin  2d)  =  0 ; 

but  it  is  evideilt  that  1  +  sin  20  cannot  become  zero  for  any 
value  of  0  from  0  to  Jw;  lience 

cos  2d  +  sin -25  =t),    tanJd»-l,     d  =  f7r, 

which  determines  the  position  of  equilibrium. 

/ZIT 
Again,  differentiating  the  expression  for  -^ ,  we  have 


rfd" 


-    ,   /sind  ,  oosd  ,  .  ^    A 


which  is  evidently  a  negative  quantity  when  d  ==  f  ^ ;  hence,  for 
this  value  of  0, 11  receives  a  maximum  value,  and  therefore  the 
equilibrium  is  one  of  instability. 

(6)  A  particle  is  placed  in  a  position  of  equilibrium  between 
two  centres  of  attractive  force,  varying  according  to  any  power 
of  the  distance ;  to  determine  for  what  laws  of  force  the  equi- 
librium is  stable  and  for  what  unstable. 

The  equilibrium  will  be  stable  or  unstable  according  as  the 
forces  attract  in  direct  or  inverse  powers  respectively. 

(7)  Two  heavy  particles,  connected  together  by  a  thread 
PAQ  (fig.  108)  passing  over  the  convex  side  of  a  circle  situated 
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in  a  vertical  plane,  balance  each  other  when  placed  at  P  and  Q ; 
to  determine  the  position  of  P,  Q,  and  to  ascertain  whether  the 
equilibrium  is  stable  or  unstable,  the  weight  of  the  thread  being 
neglected. 

Let  0  be  the  centre  of  the  circle,  OA  a  vertical  radius ;  let 
z  POQ  =:  a,  ^  POA  ^0,  £  QOA^<l>i  and  let  w,  n,  denote  the 
masses  of  the  particles.  Then  we  shall  have  for  the  equili* 
brium,  which  will  be  unstable,  the  equation 

tanH*'-<?)«J^toni«. 

(8)  A  uniform  rod  passes  through  a  hole  in  a  spherical  shell, 
and  rests  with  one  end  against  the  internal  surface,  the  length 
of  the  rod  being  equal  to  twice  that  of  the  diameter ;  having 
given  the  inclination  of  the  rod  to  the  vertical  ^hen  it  is  in  a 
position  of  stable  equilibrium,  to  determine  its  inclinations  to 
the  vertical  when  in  its  positions  of  unstable  equilibrium. 

If  a  denote  its  inclination  to  the  vertical  when  in  its  position 
of  stable  equilibrium,  then  its  inclinations  for  its  two  positions 
of  unstable  equilibrium  will  be 

J(irH-a)  and^(7r  — a). 

(9)  A  board  in  the  form  of  an  isosceles  triangle  PQR 
(fig.  109),  of  which  PQ  is  the  base,  is  placed  upon  two  inclined 
planes  AL,  AM^  at  right  angles  to  each  other,  the  plane  of  the 
triangle  being  vertical  and  perpendicular  to  the  intersection  of 
the  two  incUned  planes :  to  find  the  position  of  equilibrium  and 
to  determine  whether  it  is  stable  or  unstable. 

If  PQ  =  2a,  A  =  the  altitude  of  the  triangle,  a  =  the  inclination 
of  AP  and  B  =  that  of  PQ  to  the  horizon ;  then  the  equation 

^         a  cos  2a 

tan^= — -, — s i-T 

asmza  +  ^A 

will  define  a  position  of  unstable  equilibrium. 

(10)  To  find  the  position  and  nature  of  the  equilibrium  of  a 
cube  which  rests  between  two  smooth  inclined  planes,  two  edges 
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0 

of  the  lowest  face  of  the  cube  being  parallel  to  the  intersection 
of  the  planes. 

If  a,  a,  denote  the  inclinations  of  the  two  planes,  and  0  the 
inclination  of  the  base  of  the  cube  to  the  horizon,  the  positiou 
of  equilibrium,  which  is  unstable,  is  given  by  the  equation 

.      ^  sin  (a'  -  a) 

tan  0  =  -; •} ,         c^    '    — : 1 ' 

sin  (a  +  a )  +  2  sin  a  sm  a 

(11)  A  very  small  bar  of  matter  is  moveable  about  one 
extremity  which  is  fixed  half  way  between  two  centres  of  force 
attracting  inversely  as  the  square  of  the  distance :  to  find  the 
positions  of  the  equilibrium  of  the  bar  and  to  determine  their 
nature. 

Let  A,  B,  be  the  two  centres  of  force,  G  the  middle  point 
between  them,  CL  the  position  of  the  bar  at  rest.  Let  AB=i  2a, 
GL=^l,  z  BCL  —  <f>,  and  let  /*,  /*',  denote  the  absolute  forces  of 
A,  B,  respectively. 

Of  the  two  quantities  fi,  fi,  let  fi  be  not  the  smaller  4  then,  if 

ti'^  a-n ^^^' 

there  will  be  only  two  positions  of  equilibrium,  defined  by  ^  =  0, 
^  =  TT,  the  former  unstable,  the  latter  stable. 

If  the  inequality  (1)  be  not  satisfied,  ^  =  0,  ^  =  tt,  coiTespond 
to  two  positions  of  stable  equilibrium ;  two  unstable  positions 
being  given  by  the  equation 

,      /A  —  ffr'    a 
cos^  =  ^=4-S-H>- 

(12)  A  heavy  uniform  rod  AB  hangs  vertically  downwards 
from  a  smooth  hinge  at  A :  each  particle  of  the  rod  is  attracted, 
according  to  the  law  of  the  first  power  of  the  distance,  towards 
a  centre  of  force  at  a  point  G  vertically  above  A,  AG  being 
equal  to  AB :  to  ascertain  the  condition  for  stability  or  insta- 
bmty. 

W.  s.  12 
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Let  fi  denote  the  absolute  force,  a  the  length  A  Cor  AB ;  tben^ 
M  fjLa<g,  the  equilibrium  is  stable,  and,  i£  fia>g,  unstable. 

(13)  A  uniform  rod  is  constrained  to  slide  with  its  extremi- 
ties on  a  conic  section,  the  major  axis  of  which  is  vertical  and 
of  which  the  latus-rectum  is  less  than  the  length  of  the  rod : 
to  find  the  position  of  stable  equilibrium. 

The  equilibrium  will  be  stable  when  the  rod  passes  through 
the  focus. 

H.  G.;  now  Bishop  of  Carlisle.     Quarterly  Journal  of 
Pure  wnd  Applied  Mathematics,  Vol.  ii.  p.  66. 
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CHAPTER  VIL 


ATTRACTIONS, 


(1)  To  find  the  attraction  of  the  solid,  generated  by  the  revo- 
lution of  the  curve  r^^a^cosO  round  its  axis,  on  a  particle 
placed  at  the  origin,  the  particles  attracting  inversely  as  the 
squares  of  the  distances. 

The  required  attraction,  fi  denoting  the  absolute  force,  is 
equal  to 

j  '  irdffdr.  27rr  sin  ^ .  ^  cos  ^ 

sinOcosB  dddr 

0 


=  2^^  (^  f 

Jo   J{ 

=  27r/Aa  [    (cos  6)*  sin  0  dO 
Jo 

=»-27r/t4a  |g(co8m 


4 

(2)  To  determine  that  point  in  the  axis  of  a  hemispherical 
body,  the  particles  of  -which  attract  inversely  as  the  square  of 
the  distance,  where  a  corpuscle  must  be  placed  so  as  to  remain 
in  equilibrium  by  the  equal  and  contrary  action  of  the  matter  of 
the  hemisphere  surrounding  it. 

Let  CA  (fig.  110)  be  the  axis  of  the  hemisphere,  DGiy  a 
diameter  of  its  base,  and  0  the  required  position  of  the  cor- 
puscle; DAU  the  intersection  of  the  plane  through  CA,  DCLf  ^ 
with  the  surface  of  the  hemisphere ;  draw  BOIff  at  right  angles 
to  CA,  join  OD ;  take  any  points  P,  p,  in  the  arcs  AB^  BD,  join 
PO,  poy  and  draw  PM,  pm^  at  right  angles  to  CA.  Let 
GA^a^GD,    GO^c,    OB^b,    OD^b\    OP^r,    OM=x, 

12—2 
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PM^y^  Op^T\  Om^oiy  jpm^y* \  /Lt  =  the  absolute  attraction 
of  a  unit  of  mass  of  the  hemisphere,  and  p  =  its  density ;  ^=the 
attraction  of  the  portion  BAB  of  the  hemisphere  on  the  cor- 
puscle, and  B  of  the  portion  BDBU. 

The  attraction  of  a  thin  slice  of  the  hemisphere  at  right  angles 
to  its  axis  at  the  point  M,  and  having  a  thickness  dx,  will  be 

2w/i/)(fo  Tl  -  ^ j , 
as  may  be  seen  in  elementary  treatises  on  attraction^;  hence 

A=27rfipj     cfofl-^j, 

similarly  we  have 

B^2irH.pfdx'(l^^y 

B    _         t^aSdaS 

2^^''"io""i^ ^^' 

Now  from  the  geometry  we  see  that 

r^  «  a?  +  y*  =  a?  +  a'  -  (a:  +  c)*  =  a'  -  c'  -  2caj  =  6*  -  2ca? ; 
hence  2caj  =  6*  —  r*,  cda  =  —  rdr^ 

and  therefore  = ^rV-  dr ; 

r  2(r        ' 

hence  from  (1),  it  being  observed  that  r  is  equal  to  a  —  c,  J, 
when  X  is  equal  to  a  —  c,  0,  we  have 

^'"-'^hV^^-^^^ ^^>- 

Again,  from  the  geometry, 

r'*  =  a'"  +  y'*  =  aj'«  +  a*-(c-a?')*  =  «"-c*  +  2(W?'  =  i«  +  2ca:'; 
hence  2ca?'  =  r'*  -  l\  cdx'  =  r*dr\ 

and  therefore  ^^^^Iz^dr'i 

r  2c'         ' 

*  lodhnnter's  Analytical  Statia,  p.  285. 


^ 


1    {^ 
hence  a  -  2c  =  ^i  I      (W  --  r*)  drx 
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hence  from  (2),  since  t*  is  equal  to  h\  b,  when  x'  is  equal  to  c>  0, 
bat  it  is  evident  that 

^'^^^        ^^'^M^''-"^^ ^*)- 

But,  since  the  corpuscle  is  in  equilibrium,  we  must  have  A^B^ 
and  therefore,  by  (3)  and  (4), 

performing  the  integration,  and  putting  for  V  its  valuQ  (a*+  c')*, 
we  shall  get,  after  certain  obvious  simplifications, 

a»-4c'  =  (a«-2c')(a»  +  o^*; 

squaring  both  sides  and  simplifying, 

12c*-8a'c  +  3a*:^0, 

an  equation  from  which  the  value  of  o  is  to  be  determined ; 
as  an  approximation  c  =  fa. 

Diaria/n  Bepasitory,  p«  629. 

(3)  Two  infinite  lines  in  space,  inclined  to  each  other  at  a 
given  angle,  attract  each  other  with  forces  varying  inversely  as 
the  square  of  the  distance :  to  find  the  whole  attraction  in  the 
direction  of  the  shortest  line  between  them,  the  mutual  attraction 
of  two  units  of  length,  collected  at  centres  and  separated  by  the 
unit  of  distance,  being  considered  equal  to  ujdty. 

Let  EE',  FF,  (fig.  Ill)  be  the  two  straight  lines ;  AB  the 
shortest  distance  between  them.  Take  P,  Qy  any  two  points  in 
the  lines :  join  PQ,  Through  B  draw  a  plane  at  right  angles  to 
ABy  and  let  QK  be  the  projection  of  QP  on  this  plane. 
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Let  0  =  the  angle  between  the  two  lines  EE\  FF\ 

The  mutual  attraction  of  P  and  Q  is  equal  to  — V—  :  and  its 
resolved  part  parallel  to  AB  is  equal  to 

dr .  dr' .  cos  <f>     dr .  dr' .  8  cos  <f>  _  dr  .dr  .  c 
?  ?  ""       «» 

But  «*=  QK^^PK*^f^  +  r'^-2rr'coB0  +  c\ 

Hence  the  whole  mutual  attraction  parallel  to  AB  is  equal  to 

p*p dr.dr 

^J^J^^  (c"  +  f»  +  r"-2fT'cos^* 


-rr 


Oft"  -00 


{(r'  -  r  COB  «)'  +  c*  +  r»  sin'd}* 


r-**r (r'-rco8g)rfr 1 

"i-.  -«L(c»  +  r»Bm»^){(r'-rooB^*  +  c'  +  r»8in*^}*J 

(4)  A  slender  ring  DEF,  (fig.  112),  is  attached  to  another 
slender  ring  ABG  by  means  of  a  string  AD^  the  length  of  which 
is  equal  to  the  radius  <rf  ABG;  supposing  DEF  to  lie  entirely 
within  ABG,  to  determine  the  tension  of  the  string,  when  JDEF 
is  at  rest :  the  force  of  attraction  of  ABC  varying  inversely  as 
the  cube  of  the  distance. 

It  is  plain  that,  when  the  smaller  ring  is  at  rest,  AD  will 
coincide  with  a  radius  of  the  larger. 

Let  P  be  any  point  in  the  smaller  ring,  R  in  the  larger.  Join 
PR,  DR,  DP,  and  produce  DP  to  R.  Let  a  « the  radius  of  the 
larger  ring,  DE^a\DP^e,  PR^p,  iPDG=^0,  aRDQ=^4>, 
i.  RPQ ssyft-  let  da,  da,  be  elements  of  the  two  rings  at  R^  P, 
respectively,  and  fi,  fi,  the  masses  of  units  of  length  of  the  two 
rings;  let  r=the  required  tension. 
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Then  T  =  At/[jcos  Oda'  f  ^  cos  i^[ . 

Now         A  =  ad^,    ife'=Ja'^(7r-2^)  =  -a'£W. 
Hence  T  =  ^/xW  J      jcos  ^itf  [*'  ^  cos  -^l . 

^cos^-j^  (a'+c»-2acooB^)«^"*cfc;o  ?+^ 


c2(^ 


2accos^ 


sec*  ^  d^ 


"^jo    (a*+c»)fl  +  tan-|)-2(ic(l-tan« 


atan^ 


*jo    (o-c)*  +  (a  +  c)*taii»| 
=  #"' {,!-..  tan- f^±-^ tan  til 

r**      /)^/i       2w         «     ,  /"►*'       cos'gdg 


^  W  p  (to  ^      2^V 

o    J-00  (a"-a''  +  ^/"a(a*-a'*)4* 

Hence     T^^^ 

(5)  To  determine  how  much  of  the  Earth's  surface,  considered 
spherical,  a  person  can  see,  who  is  raised  to  such  a  height  as  to 

lose  f  -  J    part  of  his  weight. 
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If  r  =  the  radius  of  the  Earth,  the  visible  area  is  equal  to 

w{i-(iii)}. 

(6)  A  body  of  uniform  density  is  bounded  by  the  surface 
generated  by  the  revolution  of  a  loop  of  the  curve  r^=  a*  cos  25 
about  its  axis :  to  find  the  resultant  attraction  of  the  body  on 
a  particle  at  the  node  of  the  curve,  supposing  the  law  of  at- 
traction to  be  that  of  the  inverse  square. 

1 

The  required  attraction  is  equal  to  ■^'iriia,  where  /i  is  the 

attraction  of  a  unit  of  mass  at  a  unit  of  distance. 

(7)  CAG'  is  a  thin  lamina,  bounded  by  an  arc  of  a  lem- 
niscate  r*  =  a*cos25,  the  node  of  which  is  0  and  vertex  .4, 
and  CC\  an  arc  of  a  circle,  of  which  0  is  the  centre  and  radius 
a  sin  €.  To  find  the  law  of  the  variatioQ  of  the  resultant  attrac- 
tion of  the  lamina  upon  a  molecule  at  0,  when  6  varies ;  the 
particles  of  the  lamina  being  supposed  to  attract  according  to 
the  law  of  nature. 

The  resultant  attraction  varies  as 


log  (cot  I) - 


COS£. 

(8)  The  sides  of  an  isosceles  triangle  are  formed  of  slender 
uniform  prisms,  attracting  with  forces  which  vary  inversely  as 
the  square  of  the  distance ;  to  determine  the  vertical  angle  in 
order  that  a  particle  may  remain  at  rest  in  a  poinfc  which  divides 
the  perpendicular,  drawn  from  the  vertex  to  the  base,  in  a  given 
ratio. 

If  a  be  the  distance  of  the  particle,  from  the  vertex,  and  h 
from  the  base,  then 

the  vertical  angle  =  2  sin""*  \i* 

(9)  The  resultant  attraction  of  a  uniform  rod  upon  a  particle 
passes  through  a  given  point  equidistant  from  the  ends  of  the 
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rod,  the  law  of  attraction  being  that  of  the  inverse  square  :  to 
find  the  locus  of  the  particle. 

The  required  locus  is  a  circle  of  which  the  rod  is  a  chord, 

the  diameter  of  the  circle  being  equal  to  j- ,  where  a  is  the 

distance  of  the  given  point  from  an  end  and  b  firom  the  middle 
of  the  rod. 

(10)  Two  straight  lines  AB,  AG,  at  right  angles  to  one 
another,  attract  a  particle  P  placed  at  the  point  where  the 
perpendicular  AP  meets  BO ;  to  find  the  direction  and  mag- 
nitude of  the  force  necessary  to  keep  the  particle  at  rest,  the 
law  of  attraction  being  that  of  the  inverse  square. 

Let  AB  s=  a,  AC=^  b,  BC  =  c,  fi  =  the  absolute  force  of  a  unit 
of  length  of  the  attracting  lines  condensed  into  a  point ;  then 
the  direction  of  the  required  force  will  make  an  angle  of  45® 
with  ABf  and  its  magnitude  will  be  equal  to 

V(2)  MC' 


SLl 


a'b 

(11)  A  particle  is  attached,  by  means  of  a  fine  string,  to  the 
centre  of  the  rim  of  a  thin  hemispherieal  shell  of  attractive 
matter ;  to  determine  the  tension  of  the  string,  supposing  its 
length  to  be  less  than  the  radius  of  the  shell,  the  force  of 
attraction  varying  inversely  as  the  square  of  the  distance. 

K  r  =  the  radius  of  the  shell,  c=  the  length  of  the  string, 
/i  =  the  attraction  of  a  unit  of  the  shell's  mass  condensed  at  a 
unit  of  distance,  r  ^  the  thickness  of  the  shell,  the  tension  will 
be  equal  to 

(12)  A  molecule  is  placed  at  a  point  within  a  triangle  ABC, 
formed  of  three  uniform  rods  of  equal  thickness,  which  attract 
according  to  the  law  of  the  inverse  square,  the  densities  of  the 
rods  BGy  CA,  AB^  being  X,  fi,  v^  respectively :  to  find  the  con* 
ditions  for  the  equilibrium  of  the  particle. 
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^Pf  ?9  ^f  be  the  perpendicular  distances  of  the  molecule  from 
BO,  CAj  AB,  respectively,  then 

£  =  ?=?:. 

1{  \  =  fi^v,  then  p  =  q  =  r,  or  the  molecule  will  rest  at  the 
centre  of  the  inscribed  circle,  a  theorem  proved  by  Ferdinand 
Joachimsthalf  in  the  Cambridge  and  Ihtblin  MaihemaUcal 
Journal,  Yol.  in.  p.  93. 

(13)  Two  equal  straight  rods,  the  particles  of  which  attract 
each  other  with  a  force  yarying  inversely  as  the  square  of  the 
distance,  are  parallel  to  each  other  and  perpendicular  to  the 
lines  joining  their  ends,  and  are  held  asunder  by  strings  attached 
to  their  middle  points :  to  determine  the  tension  of  the  strings 
when  the  rods  are  at  a  given  distance  from  each  other. 

If  a  =  the  distance  between  the  rods  and  6= the  length  of 
either,  the  required  tension  is  equal  to 

(14)  Each  particle  of  two  rods  of  infinite  length,  which 
coincide  in  direction  with  two  conjugate  diameters  of  an 
elliptic  wire,  attracts  with  a  force  varying  inversely  as  the 
square  of  the  distance :  to  find  the  position  of  equilibrium  of 
a  bead  moveable  along  the  wire. 

Let  a,  b,  be  the  semi-axes  of  the  ellipse,  m  the  acute  angle 
between  the  two  conjugate  diameters :  then  the  particle  will 
rest  at  the  intersections  of  the  ellipse  with  a  concentric  circle 
the  square  of  the  radius  of  which  is  equal  to 

1 

5  (a*  +  &•  —  aJ  cot  0)). 

(15)  Each  particle  of  two  infinite  rods,  at  right  angles  to 
one  another,  attracts  with  a  force  vaiying  inversely  as  the  n^ 
power  of  the  distance :  to  find  the  form  of  the  rigid  curve  on 
which  a  particle,  subject  to.  the  attraction  of  the  rods,  will  rest 
in  all  positions. 


AinucTiONa  187 

The  rods  being  taken  as  axes  of  co-ordinates,  the  equation 
to  the  curve  is . 

unless  n  =  2,  in  which  case  it  is  o^  »  c*. 

(16)  To  find  the  resultant  attraction  of  a  homogeneous 
globe  on  an  external  particle^  the  law  of  attraction  being  that 
of  the  inverse  cube. 

If  a  be  the  radius  of  the  globe,  c  the  distance  of  the  attracted 
particle  from  the  centre,  and  /jl  the  attraction  of  a  unit  of  mass 
at  a  unit  i3f  distancey  the  required  attraction  is  equal  to 


i-^w^m-T\ 


(17)  A  quantity  of  homogeneous  matter  of  uniform  density 
is  in  the  form  of  a  portion  of  a  paraboloid  of  revolution  bounded 
by  a  plane  perpendicular  to  the  axis :  to  find  its  attraction  on  a 
particle  of  unit  mass  at  the  vertex. 

If  p  be  ^the  density,  c  the  length  of  the  axis  of  the  frustum, 
and  I  the  length  of  the  latus  rectum,  the  attraction  is  equal  to 

irplXog  (<».6""^), 

where  fi>  —  cot  ^,  ^  being  defined  by  the  equation 

(18)  A  portion  of  a  spherical  surface,  intercepted  between 
two  parallel  planes,  attracts  a  particle  placed  in  a  normal  to  the 
two  planes  through  the  centre  of  the  sphere :  to  find  the  re- 
sultant attraction  on  the  particle,  the  law  of  attraction  being 
that  of  the  inverse  squara 

Let  /,  /',  be  the  distances  of  the  particle  from  the  two  bound- 
aries of  the  portion  of  the  surface,  c  its  distance  from  the  centre 
of  the  sphere,  a  the  radius  of  the  sphere :  then  the  required 
attraction  is  equal  to 

^(r--0(l+^'), 
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where  ii  is  the  attraction  of  a  anit  of  area  of  the  spherical  stu&ce 
condensed  at  a  unit  of  distance  from  the  particle. 

(19)  A  portion  of  a  thin  spherical  shell,  the  projections  of 
which  upon  three  planes  through  the  centre  at  right  angles  to 
each  other  are  given,  attracts  a  particle  at  the  centre :  supposing 
the  law  of  attraction  to  be  that  of  any  function  of  the  distance, 
to  find  the  direction  of  the  resultant  attraction  on  the  particle. 

If  A,  B,  C,  be  the  given  projections  and  the  three  planes  be 
co-ordinate  planes,  the  equations  to  the  required  direction  are 

Ferrers  and  Jackson  :  SolvMons  of  the  Cambridge  Problems^ 
1848  to  1851,  p.  373. 

(20)  A  brittle  rod  AB,  attached  to  smooth  hinges  at  A  and  B, 
is  attracted  towards  a  centre  of  force  0  according  to  the  law  of 
nature.  Supposing  the  absolute  force  to  be  indefinitely  aug- 
mented, to  determine  where  the  rod  will  eventually  snap. 

If  E  be  the  point  of  snapping,  then,  a,  /9,  denoting  the  angles 
BAG,  ABG,  respectively, 

sm-y- 

cos z  AEG=  .  A- 

.    a  +  p 
sm-^- 

Mackenzie-  and  Walton :  Solvtions  of  ihe  Cawbridge  Problems 
for  1854. 
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CHAPTER  VIIL 


HISCELLANEOUS  PBOBLEBiS. 


(1)    Stbings  axe  fastened  to  any  number  of  points  A,  B,  C, 

,  in  space^  and  are  pulled  towards  a  point  P  with  forces 

proportional  to  PA,  PB,  PC,  :  shew  that,  wherever  the 

point  P  be  situated,  the  resultant  of  these  forces  will  always 
pass  through  a  fixed  point. 

Let  a,  &,  c,  be  the  co-ordinates  of  P  referred  to  three  rect- 
angular axes :  then,  w,  y,  z,  being  the  co-ordinates  of  any  one 

of  the  points  A,  B^  C, ,  the  components  of  the  resultant 

will  be  equal  to 

/M  {na  —  Xx),        fi(nb  —  2y),        fi  {nc  —  2«), 

which  will  therefore  be  proportional  to  the  direction-cosines  of 
the  resultant.    The  equations  to  the  resultant  will  therefore  be 

wa  —  2a? ""  w6  —  2y     nc  —  Xz' 

multiplying  each  of  these  fractions  by  n  and  adding  unity  to 
each  we  get 

nx'  —  So;  _  ny'  —  2y  ^  n«'  *-  Sa? 
na^Xx      w6  —  2y  ""  nc  — S« 

Hence  we  see  that  the  resultant  always  passes  through  a  point 
of  which  the  co-ordinates  are 

-Xx,        --Xy,       -z,z. 
n  n  n 

(2)  Find  the  amount  of  work  done  in  drawing  up  a  common 
Venetian  blind.  How  must  the  same  problem  be  solved  for  a 
curtain  ? 
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Let  IF  =  the  weight  of  each  bar  of  the  blind;  a  =  the  dis- 
tance between  two  consecutive  bars ;  n  » their  number.  Then 
the  work  done  will  be  equal  to 

F(a  +  2a  +  8a  + +  na) 

=  in(n  +  l)Fa. 

Let  P  SB  the  sum  of  the  weights  and  2s=the  height  of  the 
window :  then  P= nTT  and  l^^na,  and  the  work  done  is  equal  to 


\{^->'- 


Let  n=  00  :  then  the  Venetian  blind  is  mechanically  the  same 
as  a  curtain,  the  number  of  its  bars  being  infinite  and  the 
weight  of  each  indefinitely  small.  Thus,  P  being  the  weight 
and  I  the  length  of  the  curtain,  the  work  done  is  equal  to 

iPi 

The  work  done  in  raising  the  curtain  may  also  be  estimated 

by  integration. 

p 
The  weight  of  a  length  dx  of  the  curtain  is  y  db :  hence  the 

work  done 


=  /  -jdx.x  =  JPJ. 


.1 

(3)  The  frustum  of  a  paraboloid  of  revolution,  the  density 
of  its  circular  sections  varying  as  their  areas,  stands  upon  its 
vertex  on  a  horizontal  plane:  to  find  the  length  of  its  axis 
when  the  equilibrium  is  indifferent. 

If  the  vertex  of  a  solid  of  revolution,  of  which  the  axis  ex- 
tends vertically  upwards,  be  placed  upon  the  summit  of  another 
solid  of  revolution  the  axis  of  which  extends  vertically  down- 
wardsy  then,  as  is  proved  in  most  works  on  Statics,  the  equi- 
librium will  be  stable,  unstable,  or  indifferent,  accordingly  as 
the  altitude  of  the  centre  of  gravity  of  the  upper  body  above 
the  point  of  contact  is  less  than,  greater  than,  or  equal  to 


TV 


r,  r ,  being  the  radii  of  curvature  of  the  two  surfeM^es  at  the 
point  of  contact. 
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If  /,  the  radiiiB  of  curvature  of  the  lower  surface,  be  equal 
to  00 ,  the  lower  surface  becomes  a  plane^  and  the  expression 

becomes  r. 


In  the  present  question,  as  we  may  easily  ascertain,  the  alti- 
tude of  the  centre  of  gravity  is  equal  to  |c,  c  being  the  length 
of  the  axis.  Also  the  radius  of  curvature  at  the  vertex  is  equal 
\o\l,l  being  the  latus  rectum.    Hence 

(4)  A  beam  can  turn  in  every  direction  about  one  end,  which 
is  fixed.  The  other  rests  on  the  upper  surface  of  a  rough  plane, 
(the  coefficient  of  friction  being  ^),  which  is  inclined  to  the 
horizon  at  an  angle  a.  If  fi  be  tihe  angle  the  beam  makes  with 
the  plane,  prove  that  the  beam  will  rest  in  any  position  if  tan  a 
be  not  greater  than 

M 

(l+/A»tan*/9)* 

Let  0,  (fig.  113),  be  the  fixed  end ;  (7(7  a  perpendicular  upon 
the  rough  plane ;  CB  a  section  of  the  rough  plane  by  a  verti- 
cal plane  through  0(7;  OER  a  horizontal  line  cutting  PC?  in 
E\  the  circular  quadrantal  arc  APB  the  locus  of  the  free  end 
of  the  beam ;  P  the  place  of  the  end  of  the  beam  for  a  limiting 
position  of  equilibrium ;  PQ  a  line  parallel  to  AG,  and  QR  at 
right  angles  to  OER. 

Let  2= the  length  of  the  beam,  iPGQ^O,  ^sthe  normal 
reaction  of  the  rough  plane  at  P;  then,  the  horizontal  compo- 
nent of  jB  being  R  sin  a,  parallel  to  EO,  and  the  horizontal 
components  of  fiR  being  /mR  cos  0  along  PQ  and  fiR  sin  ^  cos  a 
parallel  to  EO,  we  have  for  the  equilibrium  of  the  beam,  taking 
moments  about  a  vertical  line  through  0, 

RBiaa.PQ=^fiRcoa0.OR  +  fiRQm0  cosa.PQ, 

sin  a.  2  cos /9  sind 

a=  u  cos  ^  \l-r-^  +  (Zcos  flcos  d  —  Z  sinfl  cot  a)  cosa^ 
(  sma     ^  ) 

+  /i  sin  ^  cos  a .  { cos  )8  sin  0, 
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sina  cos/3  sinO^fi  siafi  coa0  sina  +  A^  cosa  cosfi, 

tana  tan^  — /A  tana  tan/3=s/i(l+tan'^', 

(tan*a-^*)tan"^-2/itan"atani8tan^  +  /i'(tan'atan*)8-l)  =  0. 

That  tan  0  may  be  impossible,  or  that  there  may  be  no  Itmtt- 
ing  equilibrium,  we  must  liave 

tati*a  tan')8  <  (tan" a-/**)  (tan*a  tan')8—  1), 

or  tan*a  (1  H-/A'tan"^)  </i". 

A  diflferent  solution  of  this  problem  may  be  seen  in  the  Solu- 
tions of  the  Senate-House  Problems  for  1844,  by  O'Brien  and 
Ellis. 

(5)  Each  element  of  an  octant  of  an  ellipsoidal  surface, 
bounded  by  tlie  three  principal  planes,  is  acted  on,  along  the 
normal,  by  a  force  proportional  to  the  area  of  the  element :  to 
investigate  the  resultant  effect. 

Let  X,  F,  Z^  denote  the  components  of  the  resultant  force,  if 
there  be  one,  and  Z,  M,  N^  those  of  the  resultant  couple. 

a?     V*     ^ 
I^*  ~t  +  ^  +  T  =  1  represent  the  ellipsoidal  surface  and  d8 

an  element  of  it :  then,  /l&  being  a  constant, 

"  U*  "^  i*  "^  cv 

Similarly  Y^  \viuiaf        Z=  \viuib. 


y 


ft         ^'d'~''b* 
Again  L  =  /i\\dS.—s r— r 

\a*  "^  6*  "^  cV 
=  ft  I  j  {if  dxdif  —  e  dxde) 
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Similarly       Jf  =  ifib  {<?-  a%  N^ific  (a*-  6'). 

Thus  LX+MY+NZ=0, 

and  therefore  there  exists  a  single  resultant. 

If  a,  y,  z,  be  the  co-ordinates  of  any  point  in  the  resultant, 
Zy^Yz^L,    Xz'-Zx^M,     Tx-Xy^N, 
and  therefore  the  equations  to  the  resultant  are 

hy  —  cz  _cz-ax  ^ax  —  by      4 

(6)  A  system  consists  of  n  equal  particles  which  have  no 
initial  velocities :  prove  that  it  will  remain  at  rest,  if  their  co- 
ordinates can  only  vary  subject  to  the  condition 

nS  («•  +y*  +  «■)  -  (2a;)*  -  (2y)»  -  (Zzf  =  a  constant : 

the  particles  attracting  one  another  with  forces  which  vary  bs 
the  distance. 

The  attraction  between  any  two  of  the  particles  P^,  P,,  at  a 
distance  r  from  each  other  is  proportional  to  r.  Conceive  the 
system  to  experience  any  indefinitely  small  displacement  con- 
sistently with  its  geometrical  connections,  and  let  a  denote  the 
component  of  P^'s  motion  estimated  along  P|Ps»  and  fi  that  of 
P,*s  motion  estimated  along  P^P^.  Then  {a  +  fi)r  will  denote 
the  sum  of  the  moments  of  the  two  forces;  but  a  +  /S  =  — dr: 
^  hence,  by  the  principle  of  Virtual  Velocities,  equating  to  zero 
the  sum  of  the  m^oments  of  the  whole  system,  we  have 

0  =  2(r(ir), 


whence 


C^=  2  [S  (rdr) 


=  2(0 

=  2{(^'-a;)«+(y'-y)»+(/-^)'} 

=  (n-l)2(a;»  +  y"  +  «')-22(a»;+yy +afO 

=  n2  (x' + y»  +  z^  -  (2x)»  -  (2yy  -  (2^?)'. 

(7)     If  an  elliptic  hoard  be  placed,  so  that  its  plane  is  verti- 
cal, on  two  pegs  which  are  in  a  horizontal  line,  there  will  be 

w.  s.  13 
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equilibrium  if  these  pegs  be  at  the  extremities  of  a  pair  of 
conjugate  diameters.  What  are  the  limits  which  the  distance 
between  the  pegs  must  not  exceed  or  faU  shoH  of,  in  order  that 
this  position  of  equilibrium  may  be  possible  ?  Shew  that  the 
position  is  one  of  unstable  equilibrium. 

Let  P*,  P\  (fig.  114),  be  the  two  pegs :  G  the  centre  of  the 
ellipse,  GA  the  semi-axis  major:  draw  PM^  P'M'\  at  right 
angles  to  GA,  and  GQ  at  right  angles  to  PP\ 

Let  P'P^^c,  CQ  =  w,  GM'=^x\  P'M'^y\  GM"^x'\ 
PM"  =  y\ 

Then,  equating  GQ  to  the  difiference  of  the  projections  of 
GM\  PJIff  upon  its  direction,  we  get 

U  = y  -  ^ ^-   X  =  —^ ^  . 

C        ^  C  C 

Put  a;'  =  a  COS ^',  y  =  J  sin ^',  x"  =  a  cos <f>\  y"  =  I  sin  <f>'\ 
a  and  b  being  the  semi-axes  of  the  ellipse :  then,  if  <f>  +  ^"  =  yp*, 

cu^ab  sin  {<f>  +  ^")  =  a£  sin  '^. 
That  u  may  be  a  maximum  or  minimum, 

whence  -^s^tt,  which  shews,  by  a  known  property  of  the 
ellipse,  that  P,  P\  are  extremities  of  conjugate  diameters  of  the 
ellipse. 

Again, 

c  j-Ti  =  —  a6  sm  y  =  —  o^ : 

hence  u  is  a  maximum,  or  the  equilibrium  is  unstable. 
Moreover,     (f  =  (a;'  +  xy  H-  (y'  -  yj 

=  a*  (cos  <^'  H-  cos  <^")'  +  **  (sin  ^'  -  sin  f  7 
=  a»  (cos  f  +  sin  f )'  +  V  (sin  ^'  --  cos  ^7 
=  a*  +  i*+(a*-6>in2f. 

Hence  we  see  that  the  greatest  and  least  limits  of  c  are 
aV2  and  b\/2. 
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(8)  A  flexible  thread  rests  upon  a  smooth  surface,  under  the 
action  of  any  forces :  to  investigate  its  form. 

Let  B  =  the  reaction  of  the  surface  at  any  point  (x,  y,  z)  of 
the  thread,  t  being  the  tension  at  that  point.  Then,  for  the 
equilibrium  of  the  thread,  X  denoting  a  certain  coefficient,  and 
mBs  the  mass  of  an  element  Bs  of  the  thread, 

|(.J)+.x+xb|.o 0), 

^(,|)+™r^xs|-o p), 

-,-  ( X-j- 1  +  fn^  +  \B  -T"  ^0 . .  .(3). 

Also,  if  u  =  0  be  the  equation  to  the  surface, 

^dx  +  p^dy  +  p^dz  =  0 (4). 

From  (1),  (2),  (3),  eliminating  -j-  and  XR  by  cross  multipli- 
cation, we  get 

0  =  rmZ+«— V^  — -~— ^  +  rmr+^^V— — -— — "i 
\  dl^)\<i8  dz     da  dy)      \  d8*J\ds  dx     ds  dzj 

-("^-'S)(S|-SI) w- 

But,  from  (1),  (2),  (3),  (4), 

'hm{Xdx-^Ydy  +  Zdz)y 
and  therefore 

0=^dt  +  m{Xdx+Ydy  +  Zdz) (6). 

The  equations  (5),  (6),  together  with  the  equation  to  the  sur- 
face, determine  the  form  of  the  thread. 

(9)  From  a  square  ABGD  a  triangle  AEF  is  cut,  AE  being 
the  fourth  part  of  AD,  and  AF  three-fourths  of  AB ;  to  find 
the  centre  of  gravity  of  the  remaining  figure  BCDEF. 

13—2 
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If  a  denote  a  side  of  the  square,  the  distances  of  the  required 
centre  of  gravity  from  AB,  ADy  respectively,  are 

63  _61 

116 '^'         116 ''• 

(10)  The  points  D,  E,  F,  divide  the  sides  BC,  CA,  AB,  of  a 
triangle  proportionally,  that  is,  so  that 

BD  :  CJE  :  AF  ::  DO  :  FA  :  FB; 

shew  that  the  centre  of  gravity  of  the  triangle  DEF  coincides 
with  that  of  the  triangle  ABC 

(11)  The  diagonals  of  a  trapezium  intersect  at  right  angles 
at  a  fixed  point,  and  have  always  the  same  directions,  the  magni- 
tudes of  the  diagonals  and  of  one  side  being  given  :  prove  that 
the  locus  of  the  centre  of  gravity  of  the  trapezium  is  a  circle  of 
which  the  radius  is  |o. 

(12)  A  triangular  plate  hangs  by  three  parallel  threads 
attached  at  the  comers,  and  supports  a  heavy  particle.  Prove 
that,  if  the  threads  are  of  equal  strength,  a  heavier  particle  may 
be  supported  at  the  centre  of  gravity  than  at  any  other  point  of 
the  disk, 

(13)  Two  forces  in  the  ratio  of  1  +  n  to  1,  where  n  is  small, 
act  upon  a  point  in  directions  including  an  angle  a ;  shew  that 
the  sine  of  the  angle  which  the  direction  of  the  resultant  makes 
with  that  of  the  larger  force  is  nearly  equal  to 

(1-Jn)sin|. 

(14)  If  three  forces,  represented  in  magnitude  and  direction 
by  lines  OA,  OB,  OG,  act  at  a  point  0,  not  necessarily  in  the 
plane  of  ABC,  prove  that  their  resultant  will  be  represented  in 
magnitude  and  direction  by  S  00,  O  being  the  centre  of  gravity 
of  the  triangle  ABC 

(15)  Forces  represented  by  - ,  ^ ,  - ,  act  at  the  angular  points 
of  a  triangle  ABO,  right-angled  at  (7,  in  the  directions  of  the 
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sides  taken  in  order :  prove  that  the  resultant  is  represented  by 


that  it  is  inclined  to  J.  C  at  an  angle  cos~^ 


Ti  aiid  that  it 


cuts  -B  (7  produced  at  a  distance  —  from  G. 

(16)  The  vertex  of  a  triangle  is  at  a  fixed  point  in  the  cir- 
cumference of  a  circle,  of  which  the  base  is  a  chord :  prove  that, 
if  the  angle  at  the  vertex  be  of  given  magnitude,  the  locus  of 
the  centre  of  gravity  of  the  triangular  area  is  another  circle. 

(17)  If  forces  P,  Q,  B,  acting  at  the  centre  0  of  a  circular 
lamina  along  the  radii  OA,  OB,  OC,  be  equivalent  to  forces 
P,  Q\  Sy  acting  along  the  sides  BC,  CA,  AB,  of  the  inscribed 
triangle  ABC,  prove  that 

p.p'   Q.Q'   r,b:_ 

BC  "^   GA  ■*■  AB  ~ 

(18)  A  series  of  lighted  candles,  of  various  compositions 
and  altitudes,  stand  in  a  vertical  plane  on  a  table :  prove  that 
generally  the  centre  of  gravity  of  the  candles  describes  a  series 
of  arcs  of  successive  hyperbolas. 

Prove  also  that,  at  any  instant  of  time,  the  corresponding 
hyperbola  has  a  vertical  asymptote  which  passes  through  the 
original  centre  of  gravity  of  the  pieces,  which  have  been  con- 
sumed, of  the  candles  still  burning. 

(19)  Shew  that  a  system  of  forces,  acting  in  one  plane  and 
represented  by  the  sides  of  a  polygon,  is  equivalent  to  a  couple 
the  moment  of  which  is  represented  by  twice  the  area  of  the 
polygon. 

(20)  Three  forces,  acting  at  the  angles  of  a  triangle,  are  in 
equilibrium,  one  bisecting  the  angle  at  which  it  acts,  and  the 
other  two  making  equal  angles  with  the  side  opposite  to  that 
angle ;  shew  that  the  forces  are  proportional  to  the  sides  oppo- 
site to  their  points  of  application. 
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(21)  Two  spheres,  attached  to  the  two  ends  of  a  fine  string, 
which  hangs  over  a  fixed  point,  rest  in  contact :  prove  that  their 
weights  are  inversely  proportional  to  the  distances  of  their 
centres  from  the  point  of  suspension* 

(22)  A  pack  of  cards  is  laid  on  a  table ;  each  projects  in  the 
direction  of  the  length  of  the  pack  beyond  the  one  below  it :  if 
each  projects  as  far  as  possible,  prove  that  the  distances  between 
the  extremities  of  the  successive  cards  will  form  an  harmonic 
progression. 

(23)  Four  unequal  forces  P,  Q,  B,  8,  act  upon  a  rigid  body 
along  the  sides  OA,  AB,  BO,  CO,  of  a  square  OABOO :  prove 
that,  OA  and  OC  being  taken  as  the  axes  of  co-ordinates,  there 
will  be  a  single  resultant  force  the  equation  to  which,  if  a  be  a 
side  of  the  square,  is 

(0-^a:  +  (5~P)y  =  a((2  +  2?), 

and  of  which  the  magnitude  is 

{{P  -  Rf  +  {Q  -  8)']K 

(24)  A  quadrilateral  is  formed  by  four  rigid  rods  jointed  at 
the  ends ;  shew  that  two  of  its  sides  must  be  parallel  in  order 
that  it  may  preserve  its  form  when  the  middle  points  of  either 
pair  of  opposite  sides  are  joined  together  by  a  string  in  a  state 
of  tension. 

(25)  A  rectangular  column  is  formed  by  placing  a  number 
of  smooth  cubical  blocks  one  above  another,  the  base  of  the 
column  resting  upon  a  horizontal  plane:  all  the  blocks  above 
the  lowest  are  then  twisted  in  the  same  direction  about  an  edge 
of  the  column,  first  the  highest,  then  the  two  highest,  and  so 
on,  in  each  case  as  far  as  is  consistent  with  equilibrium.  Prove 
that  the  sum  of  the  sines  of  the  inclinations  of  a  diagonal  of 
the  base  of  any  block  to  the  like  diagonals  of  the  bases  of  all 
the  blocks  above  it  is  equal  to  the  sum  of  the  cosines. 

(2G)  A  triangular  disk,  the  sides  of  which  are  a,  6,  c,  is  sus- 
pended from  a  fixed  point  by  threads  attached  to  its  comers. 
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a,  fi,  7,  being  the  lengths  of  the  threads  attached  to  the  corners 
opposite  to  a,  b,  c,  respectively*  If  the  plane  of  the  disk  be 
horizontal,  prove  that 

(27)  Three  equal  heavy  rods,  in  the  position  of  the  three 
edges  of  an  inverted  triangular  pyramid,  are  in  equilibrium 
under  the  following  circumstances :  their  upper  extremities  are 
connected  by  fine  strings  of  equal  lengths,  and  their  lower 
extremities  are  attached  to  a  hinge  about  which  the  rods  may 
move  freely  in  all  directions.  Shew  that  the  increase  of  the 
tension  of  the  strings,  corresponding  to  a  given  small  increase 
of  their  lengths,  varies  inversely  as  sm^O,  where  0  is  the  incli- 
nation of  each  of  the  rods  to  the  horizon. 

(28)  Assuming  friction  to  consist  of  the  sum  of  two  parts, 
the  one  proportional  to  the  pressure,  and  the  other  to  the  sur- 
face in  contact,  shew  that,  when  a  parallelepiped,  the  edges  of 
which  are  a,  b,  c,  is  supported  with  one  edge  parallel  to  the 
horizon  on  a  given  inclined  plane  by  the  least  possible  force 
acting  in  a  given  direction  through  its  centre  of  gravity  at  right 
angles  to  this  edge,  we  shall  have 

a  0  c 

p,  q,  r,  being  the  values  of  the  force  in  question,  when  the 
parallelepiped  rests  on  the  faces  be,  ca,  ah,  respectively. 

(29)  Eight  central  forces,  the  centres  of  which  are  at  the 
corners  of  a  cube,  attract,  according  to  the  same  law  and  with 
the  same  absolute  intensity,  a  particle  placed  very  near  the 
centre  of  the  cube:  shew  that  their  resultant  action  passes 
through  the  centre  of  the  cube,  unless  the  law  of  force  be  that 
of  the  inverse  square  of  the  distance. 

(30)  Prove  that  a  cone,  the  density  of  the  circular  sections 
of  which  varies  as  their  distances  from  its  vertex,  will  balance 
on  the  middle  point  of  its  axis,  if  a  weight  equal  to  three- 
fifths  of  its  own  weight  be  suspended  at  the  vertex. 
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(31)  A  solid  is  generated  by  the  revolution  of  a  semicircle 
round  its  chord  through  an  angle  of  60" ;  to  determine  the  mo- 
ment of  the  couple  which  will  keep  the  axis  of  revolution  of 
the  solid,  placed  upon  a  smooth  horizontal  plane,  in  a  vertical 
position. 

If  a  =  the  radius  of  the  circle,  and  p  =  the  density  of  the 
material,  the  required  moment  is  equal  to  ^gpira*. 

(32)  Prove  that,  if,  at  each  point  of  space,  a  force  /  act 
which  is  any  function  of  the  distance  of  the  point  from  a  given 
point  A,  and  0  be  the  angle  at  which  the  tangent  at  a  point 
F  of  an  arbitrary  curve,  connecting  any  two  points  P^,  P,, 
in  space,  is  inclined  to  the  direction  of  the  force  at  P,  then 

I  /cos  0d8  from  P^  to  P,  depends  only  on  the  distances  AP^,  AP^. 

(33)  K  the  frustum  of  a  cone  be  bisected  by  a  plane  through 
its  axis,  prove  that  either  half  will  just  stand  upon  the  smaller 
end  on  a  horizontal  plane,  if 

h  +  h'_     y  +  hh'  +  h'* 
h     "'^      h'-^-h''      ' 
where  A,  h\  are  the  heights  of  the  smaller  and  larger  cones  the 
difference  of  which  constitutes  the  frustum. 

(34?)  Shew  that  the  centre  of  gravity  of  any  arc  of  the 
curve  r*=a'sec35  is  in  the  straight  line  which  joins  the  pole 
with  the  intersection  of  the  tangents  at  the  extremities  of  the 
arc. 

(35)  A  small  weightless  ring,  fixed  at  the  lower  end  of  a 
straight  uniform  rod,  is  moveable  along  a  fixed  vertical  bar: 
the  rod  is  moved  so  that  its  middle  point  shall  always  lie  in  a 
given  horizontal  line  passing  tb rough  the  bar:  shew  that  the 
rod  would  rest  in  every  position  on  the  curve,  if  rigid,  which  it 
always  touches ;  and  prove  that  the  pressure  of  the  rod  on  the 
curve  varies  inversely  as  the  cube  root  of  the  distance  of  the 
point  of  contact  from  the  bar. 

(36)  If  every  element  of  a  uniform  wire,  in  the  form  of  a 
closed   plane  curve,  be  acted   on  tangeutially,  in   the  same 
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rotatory  direction,  by  a  force  varying  inversely  as  the  square  of 
the  distance  of  the  element  from  a  given  point  in  the  area 
enclosed  by  the  wire,  prove  that,  the  given  point  being  chosen 
as  the  origin  of  moments,  the  resultant  couple  is  independent 
of  the  length  and  form  of  the  wire. 

(37)  On  a  thin  uniform  lamina  in  the  form  of  a  cardioid, 
the  equation  to  which  is  r  =  a  (1  —  cos  0),  are  traced  an  infinite 
number  of  similar  and  similarly  situated  cardioids  about  the 
same  pole :  on  each  element  of  the  lamina  an  accelerating 
force,  varying  inversely  as  the  square  of  the  distance  of  the 
element  firom  the  pole,  acts,  in  the  same  rotatory  direction  about 
the  pole,  tangentially  to  the  cardioid  on  which  the  element 
lies:  to  find  the  magnitude  of  the  resultant  moment  about 
the  pole. 

The  required  moment,  fi  being  the  absolute  accelerating 
force,  is  equal  to  ^fM, 

(38)  The  lower  end  ^  of  a  thin  uniform  rod  is  attached 
to  a  smooth  hinge,  its  upper  end  B  resting  against  a  smooth 
vertical  plane :  prove  that  the  tendency  to  break  at  any  point 
P  of  the  rod  varies  as  AP.  BP. 

(39)  A  hollow  homogeneous  cylinder,  of  given  material, 
which  is  perfectly  brittle  and  incompressible,  is  partially  inserted 
into  a  fixed  horizontal  tube  just  wide  enough  to  admit  it :  prove 
that  the  greatest  length  which  the  free  portion  of  the  cylinder 
can  have,  without  snapping  ofi^,  varies  as  the  square  root  of  the 
radius  of  its  external  surface. 

(40)  A  unifoi-m  beam,  on  which  at  a  given  point  is  placed 
a  given  weight,  is  supported  horizontally  at  its  extremities  :  to 
find  the  tendency  of  the  beam  to  break  at  any  point,  sup- 
posing the  weight  of  the  beam  so  small  that  it  may  be  neg- 
lected. 

Let  I  be  the  length  of  the  beam,  W  the  given  weight,  a  the 
distance  of  the  weight  from  one  end :  then  the  tendency  to 
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break  at  a  distance  a  firom  this  end  will  be  represented  by  the 
expression 

T'  0»+0' 

Archibald  Smith;  Cambridge  Mathematical  Journal,  Vol.  i. 
p.  276. 

(41)  The  lower  radius  of  anj  fixed  sector  of  a  circle  is 
horizontal,  the  plane  of  ike  sector  being  vertical :  shew  that  a 
heavy  uniform  chain,  laid  over  the  arc  and  upper  radius,  so  as 
just  to  coincide  with  them  in  every  part,  will  remain  in 
equilibrium. 

(42)  The  ends  of  a  uniform  chain  are  fastened  to  two  fixed 
points  A  and  j5  in  a  horizontal  line :  a  link  C  of  the  chain  rests 
upon  a  rigid  rectilinear  wire  which  joins  A  and  By  so  that  the 
chain  forms  two  festoons  A  C  and  GB.  Prove  that,  if  there  be 
no  friction  between  the  wire  and  chain,  the  smaller  of  these 
festoons  is  equal  and  similar  to  a  portion  of  the  larger. 

(43)  The  ends  of  a  uniform  chain  of  length  22  are  attached 
to  two  fixed  points  in  a  horizontal  line ;  if  2a  be  the  distance 
between  the  points  of  support,  t,  c,  the  respective  lengths  of 
the  chain  the  weights  of  which  are  equal  to  the  tensions  at 
either  point  of  support  and  at  the  lowest  point  of  the  chain, 
prove  that,  when  I  has  such  a  value  that  ^  is  a  minimum, 

ct=al. 


o* 


(44)  To  determine  the  form  in  which  a  chain  will  hang 
suspended  at  two  points,  when  the  density  at  any  point  varies 
as  the  tension  at  that  point ;  the  thickness  of  the  chain  being 
uniform. 

The  axis  of  x  being  horizontal  and  that  of  y  vertical,  and 
the  origin  being  at  the  lowest  point,  the  equation  to  the  curve 
will  be 


c  being  a  constant. 


X 

e«  =  sec  -  , 
c 
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(43)  A  flexible  chain,  the  ends  of  which  are  united,  hangs 
over  two  pegs,  which  are  fixed  in  a  horizontal  line,  in  the  form 
of  two  festoons ;  if  P,  P',  be  the  tensions  at  the  vertices  of  the 
festoons,  and  a,  a,  the  inclinations  of  the  festoons  to  the  horizon 
at  either  peg,  prove  that  the  weight  of  half  the  chain  is  equal  to 

P  tan  a-^-  P*  tan  a. 

Prove  also  that  the  weight  of  a  piece  of  the  chain,  equal  in 
length  to  the  distance  between  the  vertices  of  the  festoons,  is 
equal  to  P  -  P. 

(46)  Of  an  endless  uniform  chain  one  part  lies  within  a  fixed 
horizontal  tube  and  the  other  hangs  in  a  festoon  below :  if  the 
weight  of  the  part  within  the  tube  be  equal  to  the  tension  at 
the  lowest  point  of  the  festoon,  prove  that  the  tension  of  the 
string  within  the  tube  is  to  the  weight  of  half  the  festoon  as 
e  +  1  to  6  —  1. 

(47)  A  uniform  flexible  string  rests  on  the  surface  of  a 
sphere,  to  the  highest  point  of  which  one  end  of  the  string  is 
attached  :  supposing  the  length  of  the  string  to  be  equal  to  that 
of  a  quadrant  of  a  great  circle  of  the  sphere,  prove  that  the 
whole  pressure  exerted  on  the  sphere  by  the  third  part  of  the 
string,  reckoned  from  the  highest  point,  is  equal  to  the  tension 
at  the  highest  end  of  the  string. 

(48)  A  fine  thread  just  encloses,  without  tension,  the  cir- 
cumference of  an  ellipse:  supposing  a  centre  of  force,  attracting 
inversely  as  the  square  of  the  distance,  to  be  placed  at  one  of 
the  foci,  prove  that  the  sum  of  the  tensions  of  the  thread  at  the 
ends  of  any  focal  chord  is  invariable,  and  that  the  normal  pres- 
sure on  the  ellipse  at  any  point  varies  inversely  as  the  cube  of 
the  conjugate  diameter. 

(49)  If  G  be  the  principal  moment  of  a  system  of  forces 
with  respect  to  any  origin  0,  and  K  the  least  principal  moment, 
prove  that  the  locus  of  an  origin,  the  axis  with  respect  to  which 
is  perpendicular  to  that  of  O,  is  a  plane,  the  normal  to  which 
through  0  intersects  the  central  axis  at  right  angles  and  is 
divided  by  it  in  the  ratio  of  iT*  to  G*  —  K\ 
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(50)  A  uniform  wire  in  the  form  of  a  lemniscate  attracts  a 
particle  at  the  node,  the  law  of  force  being  that  of  the  direct 
distance :  prove  that  the  resultant  attraction  of  any  arc  will  be 
the  same  in  all  respects  as  that  of  an  arc,  subtending  the  same 
angle  at  the  node,  of  a  circular  wire,  of  the  same  material, 
which  touches  the  lemniscate  at  the  vertices. 

(51)  A  uniform  homogeneous  wire,  of  which  A  is  the 
middle  point  and  P  an  end,  is  bent  into  the  form  of  an  arc  of 
a  loop  of  the  lemniscate  of  which  A  becomes  the  vertex :  prove 
that  the  resultant  attraction  on  the  wire,  arising  from  a  centre 
of  force  at  the  node  0,  attracting  according  to  the  law  of  the 
inverse  square,  varies  as 


VOP«      OA'J' 


(52)  A  cone  rests  with  its  base  upon  the  vertex  of  a  given 
paraboloid :  prove  that,  for  stability  of  equilibrium,  it  is  neces- 
sary that  the  height  of  the  cone  be  less  than  twice  the  latus 
rectum  of  the  paraboloid. 

(53)  If  a  cone  of  the  same  substance  and  of  equal  base  with 
a  hemisphere  be  fixed  to  the  latter,  so  that  their  bases  coincide, 
to  find  the  greatest  height  of  the  cone  in  order  that  the  equili- 
brium may  be  stable,  when  the  hemisphere  rests  symmetrically 
on  a  horizontal  plane. 

The  height  of  the  cone  must  be  less  than  r  *JZ,  r  being  the 
radius  of  the  hemisphere. 

(54)  If  a  solid  cylinder  be  cut  by  a  plane  which  touches  the 
circumference  of  its  base  at  a  point  A  and  meets  the  axis  at  an 
angle  of  45^  prove  that  the  piece  of  the  cylinder  included  be- 
tween the  cutting  plane  and  the  base  will  rest  in  indiflFerent 
equilibrium,  if  placed  with  its  circular  end  on  the  vertex  of 
a  paraboloid  the  latus  rectum  of  which  is  |ths  the  diameter 
of  the  base,  the  point  of  contact  being  also  at  this  same  distance 
from  A, 
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(55)  If  five  given  lines  have  a  common  transversal,  then, 
taking  the  remaining  transversal  of  each  four  of  the  given 
lines,  shew  by  statical  considerations  that  the  five  transversals 
have  a  common  transversal. 

Cayley ;  Messenger  of  Mathematics,  Vol.  iv.  p.  219. 

(56)  Shew  that  the  attraction  of  an  indefinitely  thin  double- 
convex  lens  on  a  point  at  the  centre  of  one  of  its  faces  is  equal 
to  that  of  the  infinite  plate  included  between  the  tangent  plane 
at  the  point  and  the  parallel  tangent  plane  of  the  other  face  of 
the  lens. 

Cayley ;  Messenger  of  Mathematics,  Vol.  v.  p.  194. 
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CHAPTER  I. 

IMPACT  AND  COLLISION.     SMOOTH  SPHERICAL  BODIES, 

Conceive  two  spherical  bodies,  which  are  composed  of  the 
same  material,  to  be  moving  in  the  same  straight  line,  namely, 
in  the  line  joining  their  centres,  and  at  any  time  during  their 
motion  to  impinge  against  each  other.  Let  m,  m',  denote  the 
masses  of  the  two  bodies ;  and  let  u,  u\  represent  their  velocities 
before  and  v,  v,  their  velocities  after  collision;  the  symbols 
which  represent  the  velocities  being  positive  when  motion  takes 
place  in  one  direction  and  negative  when  it  takes  place  in  the 
other;  then,  whatever  be  the  magnitudes  of  w,  u',  or  of  m,  m, 

u  —  u':v'  —  v::l:e, 

or  V  •~v  =  e(fi  —  u') (A), 

where  e  is  a  numerical  quantity  not  greater  than  imity,  which 
is  invariable  while  the  material  of  the  bodies  remains  the  same, 
but  which  changes  generally  vdth  a  change  in  their  substance. 
The  bodies  are  said  to  be  inelastic  if  6  be  equal  to  zero ;  imper- 
fectly elastic  if  it  be  equal  to  any  fraction  between  zero  and 
unity ;  and  perfectly  elastic  if  it  be  equal  to  unity. 

The  theory  of  collision  furnishes  us  likewise  with  the  follow- 
ing general  relation, 

m  (w  — v)  =  w  («'  — w') (B). 

The  equations  (A)  and  (B)  are  usually  more  convenient  when 
written  in  the  forms 

6u  +  V  =  ew'  +  v', 
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The  signification  of  the  equation  (A)  is,  that  the  relative 
velocity  of  the  two  bodies  after  collision  bears  a  constant  ratio 
to  the  relative  velocity  before  collision,  so  long  as  the  material 
of  the  bodies  remains  unchanged ;  and  the  equation  (B)  implies, 
that  the  momentum  which  one  body  gains  by  the  collision  in 
the  positive  direction  of  motion,  is  equal  to  that  which  the  other 
loses.  These  are  the  two  fiindamental  principles  in  the  theory 
of  collision. 

Suppose  that  tt'  is  equal  to  zero,  and  that  m  is  inconsiderable 
in  comparison  with  m  \  then  clearly,  by  (A)  and  (B), 

nS  "V^eu  and  »'  =  t*'  =  0, 

and  therefore  t;  =  — ett (C), 

or  the  small  body  is  reflected  backwards  with  a  velocity  which 
is  to  the  velocity  of  impact  as  «  to  1 ;  while  the  large  body 
experiences  no  appreciable  motion  &om  the  collision.  This  is 
evidently  the  case  of  bodies  impinging  and  rebounding  upon 
the  surface  of  the  earth,  or  upon  other  bodies  firmly  attached 
to  it,  the  earth  being  regarded  as  stationary. 

In  the  year  1639,  J.  Marc  Marci  de  CrownlandS  a  Hungarian 
physician,  published  at  Prague  a  work  entitled  Be  Proportione 
Motu8,  seu  Reffvla  Sphymica,  in  which  he  has  treated  of  the 
collision  of  perfectly  elastic  and  perfectly  inelastic  bodies.  He 
occupies  himself  principally  with  the  consideration  of  perfectly 
elastic  bodies,  and  lays  down  precisely  the  same  rules  for  their 
collision  which  are  now  commonly  adopted.  This  work,  the 
earliest  in  which  the  theory  of  collision  had  been  correctly  pro- 
pounded, having  fallen  into  general  oblivion  in  the  scientific 
world,  the  subject  was  again  correctly  investigated  by  the  inde- 
pendent efforts  of  WalliSy  Wren,  and  Huyghens,  who  apparently 
had  not  the  slightest  knowledge  even  of  the  existence  of  the 
work  by  Marci,  The  laws  of  the  collision  of  perfectly  inelastic 
bodies  were  laid  down  by  Wallis,  PhU,  Trans,  1668,  p.  864, 
and  of  perfectly .  elastic  bodies  by  Wren,  PhiL  Trans.  1668, 
p.  867,  and  Huyghens,  Phil.  Trans.  1669,  p.  926,  and  Journal 
des  Sfavans  of  March  18,  1669.    Wren*  and  Lawrence  Book 

^  Montncla;  HUtoire  des  Mathimatiques^  Tom.  n.  p.  i06. 
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had,  several  years  earlier  than  this,  exhibited  various  experi- 
ments before  the  Royal  Society,  in  illustration  of  the  principles 
of  collision.  The  conclusions  of  Wallis,  Wren,  and  Huyghens, 
which  had  been  presented  to  the  Royal  Society  in  a  very  brief 
shape,  were  afterwards  given  more  at  large  by  Wallis,  Mechanica, 
Pars  Tertia,  1671 ;  Keill,  Introductio  ad  Veram  Physicam,  Lect. 
12,  13,  14;  and  Mariotte,  TraiU  de  Peroussion.  There  are  some 
ingenious  experiments  by  Smeaton  on  the  theory  of  collision  in 
the  PhiL  Trans.,  April  18, 1782.  The  principles  of  the  collision 
of  imperfectly  elastic  bodies  were  first  propounded  by  Newton, 
Principia,  Lib.  I.,  Scholium  to  the  Laws  of  Motion,  who  infer- 
red experimentally  the  truth  of  the  equation  (A)  for  any  value 
whatever  of  e  between  zero  and  unity ;  preceding  philosophers 
having  directed  their  attention  to  those  cases  alone  in  which 
e  is  supposed  to  be  either  zero  or  unity.  The  physical  value  of 
Newton's  generalization  is  the  more  striking  when  it  is  con- 
sidered that  natural  bodies  are  never  actually  endowed  with  per- 
fect elasticity.  For  the  mathematical  formulas  in  the  theory  of 
the  collision  of  imperfectly  elastic  spheres,  the  reader  is  referred 
to  Maclaurin,  Choc  des  Corps,  Prix  de  F Academies  Tom.  I.  and  to 
Bossut,  Cours  de  MatMmatique,  Tom.  ill.  The  results  oi  a  series 
of  experiments  on  the  elasticity  of  bodies,  by  Mr  Hodgkinson, 
are  to  be  found  in  VoL  ill.  p.  534,  of  the  Reports  of  the  British 
Association  for  the  Advancement  of  Science,  where  he  has  shewn 
that  the  quantity  6,  in  the  equation  (A),  is  not,  as  we  stated,  and 
as  we  shall  suppose  for  the  sake  of  mathematical  simplicity, 
entirely  independent  of  the  velocities  of  the  impinging  bodies,  as 
Newton  had  concluded,  but  that  it  decreases  as  the  relative  velo- 
city increases,  assuming  however  a  nearly  constant  value  when 
the  relative  velocity  of  collision  becomes  considerable. 

(1)    Two  inelastic  bodies  are  moving  in  opposite  directions 
with  given  velocities ;  to  find  their  velocities  after  collision. 

Let  m,  m',  denote  the  masses  of  the  bodies ;  a,  a,  their  velo- 
cities before  collision.    Then,  putting  in  the  formulas  (A)  and  (B), 

u  =  a,    u  =^a',    e=0, 

we  have  v' -  v  =  0,     m  (a  —  v)  =  m'  (v  +  a), 
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and  therefore  m(a  — r)  =:f»'(a'  +  tr), 

.  ma  —  m V 

fw  +  ?yi 

If  then  ma  be  greater  than  ma\  the  bodies  will,  after  oolli- 
sion,  move  along,  in  the  direction  in  which  m  originally  moved, 
with  a  common  velocity  {ma^m'a*)  :  [m-k-m*))  and,  if  vna  be 
less  than  rn!a,  they  will  move  in  the  opposite  direction  with  a 
common  velocity  (mV  —  ma)  :  (m'  +  m).  If  ma  be  equal  to 
m!ay  the  collision  will  reduce  both  the  bodies  to  rest. 

Wallis ;  Mechan.  Pars  Tertia,  de  Perciisaione,  Prop.  rv. 

(2)  Two  perfectly  elastic  bodies  are  moving  in  opposite 
directions  with  given  velocities;  to  find  their  velocities  after 
collision. 

The  notation  being  the  same  as  in  the  preceding  example, 
we  have,  e  being  in  this  case  equal  to  unity, 

v—v^a  +  a,    m(a  — «)  =  w'(a'  +  v'). 

Eliminating  v'  from  these  two  equations,  we  have 

ma — m'a      2m' a' 
m  +wi       m-^-m 

Eliminating  %  we  have 

^na  —  m'a'       2ma 


»= 7 — h  , 

m-^m        7n  +  m 

Wallis ;  lb.  de  Elatere  et  SesiUtione,  Prop.  x. 

(3)  Three  bodies  m,  m',  m'\  are  placed  in  a  row.  If  the 
body  m  be  projected  with  a  given  velocity  towards  m\  to  find 
the  magnitude  of  m'  in  order  that  the  velocity  communicated 
to  m"  by  its  intervention  may  be  the  greatest  possible. 

Let  a  be  the  velocity  with  which  m  is  projected ;  a'  the  velo- 
city which  m'  acquires  on  being  struck  by  m,  and  a'  that  which 
m"  receives  on  being  struck  by  m\    Then 


/_» 


2ma  H       2mial 


a  = — ■ — ,,      a  s= 


and  therefore        a"= 


7»  +  m"  m'  +  m'" 

4fmm'a 


{m  +  m!)  (m'  +  m") 
w.  s.  14 
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Since  a"  is  to  be  a  maximum,  the  expression 

must  be  a  minimum :  hence,  differentiating  with  respect  to  the 
variable  m', 

m**  -  mm'  =0,    m'  =  (wm") *. 

'     Huyghens ;  Phil  Trans.  1669,  p.  928. 

Wolff;  Elementa  Matheseos  Universce,  Tom.  li.  p.  158. 

(4)  A  perfectly  elastic  sphere  impinges  with  a  given  velocity 
and  in  a  given  direction  against  a  smooth  plane ;  to  determine 
the  velocity  and  direction  of  reflection. 

Let  u,  V,  denote  the  velocities  of  incidence  and  of  reflection^ 
and  a,  /8,  the  angles  which  the  directions  of  the  motion  before 
and  after  impact  make  with  a  normal  to  the  plane. 

The  resolved  parts  of  the  velocities,  parallel  to  the  plane,  are 
u  sin  a  and  v  sin  /S,  and,  at  right  angles  to  it,  u  cos  a  and  t;  cos  13, 
But,  the  plane  being  perfectly  smooth,  the  resolved  parts  of 
the  velocities  parallel  to  the  plane  will  be  equal  to  each  other, 
and  therefore 

V sin  13 ^u  sin  a; 

while  the  other  resolved  parts  of  the  velocities  will  bear  to  each 
other  the  same  relation  as  if  the  impact  had  been  direct,  and 
therefore,  by  (C), 

V  cos  13  ^u  cos  a. 

From  these  two  equations  it  is  evident  that 

tan^  =  tana,    i8  =  a,    and  v^u, 

or  the  angle  of  reflection  is  equal  to  that  of  incidence,  and  the 
velocity  of  reflection  to  the  velocity  of  incidence. 

Wallis ;  Mechcm.  Pars  Tertia,  De  Elatere,  &c.  Prop.  n. 

(5)    Two  smooth  spheres,  moving  with  given  velocities  and 
in  given  directions,  impinge  against  each  other;  the  spheres 
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being  supposed  to  be  perfectly  elastic,  to  determine  their 
velocities  and  the  directions  of  their  motions  after  collision. 

Let  AB,  AB  (fig.  115),  be  the  directions  of  the  motions  of 
the  two  bodies  before  collision ;  and  0^  (Xy  the  positions  of  their 
centres  at  the  instant  of  contact;  produce  ffO  indefinitely  to 
a  point  G.  Let  a;  a^  denote  their  velocities  before  collision, 
and  a,  a',  the  angles  AOG,  A'&C. 

Then  the  resolved  parts  of  the  velocities  of  the  spheres  0,  0', 
in  the  direction  CO(y  will  be  a  cos  a,  a' cos  a',  and,  at  right 
angles  to  Off  m  the  planes  AOG,  A*ffC,  respectively,  a  sin  a, 
a'  sin  a'.  These  latter  resolved  velocities  will  not  be  affected  by 
the  collision.  The  former  will  be  affected  exactly^  as  if  the 
sphere  0  moving  along  GOff  with  a  velocity  a  cos  a  were  to 
impinge  directly  upon  the  sphere  ff  moving  with  a  smaller  ve^ 
locity  a  cos  a'  estimated  in  the  same  direction.  Hence,  if  i?,  v\ 
denote  the  resolved  parts  of  the  velocities  after  collision  parallel 
to  the  line  GOffy  we  have,  as  may  be  readily  ascertained  by  the 
principles  of  this  chapter, 

ma  cos  a— m'a  cos  a  .  2m'a'cosa' 

V  =  * > .-T 1 7 , 

m  +  vi  m+m 

,     m'a'  cos  a  —  ma  cos  a  .  2ma  cos  a 

V  =s ; , + 7—  • 

Let  F,  V,  denote  the  velocities  of  the  spheres  0,  ff,  after  col- 
lision, and  <l>,  <f>,  the  angles  which  the  directions  of  their  motions 
make  with  Off;  then 

F'  =  r'  +  a«sin»a,     7'' =  i;'«  +  a"  sin*  a', 
a  sin  a  .,     a  sin  a 


tan^s ,  tajnj}^ 


their  motions  stUl  taking  place  in  the  planes  AOG,  A'ffG. 

Keill ;  Introditciio  ad  Veram  Fhysicam,  Lect.  14. 

(6)  Two  imperfectly  elastic  bodies  are  moving  in  the  same 
direction  along  the  same  straight  line  with  given  velocities ;  the 
one  overtakes  the  other  and  collision  ensues ;  to  find  the  veloci- 
ties of  the  two  bodies  after  collision. 

If  m,  m'j  be  the  masses  of  the  two  bodies,  e  their  common 

14—2 
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elasticity ;  a,  a ,  their  velocities  before^  and  v,  ti\  their  velocities 
after  ooUisioD, 

ntu  +  wi a     em  Cn  —  a) 

V  as f-  + ^ 7-^  • 

Maclaurin ;   Choc  des  Corps,  p.  30^  JPrix  de  VAcademie^  Tom.  i. 

(7)  To  find  with  what  velocity  a  ball  must  impinge  upon 
another  equal  ball  moving  with  a  given  velocity,  in  order  that 
the  impinging  ball  may  be  reduced  to  rest  by  the  collision^  the 
common  elasticity  of  the  balls  being  known. 

If  ^  be  the  common  elasticity,  and  a  the  velocity  of  the  ball 
which  is  struck,  the  impinging  ball  must  impinge  with  an  op- 
posite velocity  equal  to 

l+« 


1-tf 


a. 


(8)  To  find  the  elasticity  of  two  spheres  A  and  B,  and  the 
ratio  between  their  masses,  in  order  that,  when  A  impinges 
upon  B  at  rest,  A  may  be  reduced  to  rest,  and  B  move  on 
with  the  tC^  part  of  -4's  velocity. 

If  m,  m,  denote  the  masses  of  A,  B,  and  e  their  common 
elasticity,  then 

1      m 
c  =  - ,    —  =  n, 

(9)  Two  perfectly  elastic  spheres  meet  directly  with  equal 
velocities;  to  find  the  relation  between  their  magnitudes,  in 
order  that  after  coUision  one  of  them  may  remain  at  rest 

If  m,  m\  denote  their  masses,  m^  corresponding  to  the  one 
which  remains  at  rest, 

m'  :  wi.  ::  3  :  1. 

(10)  To  determine  the  velocities  of  two  bodies  A  and  B  of 
given  elasticity  and  given  masses  moving  in  the  same  direction, 
in  order  that  after  collision  A  may  remain  at  rest  and  B  may 
move  along  with  an  assigned  velocity. 
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If  m,  m!,  be  the  masses  of  A,  B,  e  their  dJastidty,  fi  the  velo- 
city which  £  is  to  have  after  collision,  and  u^  b,  the  required 
velocities  of  A,  B,  before  collision, 

1  +  e     m'p  ,      (em'--m)0 

e     m  +  m  e{m  +  m) 

Maclaurin ;  Choc  des  Corps,  p.  52,  Frix  de  tAcacL  Tom.  L 

(11)  A  spherical  body  A  impinges  directly  with  a  certain 
velocity  upon  a  spherical  body  B  at  rest^  the  common  elasticity 
of  the  two  bodies  being  given ;  to  find  the  mass  of  a  third  body 
which,  moving  with  the  velocity  which  A  has  before  the  col- 
lision, shall  have  the  same  momentum  which  B  has  after  the 
collision. 

If  m,  m',  denote  the  masses  o{  A,B;  e  the  common  elasticity 
of  ^,  jB  ;  and  m"  the  mass  of  liie  required  body, 

m"  =  (l  +  e) — - — ,• 

(12)  Aj  B,  C,  are  three  perfectly  elastic  balls  in  the  same 
straight  line,  the  masses  of  which  are  as  2,  3,  5 :  B  and  C  being 
at  rest^  A  impinges  on  B  with  a  velocity  1,  and  B  is  thus  made 
to  impinge  on  O:  to  find  the  velocity  of  B,  after  the  first 
impact,  and  of  B  and  C  after  the  second  impact;  and  to  ascer* 
tain  whether  A^dB  ever  come  together  again. 

After  the  first  impact,  ^'s  velocity  is  f ,  and,  after  the  second 
impact,  C*B  velocity  is  f  ,  and  Bs,  in  an  opposite  direction^  is  ^ 

A  and  B  part  to  meet  no  more. 

(13)  A  number  of  balls  of  given  elasticity  A^^  A^,  A^...  are 
placed  in  a  line ;  A^  is  projected  with  a  given  velocity  so  as 
to  impinge  on  A^;  A^  then  impinges  on  A^,  and  so  on ;  to  find 
the  masses  of  the  balls  A^,  A^, ...  in  order  that  each  of  the  balls 
A^f  A^,  A^, ...  may  be  at  rest  after  impinging  on  the  next;  and 
to  find  the  velocity  of  the  vf^  ball  after  its  collision  with  the 
(n-l)"». 
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If  u^  =  the  original  velocity  of  -4^,  the  final  velocity  of  the  n^ 
ball  is  equal  to  a***tt, ;  also 

(14)  Any  number  of  spheres  of  given  elasticity  are  ar- 
ranged in  a  straight  line :  to  one  of  the  extreme  ones  a  given 
velocity  is  then  communicated  so  as  to  bring  it  into  direct  col- 
lision with  the  adjacent  sphere  of  the  series ;  to  determine  the 
velocity  ultimately  acquired  by  the  last  sphere. 

If  r  be  the  number  of  the  spheres,  e  their  common  elasticity, 

m,,  m,,  m„ m^,  their  masses,  and  a  the  velocity  with 

which  the  first  is  projected ;    then,  v  being  the  velocity  ac- 
quired at  last  by  m^, 

+  e/ * -^ — • ^ — • — ^ — ^ — -a. 

'     Wj  +  m,  m^  +  m^  m,  +  »i^  «i^_j  +  m^ 

Maclaurin ;   Choc  de$  Corps,  p.  64,  Prix  de  VAcad.  Tom.  i. 

(15)  A  number  of  equal  spheres  are  placed  on  a  smooth 
table  in  a  straight  line  and  close  together ;  they  are  connected 
together  by  equal  inelastic  threads ;  a  motion  is  given  to  the 
first  in  the  direction  of  the  line  which  they  form  so  as  to  sepa- 
rate it  from  the  second ;  to  find  the  time  which  elapses  before 
the  last  sphere  is  put  in  motion. 

If  n  be  the  number  of  spheres,  a  the  length  of  each  of  the 
connecting  threads,  and  fi  the  velocity  with  which  the  first 
sphere  is  projected,  then 

the  time  required  =  — \    a      "5  •■ 

(16)  To  find  the  sum  of  the  vires  vivm  of  two  perfectly  elastic 
bodies  after  direct  collision. 

If  a,  a',  be  the  velocities  before,  and  v,  v\  after  collision, 

Huyghens ;  De  Motu  Corporum  ex  Percuss.  Prop.  xi. 
John  Bernoulli ;  Discoxirs  sur  le  Mouvemmt,  chap.  x. 
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(17)  To  find  the  sum  of  the  vires  vivm  of  two  imp^ectly 
elastic  bodies  after  direct  colliAon. 

The  notation  remaining  tlie  same  as  in  the  preceding  exam- 
ple, and  e  denoting  the  elasticity, 

mtr+mv'«BWur  +  ma^  — ^^ — ■ — \ ^, 

which  shews  that  vis  viva  is  lost  by  the  collision. 

(18)  Two  balls,  of  elasticity  e,  are  projected  along  a  smooth 
fixed  tube  in  the  form  of  any  closed  curve,  lying  in  a  horizontal 
plane,  from  any  two  points  in  the  tube :  supposing  u,  v,  to  be 
the  velocities  of  projection,  estimated  in  the  same  direction,  and 
c  to  be  the  length  of  the  tube,  to  find  the  whole  interval  of 
time  between  the  1st  and  (n  +  l)^  collisions. 

The  required  interval  is  equal  to 

0      e"*—  1 
tt— V    1  —  6  ' 

(19)  Three  equal  balls  A,  B,  O,  of  elasticity  0,  are  placed  in 
order  on  a  smooth  horizontal  plane  in  a  straight  line :  velocities 
are  impressed  upon  them  in  the  direction  ABO,  those  of  ^  and 
0  being  each  greater  than  that  of  B:  two  collisions  having 
taken  place,  the  velocities  of  A  and  B  are  observed  to  be  equid 
to  each  other :  to  determine  the  ratio  of  the  initial  relative 
velocity  of  O,  B,  to  that  of  A,  B. 

The  required  ratio  is  equal  to 

2     1  +  6   ' 

(20)  Between  two  spheres  of  given  masses  is  placed  a  row 
of  spheres;  a  velocity  is  communicated  to  one  of  the  original 
spheres  so  as  to  bring  it  into  direct  collision  with  the  nearest  of 
the  intermediate  ones;  to  find  the  requisite  magnitudes  of  the 
intermediate  spheres  in  order  that  the  velocity  acquired  by  the 
last  sphere  may  be  the  greatest  possible,  and,  the  spheres  being 
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perfectly  elastic^  to  determine  this  velocity  wben  their  number 
becomes  indefinitely  great. 

.  The  intermediate  spheres  must  be  geometrical  means  be- 
tween the  two  original  ones.  If  the  spheres  be  perfectly 
elastic,  then^  rriy  m,  denoting  the  masses  of  the  original  spheres, 
a  the  velocity  communicated  to  m,  and  a  that  acquired  by  m 
when  the  number  of  the  intermediate  spheres  becomes  infinite, 


(21)  An  imperfectly  elastic  sphere  impinges  upon  a  plane; 
to  find  the  angles  of  incidence  and  of  reflection,  in  order  that 

the  velocity  before  may  be  to  the  velocity  after  impact  as  2*  :  1, 

1 

the  elasticity  being  equal  to  — r* 

The  angle  of  incidence  =  J^tt,  the  angle  of  reflection  =  Jtt. 

(22)  The  edge  of  a  smooth  elliptical  table  is  environed  by  a 
vertical  border:  supposing  a  perfectly  elastic  ball  to  be  pro- 
jected along  the  table  from  one  of  its  foci,  in  a  direction  inclined 
at  a  given  angle  to  the  major  axis,  to  find  the  inclination  of  its 
path  to  the  same  axis  between  the  ti^  and  (n  + 1)^  impacts. 

lid,  6^,  represent  the  given  and  required  angles  respectively, 
and  e  the  eccentricity  of  the  ellipse, 


2      U  +  c/* 


tan  ^  =  ( ^^— ^  1  •  tan  ^ 


(23)  An  inelastic  sphere  -4,  moving  with  a  given  velocity, 
impinges  upon  an  inelastic  sphere  B  at  rest,  the  line  joining  the 
centres  of  the  two  spheres  at  the  instant  of  collision  making  a 
given  angle  with  the  direction  of  A*^  motion ;  to  determine  the 
velocity  of  A  after  collision. 

If  a  be  the  given  angle ;  m,  wl,  the  masses  of  the  spheres 
AyB\  and  a,  v,  the  velocities  of  A  before  and  after  collision. 
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(S4)  A  sphere  A  in  motion  is  strack  by  an  equal  one  B, 
moving  with  the  same  Telocity  and  in  a  direction  making  an 
angle  a  with  that  in  which  A  is  moving,  in  such  a  manner  that 
the  line  joining  their  centres  at  the  instant  of  collision  is  in  the 
direction  of  S^a  motion;  to  find  the  velocities  of  the  spheres 
after  collision,  and  to  determine  for  what  value  of  a  that  of  A 
will  be  a  maximum,  the  common  elasticity  of  the  spheres  being 
supposed  to  be  known. 

If  a  denote  the  velocity  of  each  of  the  spheres  A,  B,  before, 
and  u,  V,  their  respective  velocities  after  collision,  then,  e  being 
their  common  elasticity, 

«•«  J  a*  {1  +e  +  (1  -  e)  cosa}*  +a'  sin*a, 
t;*  =  i  a*  { 1  -  6  +  ( 1  +  c)  cos  a} *. 

When  1^  is  a  maximum,        cos  a=  s —  • 

o  — e 

(25)  Three  perfectly  elastic  spheres  A^  B^  C,  are  placed  at 
the  three  angles  of  a  plane  triangle  of  which  the  angles  are 
known;  to  compare  the  magnitudes  of  the  spheres,  when  A 
impinging  obliquely  upon  B  is  reflected  so  as  to  strike  C,  and 
thence  reflected  to  its  first  position ;  the  lines  joining  the  centres 
of  the  spheres  A,  B,  and  A,  C,  at  the  instants  of  collision, 
being  respectively  perpendicular  to  the  opposite  sides  of  the 
triangle,  and  their  diameters  being  inconsiderable  in  comparison 
with  the  sides  of  the  triangle. 

If  m,  m!,  m!',  denote  the  masses  of  the  spheres  Aj  B,  C;  and 
«*  A  y>  the  angles  of  the  triangle  at  which  A,  B,  C,  are  placed, 

m  sin/8         m"  sin  7 


m     sin  (a  — 7)'    m      sin  03  — a) 

(26)  A  sphere  A  (fig.  116),  moving  in  the  direction  EAF with 
an  assigned  velocity,  impinges  upon  a  sphere  B  at  rest,  the  two 
spheres  having  the  same  elasticity;  supposing  AF  to  be  the 
direction  of  A'b  motion  after  impact,  and  KABL  to  be  a 
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straight  line  passing  through  the  centres  of  the  two  spheres  at 
the  instant  of  collision,  to  find  the  value  of  the  angles  EAK 
and  FAF^  when  the  latter  angle  has  its  greatest  value. 

If  n  be  the  ratio  of  the  mass  of  ji  to  that  of  By  e  the  common 
elasticity  of  the  spheres,  ^^  EAK^  0,  z  FAF  =  ^ ;  then 

tan^=f^V,  tan* iOH^_, 

U+1/'        ^    {(n+1)  (!»-«)}» 


(    219    ) 


CHAPTER  IL 

BECnLINEAB  MOTION  OF  A  PABTICLE. 

The  detenniDation  of  the  circumstances  of  the  motion  of  a 
material  particle,  which  moves  in  a  straight  line  imder  the  action 
of  a  finite  accelerating  or  retarding  force^  depends  upon  the  two 
foUowing  differential  equations,  called  the  equations  of  motion 
of  the  partide, 

where  t  denotes  the  time  of  the  motion  reckoned  from  an 
assigned  epoch,  x  the  distance  of  the  particle  at  the  end  of 
this  time  from  an  assigned  point  in  the  line  of  its  motion,  v 
the  velocity,  and /the  accelerating  or  retarding  force. 

From  these  two  equations  we  readily  deduce  the  two  following, 

(Px     M        dv     ^ 

These  equations,  which  constitute  the  complete  expression  of 
the  circumstances  of  rectilinear  motion  in  the  language  of  the 
differential  calculus  for  every  condition  of  acceleration  or  re- 
tardation, are  due  to  Varignon,  and  were  published  in  the  M^tti, 
de  VAcad.  des  Sciences  de  Paris,  1700,  p.  22.  It  may  be  ob- 
served however  that,  long  before  this,  geometrical  investigations 
of  rectilinear  motion  for  variable  forces  had  been  given  by 
Newton*. 

From  the  formula  vdv—fdx  we.  see  that  e?t^ varies  ssfdx :  an 
opinion  however  was  expressed  by  Daniel  Bernoulli*,  that  there 
is  no  reason  to  consider  this  the  only  possible  law  of  variation ; 
for  instance,  that  we  might  as  well  have  dv^  qc  fdxy  n  being  any 

^  Prineipiat  lib.  i.  sect.  7;  Lib.  zi.  seot.  1. 
3  Comment.  Petrcp,  1727,  p.  186. 
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quantity  whatever.  In  opposition  to  Bernoulli's  suggestion^ 
Euler^  endeavoured  to  prove  that  the  law  of  the  square  of  the 
velocity  is  necessarily  true ;  and  D'Alembert'  shewed  the  truth 
of  this  law  to  depend  simply  upon  the  definition  of  the  meaning 
of  the  symbol/. 

The  complete  solution  of  a  problem  in  rectilinear  motion  con- 
sists in  the  determination  of  relations  between  every  two  of  the 
quantities  x,  v^  f,  t:  now  the  general  equations  of  rectilinear 
motion  furnish  us  with  only  two  independent  relations  between 
these  four  quantities ;  it  is  evident  then  that  the  data  in  every 
problem  must  consist  in  the  expression  of  some  particular  equa- 
tion, ^  (Xy  v,f,t)  =  0  between  x,  v,  f,  t,  so  that  we  may  have* 
in  all,  three  equations  connecting  the  four  variables. 

The  function  <f>  (x,  v,f,  t)  may  involve  two,  three,  or  all  of  the 
quantities  x,  v,  /,  t\  and,  by  the  theoiy  of  combinations,  it  is 
evident  that  there  will  be  six  varieties  of  the  first,  and  four  of 
the  second  class;  hence  the  general  problem  of  rectilinear 
motion  resolves  itself  into  eleven  distinct  classes  of  problems. 
We  shall  however  confine  ourselves  to  the  consideration  of  those 
two  classes  in  which  the  given  function  involves  either  a?,  f^ 
alone ;  or  a;,  /  v,  alone :  under  the  former  head  we  shall  ex- 
emplify the  motion  of  a  particle  in  vacuum ;  under  the  latter, 
in  a  resisting  medium.  The  other  classes  are  devoid  of  any 
physical  interest 

Sect.  1.    Motion  in  Vacuum. 

(1)  A  particle  is  placed  at  a  centre  of  repulsive  force  which 
varies  as  any  power  of  the  distance ;  to  determine  its  velocity 
after  receding  to  any  distance  from  the  centre,  and  the  time  of 
the  motion. 

Let  §i»  represent  the  absolute  force,  x  the  distance  of  the  par- 
ticle from  the  centre  of  force  after  a  time  t,  and  v  the  velocity. 
Then,  for  the  motion,  we  have 

dv         - 

I  Mechanicay  Tom.  x.  p.  ^  6t  6eq. 
^  Trai^  de  Dynamique* 
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Integrating  with  respect  to  a,  and  bearing  in  mind  that v^O 
when  a?  =  0,  we  have 

and  therefore  v'  =  — —r  as^S 

n  +  1       ' 

which  gives  the  velocity  for  any  value  of  oj. 
hence,  t  being  equal  to  zero  when  x==0,  there  is 

Euler;  Mechanica,  Tom.  i.  p.  123. 


(2)  A  particle,  initially  at  rest,  is  attracted  by  a  force 
varjring  inversely  as  the  n^  power  of  the  distance :  to  find  the 
value  of  n  when  the  velocity  acquired  from  an  infinite  distance 
to  a  distance  a  from  the  centre  is  equal  to  the  velocity  which 
would  be  acquired  from  a  to  ^a. 

Let  fjk  denote  the  absolute  force,  x  the  distance  of  the  particle 
from  the  centre  of  force  after  a  time  t,  and  v^,  v^,  the  two  veloci- 
ties.    Then,  for  the  motion  of  the  particle, 

dv  ^     fu 
dx"    »* 

Hence,  for  the  former  motioui  v  being  equal  to  zero  when 

J  00  ar  (w  —  1)  ar^ 

and,  for  the  latter  motion^  since  v=^0  when  x  =  a. 
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Bat,  by  the  hypothesis,  v^  is  equal  to  t?/;  hence 


n-1  a-'     n-1  a" 
and  therefore  l=4"-*-l,  4*"*=2; 

whence  n  =  |. 

(3)  The  comers  of  a  square  are  the  centres  of  four  equal 
attractive  forces,  their  intensity  varying  as  any  function  of  the 
distance ;  a  particle  is  placed  in  one  of  the  diagonals  of  the 
square  very  near  to  its  centre;  to  find  the  time  of  an  oscillation. 

Let  0  be  the  centre  of  the  square  (fig.  117),  .Bthe  position 
of  the  particle  after  any  time  t  from  the  commencement  of  the 
motion;  let  OD  =  a,  OE^x,  AE^r^CE.  Then,  for  the 
motion  of  the  particle,  taking  the  sum  of  the  forces  acting  upon 
it  in  the  line  OD,  we  have 

^=-2^(r)?  +  <^(a-rc)-^(a  +  aj), 

and  therefore,  neglecting  powers  of  the  small  quantity  x  higher 
than  the  first,  we  get,  by  Taylor's  theorem, 

or,  putting  the  coefficient  of  x  equal  to  —  i, 

5?  —  '^^• 

The  integral  of  this  equation  is  evidently 

a?  =  (7cos(i*<  +  €), 
C  and  e  being  constants :  let  /8  be  the  initial  value  of  x : 
then  13  =  C  cose: 

uX 

but  ;77  =  0  initially,  and  therefore  0  =  (7  sin  € : 

hence  a?  =  /8  cos  {kh). 

Now,  as  soon  as  kh  becomes  equal  to  tt,  a?  becomes  equal  to 
—  fi,  its  greatest  negative  value.  Hence,  the  time  of  a  complete 
oscillation  being  T,  we  have 


h-^{^^  *■(')}'. 
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and  therefore^  subsdtutmg  for  k  its  value, 

(4)  A  particle  A  attracts  a  particle  B  with  a  force  always  to 
that  with  which  B  attracts  A  in  the  ratio  of  ft'  to  ft ;  the  parti- 
cles being  originally  at  rest,  to  find  their  position  as  well  as  that 
of  their  centre  of  gravity  after  any  time ;  the  intensity  of  each 
force  being  directly  as  the  distance  between  the  particles. 

Let  0  be  a  fixed  point  in  the  line  of  the  motion  of  the  par- 
ticles (fig.  118),  and  let  OA^Xj  OB^x\  at  any  time  t. 

Then,  for  the  motion,  we  have 

-^^fi(x'-x) (1), 

^^^^'(x'^x) (2). 

Multiplying  (1)  and  (2)  by  fA  and  fi  respectively,  and  adding 
the  results,  we  get 

Integrating,  and  bearing  in  mind  that  ^ ,  -^  ,  are  both  equal 

to  zero  initially, 

,dx  ^     dx'     f. 

integrating  again, 

fjkx+ fix'  ^  fia  +  fui (3), 

a,  a\  being  the  initial  values  of  x^  x\ 

Again,  subtracting  (1)  from  (2), 

the  integral  of  this  equation  is 

«'  —  »?=  C7cos{(^  +  /4')**  +  €}, 
Q  and  e  being  constants. 


224  BBCnUlfEAK  MOnOK  OF  A  PAftTICLB. 

Now,  initially,  x  =  a,  x'^a\  -^  =  0,  -r-  =  0 ; 

hence                a— a=(7cos€,        0  =  (7  sine: 
the  integral  therefore  becomes 
,  aj'-a?  =  (a -a)cos{{/i  +  /A')*^} (4). 

From  (3)  and  (4)  we  readily  obtain 

/*  Tft  fi^  -r  f* 


t  f 


(m  +  «»')  a?  =  TTia?  +  mW 


» / 


fMf   'T  fit  fA    -r  fM» 

where  m,  m',  denote  the  masses  of  A,  B,  and  x  the  distance  of 
their  qentre  of  gravity  from  O  at  any  time  t 

If  fi\  /A,  be  proportional  to  m,  m',  respectively,  then  clearly 
from  our  general  result 

(m  + wja?  =  — 7- —  {aa-\'fia) 

or  a;«^--rT — -, 

which  shews  that  the  centre  of  gravity  remains  statioiiary  during 
the  whole  motion. 

(5)  A  body  not  affected  by  gravity  falls  down  the  axis  of  a 
thin  cylindrical  tube,  infinite  in  length,  the  particles  of  which 
attract  with  a  foroe  which  varies  inversely  as  the  square  of  the 
distance ;  to  find  the  velocity  acquired  in  falling  through  a  given 
space. 

Let  h  be  the  thickness  of  the  tube,  r  the  radius  of  its  interior 
surface,  x  the  distance  of  the  particle  P  from  the  extremity  of  the 
tube  after  a  time  t ;  then  the  volume  of  a  portion  of  the  tube 
contained  between  slices  at  distances  8  and  a  +  &  from  P  will  be 
27rrA%b,  and  therefore  the  attraction  of  this  elemental  portion  on 
the  particle  along  the  axis  of  the  tube  will  be,  the  unit  of  attrac- 
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tion  being  chosen  to  be  the  attraction  of  a  unit  of  mass  at  a  unit 
of  distance, 

where  p  denotes  the  density ;  and  therefore  for  the  motion  of  the 
particle  we  have 

cPx     ^'       r**      ads 


multiplying  by  2  -^r-  and  integrating, 

da? 
v"  =  ^  =  47rprilog{aj  +  (j»'  +  r^*l  + a 

But  i;  =  0  when  a?  =  0;  hence 

0  =  inrprk  logr  +  (7, 

X  +  (ix? + f^^ 
and  therefore         t^  =  iirprk  log > —  • 

(6)  A  particle  is  placed  at  a  given  distance  from  a  centre 
of  attractive  force,  the  intensity  of  which  varies  inversely  as  the 
cube  of  the  distance  :  to  determine  the  position  of  the  particle 
at  any  time  during  its  motion  towards  the  centre  of  force. 

Let  a  be  the  initial  distance  of  the  particle  from  the  centre 
of  force,  and  x  its  distance  at  the  end  of  a  time  ti  then,  /i 
denoting  the  absolute  force, 


d^x 

de 


=-5 W' 


1  ds?  ii 

whence  -j^  =  c  +  ^ , 

dr  or 

where  c  is  a  constant :  but  initially  a;  =  a  and  -jt  =  0 :  hence 


w.  s.  15 
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and  therefore  -jj 


/i*(a"-aj»)* 
whence,  since  x  —  a  when  <  s=  0,  we  see  that 


«'  =  a«-^. 


and  therefore 

a' 

When  *  =  -1  >  «  =  0,  so  that  — r  is  the  time  of  falling  to  the 
/A*  /** 

centre  of  force. 

(7)  Two  balls  are  moving  in  a  straight  line,  one  of  them  only 
being  acted  on  by  a  force ;  if  the  force  be  constant  and  tend 
always  towards  the  other  ball,  to  compare  the  times  which  elapse 
between  consecutive  impacts. 

Let  V  =  the  relative  velocity  of  the  balls  just  before  the  first 
impact :  then  6t;  =  their  relative  velocity  just  after:  hence,  in  a 

time  equal  to  —7- ,  the  balls  are  again  in  contact,/  denoting  the 

2^v  2^*v 

force.     Similarly,  the  next  interval  is  — ^ ,  the  next  —t-  ,  and 

so  on.    Thus  e  is  the  ratio  of  the  times  between  consecutive 
impacts. 

(8)  From  a  point  Ain  b,  vertical  line  ABtMa  a  particle  from 
rest ;  at  the  same  instant  another  particle  is  projected  upwards 
from  B  with  a  given  velocity :  to  find  when  and  where  the  two 
particles  will  meet ;  the  motion  being  supposed  to  take  place  in 
vacuum,  and  gravity  being  the  only  force  to  which  the  particles 
are  subject. 

Let  a  be  the  length  of  the  line  AB,  fi  the  velocity  of  projec- 
tion of  the  ascending  particle,  x  the  distance  from  A  at  which 
collision  takes  place,  and  t  the  time  of  this  event  from  the  com- 
mencement of  the  motion.     Then 
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Eurdwanowski ;  M^m.  de  tAcacL  des  Sciences  de 

Berlin,  1755,  p.  394. 

(9)  A  body  is  projected  vertically  upwards  Trith  a  velocity 
4ig :  after  two  seconds,  gravity  ceases  to  act  for  one  second^  and 
is  then  doubled :  to  find  the  greatest  height  to  which  the  body 
ascends,  and  to  determine  the  velocity  when  it  returns  to  the 
point  of  projection. 

The  greatest  height  and  the  required  velocity  are  respectively 
9g  and  6ff. 

(10)  A  body  of  known  elasticity  falls  from  a  given  altitude 
^bove  a  hard  horizontal  plane,  and  rebounds  continually  till  its 

whole  velocity  is  destroyed ;  to  find  the  whole  space  described. 

If  a  denote  the  given  altitude,  e  the  elasticity,  and  s  the 
required  space, 

(11)  Two  perfectly  elastic  balls,  beginning  at  the  same 
instant  to  descend  from  different  points  in  the  same  vertical 
line,  impinge  upon  a  perfectly  hard  plane  inclined  to  the  hori* 
zon  at  an  angle  of  45^  and  then  move  along  a  fixed  horizontal 
plane  with  the  velocities  acquired ;  to  find  what  distance  they 
will  move  along  the  horizontal  plane  before  collision  takes 
place. 

If  a,  a\  denote  the  altitudes  through  which  they  fall,  and  8 
the  distance  required, 

«  =  2(aa')*. 

(12)  A  particle  falling  in  a  straight  line  towards  a  centre  of 
force,  the  intensity  of  which  varies  as  the  n^  power  of  the  dis- 
tance, acquires  a  velocity  fi  on  arriving  at  a  distance  a  from  the 
centre ;  to  find  at  what  distance  z  from  the  centre  of  force  it 
must  have  commenced  its  motion. 

15—2 


228  RECTILIN^EAR  MOTION  OF  A  PAETICLE. 

Let  fi  denote  the  absolute  force ;  then  z  will  be  given  by  the 
equation 

2/4   ^ 
Euler ;  Mechan,  Tom.  I.  p.  109. 

(13)  A  particle  falls  towards  a  centre  of  force,  of  which  the 
intensity  varies  inversely  as  the  cube  of  the  distance ;  to  find 
the  whole  time  of  descent. 

Let  fi  denote  the  absolute  force  and  a  the  initial  distance ; 

then 

a* 
the  time  of  descent  =  —,  • 

A** 

(14)  A  particle  descends  from  an  infinite  distance  towards  a 
centre  of  force  which  varies  inversely  as  the  square  of  the  dis- 
tance ;  to  find  the  velocity  at  a  given  distance  from  the  centre 
of  force. 

Let  fjL  be  the  absolute  force  and  a  the  given  distance ;  then 


the  required  velocity  =  ( —  j 


(15)  A  body  is  projected  vertically  from  the  surface  of  the 
Earth  ;  to  find  the  height  to  which  it  will  ascend. 

If  ^  =  the  force  of  gravity  at  the  Earth's  surface,  r  =  the 
Earth's  radius,  and  r=.the  velocity  of  the  body's  projection, 
then  the  height  of  ascent,  reckoned  from  the  Earth's  centre,  is 
equal  to 

If  F>  (25rr)*,  the  body  will  never  descend. 

(16)  A  body  falls  from  a  given  point  towards  a  centre  of 
force,  the  attraction  at  any  distance  r  being  ~% :  to  find-  the 

whole  time  of  descents 
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If  a  be  the  initial  distance  of  the  particle  from  the  centre  of 
force,  the  required  time  =  — r-  • 

(17)     A  particle  \a  placed  at  a  given  distance  a  from  a  centre 
of  attractive  force,  the  intensity  of  which  varies  inversely  as  the 

( 0-— y)     power  of  the  distance,  where  n  is  a  positive  integer 

greater  than  unity :  to  find  the  time  of  falling  to  the  centre. 

If  fi  denote  the  absolute  force,  the  required  time  is  equal  to 


tm 


2"-' .  g*'-^  1.2.3...(n-l) 

{M(2n-l)}**»»(w  +  l)(n  +  2)...(2/j-2)' 

(18)  A  body  moves  from  rest  at  a  distance  a  towards  a  centre 
of  force,  the  force  varying  inversely  as  the  distance:  to  determine 
the  value  of  fi  in  order  that  the  time  of  describing  the  space  be- 
tween fia  and  ff'a  may  be  a  maximum. 


The  required  value  of  ^8  is  equal  to  n  '^""". 

(19)  A  particle  is  placed  at  an  assigned  point  between  two 
centres  <^  force  of  equal  intensity  attracting  directly  as  the  dis- 
tance ;  to  determine  the  position  of  the  particle  at  any  time,  and 
the  period  of  its  oscillations. 

Let  a  denote  the  initial  distance  of  the  particle  from  the 
middle  point  of  the  line  joining  the  two  centres  of  force,  x  the 
distance  after  the  expiration  of  a  time  t^  and  /a  the  absolute  force 
of  each  centre.    Then 

05  =  a  cos  {(2/*)*^},  and  the  period  of  an  oscillation  =  - — - ,  • 

(20)  A  particle  acted  upon  by  two  central  forces,  each  at- 
tracting with  an  intensity  varying  inversely  as  the  square  of 
the  distance,  is  projected  from  an  aesigned  point  between  them 
towards  one  of  the  centres ;  to  find  the  velocity  of  projection 
in  order  that  the  particle,  may  just  arrive  at  the  neutral  point 
of  attraction  and  remain  at  rest  there. 
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Let  /ir*,  fi",  denote  the  absolute  forces  of  the  two  centres ;  2a^ 
2a,  the  initial  distances  of  the  particle  from  the  two  centres ; 
and  V  the  velocity  of  projection.    Then 


F« 


( 


a     a' 

a     aj 


Jullien :  PrcblSmes  de  Micanique  RationneUe,  Tom.  i.  p.  233. 

(21)  A  centre  of  force  G  (fig.  119)  moves  along  the  straight 
line  OA  with  a  uniform  velocity,  attracting,  with  a  force  varying 
directly  as  the  first  power  of  the  distance,  a  particle  P  which  is 
moving  in  the  same  straight  line ;  having  given  the  initial  posi- 
tion of  C,  and  both  the  initial  position  and  the  initial  velocity 
of  P,  to  find  the  position  of  P  at  any  time. 

Let  a,  a,  be  the  initial  distances  of  0,  P,  from  0 ;  fi  the  uni- 
form velocity  of  G,  and  /8'  the  initial  velocity  of  P ;  a?  the  dis- 
tance of  P  from  0  after  a  time  t;  fi,  the  absolute  force  of 
attraction. 

fl'—  B 
Then    a?»a  +  /3«  +  — r— sin (jih)  +  (a' -a) cos  (jih). 

/* 

Riccati;  Banon.  ImtituL  Tom.  VL  p.  138;  1783. 

(22)  The  circumstances  remaining  the  same  as  in  the  pre- 
ceding problem,  except  that  the  force  is  repulsive ;  to  find  the 
position  of  P  at  any  time. 

(«  =  a  +  /9e-(M*(a-a')  +  (^-iSOl  |^l-{Aa-aV(^-^^ 

Riccati ;  lb.  p.  151. 

(23)  Supposing  the  centre  G  to  move  along  OA  with  a  uni- 
form acceleration,  attracting  directly  as  the  distance;  to  de- 
termine the  place  of  P  at  any  tima 

Let /represent  the  increment  of  (T's  velocity  in  each  unit  of 
time,  and  ^9  its  velocity  at  the  commencement  of  the  motion ; 
then,  the  notation  remaining  the  same  as  in  the  two  preceding 
problems. 
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Riccati ;  lb.  p.  168. 

(24)  The  circumstances  and  notation  remaining  the  same  as 
in  the  preceding  example,  except  that  the  force  is  repulsive ;  to 
find  the  place  of  P  at  any  time. 


-{>''(»-^*5-(^-«}0 


Riccati ;  lb,  p.  182. 

(25)  A  particle  is  attached  by  a  straight  elastic  string  to  a 
centre  of  repulsive  force,  the  intensity  of  which  varies  as  the 
distance :  the  string  is  at  first  at  its  natural  length :  to  find  the 
greatest  distance  from  the  centre  of  force  to  which  the  particle 
will  proceed,  and  the  time  of  returning  to  its  natural  length. 

Let  m  be  the  mass  of  the  particle,  /a  the  absolute  accelerating 

force,  a  the  natural  length  of  the  string,  maX  the  modulus  of 

elasticity :  then  the  required  distance  and  time  are  respectively 

equal  to 

X  +  /A  27r 

X-/a"*    (X-/i)* 

(26)  Two  bodies  hang  at  rest  from  a  fixed  point  at  the 
lower  end  of  a  fine  elastic  string:  supposing  one  of  them  to 
drop  off,  to  find  the  subsequent  motion  of  the  other. 

Let  W  be  the  weight  of  the  body  which  sticks  to  the  string, 
W  that  of  the  body  which  falls  off,  a  the  natural  length  and 
X  the  modulus  of  elasticity  of  the  string :  then,  at  the  end  of 
any  time  t  from  the  commencement  of  the  motion,  the  depth 
of  the  weight  W  below  the  upper  end  of  the  string  is  equal  to 

o  +  r.|  W^+  TT'cos 


l[w.w^{{^y.]]. 
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(27)  Two  particles,  connected  by  a  fine  elastic  string,  are 
moving  in  the  same  direction  with  equal  velocities,  viz.  in  the 
direction  of  the  string,  their  distance  being  the  natural  length 
of  the  string:  if  the  hinder  particle  be  suddenly  stopped,  to 
find  how  far  the  other  particle  will  move  before  it  begins  to 
return. 

Let  a  be  the  length  of  the  string,  m  the  mass  and  u  the 
initial  velocity  of  each  particle,  X  the  modulus  of  elasticity  of 

—  j    . 

Griffin :  Solutiam  of  the  Examples  on  the  Motion  of  a 

Rigid  Body^  p.  111. 

(28)  A  particle  is  placed  at  a  given  distance  from  a  uniform 
thin  plate  of  infinite  extent,  evciy  particle  of  which  attracts 
with  a  force  varying  inversely  as  the  square  of  the  distance;  to 
find  the  time  in  which  the  particle  will  arrive  at  the  surface 
of  the  plate. 

Let  h  denote  the  thickness  of  the  plate,  p  its  density,  and  a 
the  initial  distance  of  the  particle  from  it :  then 

the  time  =  f — -A  - 

(29)  A  particle  is  placed  at  a  given  distance  from  a  thin 
circular  lamina  of  uniforin  density,  in  a  line  passing  through  its 
centre  and  perpendicular  to  its  plane :  to  find  the  velocity  which 
it  will  acquire  by  moving  to  the  lamina,  the  attractive  force  of 
each  molecule  of  the  lamina  varying  inversely  as  the  square  of 
the  distance. 

Let  a  be  the  radius  of  the  circular  lamina,  Jc  its  thickness, 
p  its  density,  b  the  given  distance ;  then,  the  unit  of  attraction 
being  the  attraction  of  a  unit  of  mass  at  a  unit  of  distance,  and  V 
being  the  velocity  required, 

(30)  A  particle  is  placed  at  a  small  distance  from  the  centre  of 
a  thin  ring  of  uniform  density  and  thickness,  every  molecule  of 
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which  repels  with  a  force  varying  inversely  as  the  square  of  the 
distance ;  to  determine  the  position  of  the  particle  at  any  time, 
and  the  period  of  its  oscillations. 

Let  I  be  the  initial  distance  of  the  particle  from  the  centre  of 
the  ring,  a  the  radius  of  the  ring,  k  the  area  of  a  section,  p  the 
density,  and  x  the  distance  of  the  particle  from  the  centre  at  the 
end  of  a  time  t  Then,  the  repulsion  of  a  unit  of  the  ring's  mass 
at  a  unit  of  distance  being  taken  as  the  unit  of  repulsion, 

a?=sZcos-J^— ^ —  tY  and  the  period  of  an  oscillation  =  (-rj  a. 

(31)  Two  cannons  (each  free  to  recoil)  diflfer  only  in  weight 
and  in  the  weight  of  the  ball :  assuming  that,  at  any  instant 
during  the  explosion,  the  explosive  force  depelids  only  on  the 
space  occupied  by  the  vapour  of  the  gunpowder;  to  compare 
(1)  the  emerging  velocities  of  the  balls,  and  (2)  also  the  emerg- 
ing velocities  of  balls  fired  from  the  same  cannon  when  it  is  free 
to  recoil,  and  when  it  is  absolutely  fixed. 

(1)  Let  m,  m^,  be  the  masses  of  the  balls,  and  M,  M^,  of  the 
respective  cannons,  and  let  Vy  v^,  be  the  emerging  velocities  of 
the  balb :  then 

(m,+JI/,)».(m  +  Jf)* 

(2)  Let  m,  M,  be  the  respective  masses  of  the  ball  and 
cannon,  and  v,  v^,  the  emergent  velocities  of  the  ball  fired  from 
the  cannon  when  free  and  when  fixed :  then 

V  :  v^  ::  ]ifi  :  {m  +  M}K 
Cayley :  Messenger  of  Mathematics,  VoL  v.  p.  43, 

(32)  A  mass  M  attached  to  the  end  A  oi  a  chain  AC  ib 
placed  (with  the  chain)  on  a  horizontal  plane,  in  such  wise 
that  a  portion  AB  of  the  chain  forms  a  straight  line,  the 
remaining  portion  BC  being  heaped  up  a,t  B:  the  mass  M 
is  then  set  in  motion  in  the  direction  B  to  A  with  a  given 
velocity,  and  so  moves  in  a  straight  line,  dragging  the  chain : 
to  determine  the  motion. 
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Let  m  denote  the  mass  of  a  unit  of  length  of  the  chain ;  let 
CA  be  equal  to  a  initially  and  to  a  +  a?  at  the  end  of  the  time  t^ 
X  being  not  greater  than  l—Oy  I  denoting  the  whole  length 
of  the  chain.    Let  Fbe  the  initial  velocity  of  if.    Then 

(Jf -f  ma)  X  +  ima?  ={M-^  ma)  Vt, 

aud,  when  the  whole  chain  is  in  motion,  the  mass  and  the 
chain  will  move  with  a  uniform  velocity  equal  to 

Cayley :  MeBsenger  of  MicUkematics,  Vol.  v.  p.  48. 


Sect.  2.    Motion  in  Resisting  Media. 

The  retardation,  experienced  by  a  material  particle  in  travers- 
ing a  resisting  medium  of  variable  density,  depends  at  any 
point  of  its  path  upon  the  density  of  the  medium  and  the 
velocity  of  the  particle,  and  will  therefore  be  some  function 
of  these  quantities.  The  nature  of  this  function  can  be  ascer- 
tained only  by  experiment.  In  mathematical  investigations,  for 
the  sake  of  simplicity  and  as  a  probable  approximation  to  the 
truth,  the  function  is  assumed  to  be  of  the  form  kpil,  where  p 
denotes  the  density  of  the  medium  and  il  some  function  of  the 
velocity  of  the  particle ;  and  where  X;  is  an  invariable  coefficient 
depending  upon  the  nature  of  the  particular  medium  in  respect 
to  the  tenacity  and  the  friction  of  its  constituent  molecules. 

For  the  earliest  mathematical  development  of  the  theory  of 
the  resistance  of  media  to  the  motion  of  bodies,  we  are  indebted 
to  the  labours  of  Newton  and  Wallis.  The  profound  researches 
of  Newton  on  this  theory  were  published  in  the  year  1687  in  the 
second  book  of  the  Principia.  In  the  same  year,  after  the  pub- 
lication of  Newton's  investigations,  Wallis,  who  had  indepen- 
dently arrived  at  valuable  conclusions  on  the  subject,  communi- 
cated his  reflections  to  the  Royal  Society,  which  were  inserted 
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in  the  PKUosophimL  Tranmctions  for  the  year  1687.  There  is  a 
paper  by  Leibnitz  on  the  question  of  resisting  media  in  the 
Acta  JErudit  Lips.  ann.  1689^  in  which  he  developes  opinions 
which  he  declares  to  have  been  communicated  by  him  twelve 
years  before  to  the  Royal  Academy  of  Sciences.  Huyghens  also 
has  discussed  certain  points  of  the  theory  at  the  end  of  his 
Discours  de  la  Cause  de  la  Pesanteur,  published  in  the  year 
1690.  Finally,  all  which  these  philosophers  had  communicated 
to  t^  MoAfiaiil&A  mMPJA  ^ettiwr-with  or  without  demonstration,  was 
investigated  analytically  by  Yarignon  in  a  series  of  papers  In  the 
MAnoires  de  TAcad,  des  Sciences  de  Paris,  for  the  years  1707, 
1708, 1709,  and  1710.  There  is  an  elaborate  paper  by  Bouguer 
in  the  M4m.  de  VAcad.  des  Sciences  de  Paris,  1731,  p.  390, 
in  which  he  investigates  the  motion  of  a  particle  in  resisting 
media  which  are  themselves  in  motion. 

(1)  A  particle,  acted  upon  by  no  forces^  is  projected  with  a 
given  velocity  in  a  resisting  paedium  of  uniform  density,  where 
the  resistance  varies  directly  as  the  velocity ;  to  determine  the 
velocity  and  the  space  described  at  the  end  of  any  time. 

For  the  motion  of  the  particle  we  have 

dv 

where  /i  is  some  constant  quantity ;  hence 

dv 

-^'-^ 

Let  fi  denote  the  initial  velocity,  and  let  the  initial  value  of  x 
be  zero;  then  fi=  C,  and  therefore 

v  =  l3  —  fix; 
whence,  v  being  equal  to  -^ ,  we  have 

dx 


dt^-Tt 


^-/«c 
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But  ^  =  0  when  a?  =  0 ;  and  therefore 

0=C?-ilog/3^ 

hence  <  =  -  log  -5-^ —  , 

/Lt    ^  p  —  fix 


and  therefore  v  =  /3€"^^ 

Newton;  Principia,  Lib*  II.  Prop.  1  and  2.  Leibnitz; 
-4cto  Erudit.  Lips.  ann.  1689.  Varignon ;  Jfem.  de 
FAcad,  des  Sciences  de  Paris,  ann.  1707,  p.  391. 

(2)  A  body  falls  towards  a  centre  of  attractive  force,  which 
varies  as  the  inverse  cube  of  the  distance^  in  a  medium  of 
which  the  density  varies  also  ieis  the  inverse  cube,  and  of  which 
the  resistance  varies  as  the  square  of  the  velocity ;  to  find  the 
velocity  at  any  distance  from  the  centre. 

Let  X  represent  the  distance  of  the  particle  from  the  centre 
after  a  time  t,  and  let  a  be  the  initial  distance.  ^  Let  k  denote 
the  force  of  resistance  at  a  unit  of  distance  for  a  unit  of  velocity, 
and  fi  the  absolute  force  of  attraction. 

Then,  for  the  motion  of  the  particle, 

^x  _  _  A^  ,  ^  dx^ 
de        x^'^x^lf' 

^ dx d^x _^2fid^     2k  dx^ 
dide'^"  x^'di'^l?  d¥' 

d  d^  _     d   1      f  cZaj*  d  1 

dti:e''^~di~^''  Te  Jtx'' 


RECTILINEAR  MOTION  OF  A  PARTICLE.  237 

Assume  -rs  =  «?  and  -5  =  ^ ;  then 

dw        dz     ,     dz 

dw  +  hwdz  =  udz, 
d  {(^w)  ^ji^dg, 

Hence,  putting  for  w  and  z  their  values. 


But  x  =  a  when  v  =  0;  hence 


O-C+^e^*. 


k         k 


(3)  To  determine  the  motion  of  a  particle,  not  acted  upon 
by  any  force,  when  the  resistance  varies  as  any  power  of  the 
velocity. 

For  the  determination  of  the  relation  between  the  velocity 
and  the  space, 

kdx  =  — r=i , 
kx^C-h 


(n  -  2)  V 
Let  x^O  and  v  =  /5  initially;  then 

^"^'*"(n-2))3^' 
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(n-2)fc»=«-s=5-jg5=5 (1). 

Again,  for  the  relation  between  the  velocity  and  the  time^ 

at  V 

(n— l)tr ' 

But  V  B  /3  when  t  =  0 ;  henoe  ' 

1 


0  =  0+ 


(n-l)/S^' 


(n-l)A«  =  i-^, (2). 

If  between  (1)  and  (2)  we  eliminate  t^,  we  shall  obtain  a  rela- 
tion  between  s  and  t 

Yarignon ;  M6m,  de  FAtxtd.  des  Sciences  de  Paris^  1707>  p.  404. 

(4)  A  partide  acted  on  by  gravity  falls  from  a  ^ven  altitude 
in  a  medium  of  uniform  density,  where  the  resistance  varies  as 
the  square  of  the  velocity;  on  arriving  at  the  lowest  point  of  its 
descent  it  is  reflected  upwards  with  the  velocity  which  it  has 
acquired  in  its  fall ;  after  reaching  its  greatest  altitude  it  again 
descends  and  is  again  reflected ;  and  so  on  perpetually :  to  de- 
termine the  altitude  of  ascent  after  any  number  of  reflections. 

Let  the  maximum  altitudes  of  the  particle  be  represented  by 
^i>  ^t«  ^8>"*>  ^1  ^i^g  ^^®  altitude  from  which  it  originally  fietlls. 
Let  c  denote  the  volume  of  the  particle,  and  p,  p,  the  density 
of  the  particle  and  of  the  fluid. 

For  the  descent  down  any  of  the  altitudes  there  is 

ax  cp 

or  ^^"^3*-^*  where/  =  fl-2-j^, 

-T — r-,  «  dx, 
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but,  the  origin  of  x  being  the  highest  point, 

hence  ^log-^=x, 

and  therefore,  if  v^  denote  the  velocity  acquired  down  the  n^^ 
altitude, 

log .,      ^      =  2ka^ 
1  -  -  V," 

g 

|t;.«  =  l-e-^ (1). 

For  the  ascent  up  the  (n  + 1)**^  altitude,  the  origin  of  x  being 
the  lowest  point, 

dv  /ft  ^dv  J 


2k 
2k 


log/  =  (7  -  o 


•♦i» 


Aiog(i+-,o=«.«. 


*t,,««c»--.-l (2). 

9 

Hence,  from  (1)  and  (2), 
assume  e*^  »  u..  and  we  have 


'nf 
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««+i  +  —  = 

2. 

«-M«+,  +  l  = 

2«,- 

Putting 

«. 

=  »,  +  !,  we  get 

(f.+  l)(»^,  +  l)  +  ] 

L=2K  + 

1). 

«■ 

A— =  1,     —  =  1 

1 

n+C, 

1 

=  1, 

1  ^^      ^       -         1  «  +  l  +  (7 


But =  =  1  +  (7;  hence 

1 

n  + 


w«  = 


tt,  —  1    _       nu^  —  n  + 1 
-  .      1      "  (n  - 1)  M.  -  w  +  2 


tfj— 1 


Or,  putting  for  w»,  m,,  their  values, 


(n-l)€»^-n+2' 


1  ,  n€^i-n+l 


2A;    «^(n- !)€*-»- n+ 2 

If  a^  be  equal  to  infinity, 

1  ,         n 

Euler;  Mechjdn,  Tom.  I.  p.  192. 

(5)  To  determine  the  centripetal  force  in  order  that  a 
particle  may  always  descend  to  a  given  centre  in  the  same  time 
from  whatever  distance  it  commences  its  motion;  the  density  of 
the  medium  in  which  the  particle  moves  being  known  at  every 
point  in  its  path,  and  the  resistance  varying  as  the  square  of  the 
velocity. 

The  equation  of  motion  is 
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where  p  denotes  the  centripetal  force,  and  k  the  density  at  any 
point.    Multiplying  by 

2€-V*-cfa:, 
the  equation  becomes 

Integrating,  e"*/***  t;"  =  (7  -  2  (e'^S'^pdx. 

Let  a  denote  the  initial  distance  of  the  particle  from  the  centre 
of  force;  then,  the  velocity  being  initially  equal  to  zero, 

where        ui  =  2  [' e^I'^pdx  and  Z  =  2  ['  e^hpdx. 

J  Q  Jo 

Therefore  v  =  (A-X)^  J*". 


rf<=- 


iA^Xf 


Now,  since  X,  k,  are  both  functions  of  x,  it  is  clear  that  we 
may  assume 

where  P  is  a  function  of  X  alone :  hence 

dX 


dt=-- 


P{A-Xf' 


and  the  whole  time  of  descent,  since  X==  0  when  a?  =  0,  will  be 
equal  to 

e'i'^dx  r        dX 


w.  s.  16 
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and,  since,  the  value  of  this  integral  is  to  be  the  same  for  all 
values  of  a  and  therefore  of  A,  the  differential 

dX. 

must  be  of  no   dimensions   in  X,  dX,  and  A.     Hence  P, 

which  clearly  cannot  involve  a,  must  be  equal  to  -5- ,  where  /3 
is  acme  constant  quantity;  and  therefore  ' 

hence,  X  and  x  being  simultaneously  equal  to  zero, 
2/8X*  =  fe-/**  dx,    4^X-  {f*"^**  dx\\ 

Sj^f  (e-»/»*'p  dx)  =  {  fe"^*"  *r}* , 

4y9'  e^f*^p  dx  -=  e"/**  dxTe-i"^  dx, 

If  A;  be  equal  to  zero,  which  corresponds  to  a  perfect  vacuum. 

If*  X 

or  the  centripetal  force  varies  as  the  distance. 

If  the  medium  be  uniform^  or  A;  a  constant  quantity^ 

Eulcr;  Mechan.  Tom.  i.  p.  220. 
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(6)  A  centre  of  force  C7,  (fig.  120),  moves  along  the  straight 
line  OA  with  a  uniform  velocity,  repelling  with  a  force  vaiying 
directly  as  the  first  power  of  the  distance :  a  jMirticle  Pis  moving 
along  the  same  straight  line  OA  in  a  medium  the  resistance  of 
which  varies  as  the  velocity;  having  given  the  initial  position 
of  C,  and  hoth  the  initial  position  and  the  initial  velocity  of 
P,  to  find  the  position  of  P  at  any  time. 

Let  /5  be  the  uniform  velocity  of  C,  a  its  initial  distance  from 
0;  X  the  distance  of  P  from  0  at  the  end  of  any  time  t\  fi  the 
absolute  force  of  repubion;  k  the  resistance  of  the  medium  for 
a  unit  of  velocity.  Then,  the  distance  between  C  and  P  at  the 
time  /  being  a  +  fit-^x,  we  have  for  the  motion  of  P,  so  long  as 
it^ continues  to  proceed  in  the  direction  OA, 

~  =  -  y^  (a  +  ^e -«) -Aw, 

V  being  the  velocity  of  P  at  the  time  t,  estimated  in  the 
direction  OA.  Supposing  the  particle  to  be  moving  in  the 
direction  A  0,  then,  v  being  also  estimated  in  this  direction,  we 
should  have 

^  =  /A(a  +  ^-a:)-H 

an  equation  deducible  from  the  former  one  by  the  substitution 
of  —  V  in  place  oft;:  hence  the  former  equation  applies  to  the 
motion  of  the  particle  under  all  circumstances,  the  quantity  v 
being  supposed  to  involve  the  direction-sign  of  the  velocity 
implicitly. 

dx 
But  v^  -j: ,  and  therefore 


dt 


16—2 
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JcB 
and  therefore,  putting  a?  —  a fit  =  Zy 

Assume  z=sA^,  A  and  p  being  constants;  then,  substituting 
for  z  in  the  differential  equation,  we  have 

P^^kp-  fly 

V  +  4A;/}  +  *■  =  4/x  +  4", 
hence  the  complete  integral  is 

where  7,  7',  are  the  two  values  of  p  obtained  by  the  solution  of 
the  quadratic.    Hence  for  the  position  of  P  at  any  time  we  have 

Suppose  a',  /S',  to  be  the  initial  values  of  a?,  -37 ;  then  clearly 

from  which  two  equations  the  values  of  the  constants  C  and  G' 
are  immediately  determined. 

For  further  information  on  the  subject  of  the  rectilinear 
motion  of  a  particle  in  a  resisting  medium  under  the  action 
of  a  centre  of  force  moving  according  to  any  assigned  law, 
the  reader  is  referred  to  Biccati;  De  motu  rectilineo  corporis 
attracti  autrepuisi  a  centra  mobili;  Di&quisitio  quarta.  Comment. 
Bonon.  Tom.  VL  p.  212;  1783. 

(7)  A  particle,  projected  with  a  velocity  of  1000  feet  a  second, 
loses  half  its  velocity  by  passing  through  3  inches  of  a  resisting 
medium,  in  which  the  resistance  is  uniform ;  to  find  the  time 
of  passing  through  this  space. 

The  required  time  =  3000***  part  of  a  second. 
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(8)  A  particle,  acted  on  by  gravity,  falls  in  a  medium  the 
resistance  of  which  varies  as  the  velocity :  to  find  the  terminal 
velocity*  of  the  particle. 

If  k  denote  the  resistance  corresponding  to  a  unit  of  velocity, 
the  required  velocity  is  equal  to  ^  • 

Newton :  Principiay  Lib.  IL,  Prop.  3. 

(9)  A  particle  is  projected  with  a  given  velocity,  towards  a 
centre  of  force  attracting  inversely  as  the  cube  of  the  distance, 
in  a  medium  of  which  the  density  varies  inversely  as  the 
square  of  the  distance  from  the  centre  of  force;  to  determine 
the  velocity  of  the  particle  at  any  distance  from  the  centre,  the 
resistance  for  a  given  density  varying  as  the  square  of  the 
velocity. 

If  /9  denote  the  velocity  of  projection,  fi  the  absolute  attract- 
ing force ;  k  the  retarding  force  of  the  medium,  at  a  unit  of 
distance  from  the  centre  of  force,  for  a  unit  of  velocity ;  a  the 
initial  distance  of  the  particle,  and  x  its  distance  corresponding 
to  a  velocity  v, 


,_  /i   /a^2A  .?     ^-2fc  .?\ 


(10)  A  particle  is  projected  with  a  given  velocity  in  a  uni- 
form medium,  in  which  the  resistance  varies  as  the  square  root 
of  the  velocity ;  to  find  what  time  will  elapse  before  the  particle 
is  reduced  to  rest. 

If  /3  be  the  velocity  of  projection,  and  k  the  resistance  for 
a  unit  of  velocity, 

the  required  time  =  -—-  • 

1  <«  Terminal  yelooify"  is  a  term,  first  nsed  by  Hayghens  {Diicoun  mr  la 
Oam€  ds  la  PaafUeur,  p.  170),  sigmfying  the  ultimate  velooity  of  a  particle 
deecending  in  a  resisting  medimn  to  an  indefinitely  great  depth. 
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(11)  If  t  denote  the  time  in  which  a  particle  falling  from 
rest  will  acquire  a  certain  velocity,  and  t  the  time  in  which, 
when  projected  vertically  upwards,  it  will  lose  the  same  velocity; 
the  motion  in  both  cases  taking  place  in  a  medium  of  uniform 
density,  where  the  resistance  varies  as  the  square  of  the  velocity; 
to  investigate  the  relation  between  t  and  r. 

If  h  denote  the  resistance  for  a  unit  of  velocity, 

log  tan  (Jtt  +  k^g^r)  =-  ig^Jck. 

(12)  A  particle,  attracted  to  a  centre  of  constant  attractive 
force,  moves  directly  towards  it  from  rest,  through  a  medium  of 
which  the  resistance  varies  as  the  square  of  the  velocity  directly, 
and  as  the  distance  from  the  centre  inversely ;  to  find  the  velo- 
city for  any  position  of  the  particle  during  its  approach  towards 
the  centre,  and  to  ascertain  its  distance  from  the  centre  when 
its  velocity  is  a  maximum. 

If/  denote  the  constant  central  force,  v  the  velocity  for  any 
distance  x  from  the  centre,  a  the  initial  value  of  x,  k  the  resist- 
ance when  X  and  v  are  each  equal  to  unity,  and  x*  the  central 
distance  when  t;  is  a  maximum ; 


t;"  =  jj^a^(a^^-a^n     x' ^{2hr 


^-^o. 


(13)  One  particle  begins  to  fall  from  the  higher  extremity  of 
a  vertical  line,  at  the  same  instant  in  which  another  is  projected 
upwards  with  a  given  velocity ;  the  particles  move  in  a  uniform 
medium  in  which  the  resistance  varies  as  the  velocity ;  to  find 
the  time  in  which  they  will  meet. 

Let  a  denote  the  length  of  the  vertical  line,  /8  the  velocity 
with  which  the  lower  particle  is  projected  upwards,  h  the  resist- 
ance for  a  unit  of  velocity,  and  t  the  required  time ;  then 

(14)  A  particle  is  projected  vertically  upwards  in  a  medium 
in  which  the  resistance  is  equal  to  ir';  if  Kbe  the  velocity  of 
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projection,  to  find  the  particle's  velocity  V^y  iK^hen  it  again  arrives 
at  the  point  of  projection. 

'^'     g+kV 

(15)  A  particle^  of  which  the  elasticity  is  e,  falls  firom  rest 
from  an  altitude  a  in  a  uniform  medium,  the  resistance  of  which 
is  kt^;  and,  impinging  upon  a  perfectly  hard  horizontal  plane, 
rises  and  falls  alternately;  to  determine  the  whole  space  de- 
scribed bfifore  the  jaaotion  ceases. 


The  required  space  =  a  +  r  log     •%  ^  % — ' 
Bordoni ;  Memarie  deUa  Societa  ItaUand,  1816,  p.  162. 


(    248     ) 


CHAPTER  III. 

FREE  CURVILINEAR  MOTION  OF  A  PARTICLE. 

Sect.  1.    Forces  acting  in  any  direcUona  in  one  Plane. 

Let  a  particle,  moviDg  in  a  plane  curve  under  the  action  of  any 
accelerating  forces,  be  referred  to  two  fixed  co-ordinate  axes  in 
the  plane  of  its  motion.  Let  x,  y,  be  its  co-ordinates  at  the  end 
of  a  time  t  from  an  assigned  epoch ;  and  X,  Y,  the  sum  of  the 
resolved  parts  of  the  accelerating  forces  parallel  to  the  axes  of 
Xy  y.  Then  the  circumstances  of  the  motion  will  be  completely 
represented  by  the  equations 

i"-j^.  f=''- t^-) 

The  method  of  resolvibg  parallel  to  fixed  axes  the  accelerating 
forces  which  act  upon  a  particle,  and  thus  reducing  the  deter- 
mination of  the  circumstances  of  its  motion  to  the  formulse  for 
rectilinear  acceleration,  was  first  given  by  Maclaurin,  TreoiUse  of 
FlundonSy  Vol.  i.  Art.  465,*  et  sq.,  published  in  the  year  1742. 
Before  this  time  aU  problems  in  curvilinear  motion  were  solved 
by  the  method  of  the  tangential  and  normal  resolutions,  which, 
although  more  immediately  suggested  by  the  physical  conception 
of  the  motion,  is  not  generally  so  convenient  in  analysis  as  that 
of  Maclaurin.  The  great  work  of  Euler  on  Mechanics,  which 
appeared  in  1736,  proceeds  altogether  by  the  ancient  method  of 
resolution.  We  shall  devote  the  third  section  of  this  chapter  to 
the  illustration  of  the  ancient  equations  of  motion. 

(1)  A  particle  acted  on  by  gravity  is  describing  a  path 
KABL,  (fig.  121) ;  having  given  the  reserved  part  of  the  velo- 
city at  A  at  right  angles  to  the  chord  AB,  to  fijid  the  resolved 
part  at  B  taken  in  the  same  direction. 

Let  u be  the  given  resolved  part  of  the  velocity  at  A;  v  the 
velocity  at  right  angles  to  AB  at  any  point  of  the  path  corre- 
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sponding  to  a  time  t  from  leaving  A,  and  x  the  perpendicular 

distance  of  the  particle  from  AB  at  this  time ;  also  let  a  be  the 

inclination  of  AB  to  the  horizon.    Then,  for  the  motion  of  the 

particle, 

a)  =  ut^  i^  cos  2  .  i\ 

and  t?  =  w— ^r  cosa.^. 

Now  at  the  point  B,  x  =  0,  and  therefore 

u  —  \g  cos  a .  ^  =  0,  ^  cos  a .  ^  =  2u ; 

hence  for  the  value  of  t;  at  B  we  have 

Thus  we  see  that  the  velocity  of  the  particle  at  B,  resolved  at 
light  angles  to  ABy  is  equal  to  the  similarly  resolved  part  at  A, 
but  of  an  opposite  direction. 

(2)  A  particle  revolves  in  a  parabola  about  a  centre  of  force 
situated  at  the  point  of  intersection  of  the  directrix  with  the 
axis ;  to  find  the  force  at  any  point  of  the  path  of  the  particle. 

Take  the  centre  of  force  as  the  origin  of  co-ordinates,  the 
axis  of  the  parabola  as  the  axis  of  x^  and  the  directrix  as  the 
axis  of  y ;  let  4m  be  the  principal  parameter,  r  the  distance  of 
the  particle  at  any  time  from  the  origin,  and  F  the  force  esti- 
mated repulsively. 

The  equations  of  motion  will  be 

W~T'        de"  r  ^^^• 

The  equation  to  the  parabola  will  be 

^  =  4i»(a?  — m) (2); 

hence  »S='2m§ (3), 

and  therefore,  from  (1), 

F{3am-f)'=r^ (4). 

Again,  eliminating  ^between  the  equations  (1),  we  have 

<i'v       tPx     _ 
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integrating,  and  adding  a  constant  c  which  will  represent  twice 

the  area  described  in  a  unit  of  time  about  the  centre  of  force^ 

we  obtain 

dy        dx 

and  therefore,  by  (8), 

(27na?-y*)  ^  =  2mc; 
hence,  from  (4), 

(3)  A  partide,  urged  towwrds  s  plane  by  a  force  varying  as 
the  perpendicular  distance  from  it,  is  projected  at  right  angles 
to  the  plane  from  a  given  point  in  it  with  a  given  velocity ;  to 
determine  the  force  which  must  act  at  the  same  time  on  the 
particle  parallel  to  the  plane,  in  order  that  it  may  move  in  a 
given  parabola  the  axis  of  which  is  in  the  plane,  and  to  find 
the  co-ordinates  of  the  particle  at  any  epoch  of  the  motion  in 
terms  of  the  time. 

Let  the  initial  place  of  the  particle  be  taken  as  the  origin  of 
co-ordinates,  the  axis  of  the  parabola  as  the  axis  of  a?,  and  a 
straight  line  at  right  angles  to  the  plane  through  the  origin  as 
the  axis  of  y.  Then,  since  the  required  force  must  evidently 
act  parallel  to  the  axis  of  x,  we  have,  by  Maclaurin*s  Equations 

^"-^- (1). 

'^-^ • (». 

where  X  is  the  required  force  and  /a  a  constant  quantity.    Also 
the  equation  to  the  parabola  will  be 

j^=i4tmx (3). 

Differentiating  this  equation, 

f-^yS-2mg=2^X,by(l),  (4). 
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The  integral  of  (2)  is 

Let  Vhe  the  velocity  of  projection ;  then 

F=  Cfi^ cose. ' 
Also  y^O,  initially,  and  therefore 

0  «  C  sin  6. 

Hence  y  =  "isin  (jih) (5). 

From  (5)  we  easily  see  that 

f-^'-/*j^ («)• 

From  (2).  (4),  (6), 

2mX=  P-2/ty, 

^-2^-£2^=S-*'-'^y(3)' <7), 

which  determines  the  required  force. 
Also,  from  (1)  and  (7)) 

d'x     V 

the  integral  of  this  equation  is 

since  x^sQ  and  ^  —  0,  initially,  this  int^al  is  easily  reduced 
to  the  form 

'^  =  8>i^""(2'**'^ (^> 

From  the  expressions  (5)  and  (8)  for  y  and  x  it  appears  that 
the  particle  oscillates  continually  in  a  portion  of  the  parabola  cut 
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oflF  by  a  double  ordinate  at  a  distance  -. —  from  the  vertex;  and 

that  the  period  of  a  complete  oscillation  is  —, . 

/** 

(4)  A  particle,  attracting  with  a  force  which  varies  directly 
as  the  distance,  moves  uniformly  in  a  given  straight  line  in  a 
given  plane ;  to  determine  the  motion  of  another  particle  which 
is  in  the  given  plane,  the  initial  circumstances  of  the  latter 
particle  being  given. 

Let  the  initial  position  of  the  attracting  particle  be  taken  as 
the  origin  of  co-ordinates :  and  let  x,  y\  be  the  co-ordinates  of 
the  attracting,  and  x^  y,  of  the  attracted  particle  at  any  time  ti 
then  the  equations  of  motion  will  be 

y?  denoting  the  absolute  force  of  attraction. 

But,  if  a,  /8,  denote  the  resolved  parts  of  the  velocity  of  the 
attracting  particle  parallel  to  the  axes  of  x,  y,  which  are  by 
the  hypothesis  invariable, 

and  therefore 

5  =  A**(a«-«) (1). 


f|=/**08<-y) (2). 


From  the  equation  (1),. 

^  (a?  —  a^)  +  fi^  {x  —  at)  =  0. 

« 

The  integral  of  this  equation  is 

a?  = -4  cos  (/A«)  +  5 sin  (/Ltt)  +  a« (3); 

where  A,  B,  are  arbitrary  constants.    Differentiating  we  have 

dx 

^  =  — -4/*sin(/A<)-f-5/iCos(/ttO  +  * (*)• 
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Let  a,  m,  be  the  initial  values  of  x,  -^ ;  then,  from  (3)  and  (4), 

a^A.m^  Bfi  +  a, 
and  therefore,  from  (3), 

a;  =  acos  (jd)  H sin  (jU)  +  at. 

In  precisely  the  same  way,  b  and  n  being  the  initial  values  of 

y  and  -^ ,  ^ 

y  =  ft  COS  (jit)  H ^  sm  (jif)  +  fit 

(5)  A  particle  is  moving  in  a  plane  under  the  action  of  a 
force  always  perpendicular  to  a  line  drawn  from  the  particle  to  a 
fixed  point  in  the  plane:  to  find  the  law  of  the  force  in  order 
that  the  angular  velocity  of  the  particle  about  the  point  may  be 
constant,  and  to  determine  the  path  described. 

Let  0  be  the  fixed  point  in  the  plane,  P  the  position  of  the 
particle  at  any  time  t,  6  the  inclination  of  OP  to  a  fixed  line  Ox 
in  the  plane  of  the  motion,  OP—r,  O^ihe  force.  Then, 
by  formulae  proved  in  systematic  treatises  on  the  motion  of 
particles  \ 

se-'Te^^^ W. 


rdt\    dt) 


O (2). 


dA 

Let  -7-  =  Q»,'  0)  being  a  constant:  then 

a  and  fi  being  constants. 

Hence  G  =  2cd  ^  =  2©"  {aer*  -  fie^^), 

and  therefore 

ff  =  2(0*  (r»  -  4a/3)4, 
which  gives  the  law  of  the  force. 

^  Tait  and  Steele :  Dynamics  of  a  Particle^  2nd  EditUm,  p.  9. 
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Since  o^t  =  0,  we  have 

for  the  equation  to  the  path. 

(6)  An  imperfectly  elastic  particle,  subject  to  the  action  of 
gravity,  is  projected  from  an  assigned  point  in  a  horizontal 
plane  with  a  given  velocity  and  in  a  given  direction;  to  find  the 
velocity  of  incidence  and  of  reflection,  and  also  the  total  range 
with  the  corresponding  time  of  flight,  after  the  particle  has 
described  by  rebounding  any  number  of  parabolic  arcs. 

Let  e  be  the  elasticity  of  the  particle;  u„  the  velocity  at  each 
end  of  the  a:***  parabolic  arc,  and  a^  the  inclination  of  the  curve 
at  these  points  to  the  horizon;  t^  the  time  which  elapses  before 
the  a^  impact;  Sg,  the  distance  of  the  point  of  a^  impact  from 
the  initial  position  of  the  particle. 

By  the  theory  of  impact  we  have 

^»ficoso^j  =  u.cosa. (1), 

w^,sina,^j  =  eu,sina, (2); 

and,  by  the  properties  of  the  motion  of  projectiles, 

2 

A«,  =  ~w^iSina^, (3), 

Atf,  =  T^^,  cos  of.^.,  A<, (4). 

From  (1)  it  is  evident  that 

w^  cos  a^.  =  Wj  cos  flj (6), 

where  u^  is  the  given  velocity  and  a^  the  given  angle  of  pro- 
jection. 

Again,  from  (2),  putting  u^  sin  a,  =  v,,  we  have 

Ar,  =  (e  -  1)  v^; 
and  therefore,  integrating, 

where  C  is  an  arbitrary  constant.    But  a?  =  1,  v,  =  v,,  simulta- 
neously; hence  Cfe  =  Vj,  and  therefore 

Vg  =  v^€r\       ?f,  sin  oTjB  =  w,  sin  a^e^^ (6). 
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From  (5)  and  (6)  we  get 

tan  a.=:  tan  a^ ,  eT^,      w,  =  m^cos  a^ .  {1  +  tan^a^ .  e*^*"*)}*, 

by  which  the  circumstances  of  the  projection  are  determined  for 
each  of  the  parabolic  paths. 

Again,  from  (3)  and  (6), 

2 
A^.  =  -Uj8ina,e* (7); 

.  integrating  and  adding  a  constant, 

g      «-i 

but  <o  =«  0 ;'  hence 

^j^2j^rin^     1     ^ 

g       6-1 

and  therefore  <»=  — -'  :; . 

g       l-« 

Again,  from  (4)  and  (7), 

2 

A«.  =  ~  ttj  sin  a, .  e* .  u^j  cos  o,^j, 

and  therefore,  by  (6), 

<8in2«, 

g 

whence,  integrating  and  observing  that  s^  =  0,  we  shall  have 

_  u^  sin  2aj  1  -  flT 
-, _ , 

g        l-e 
Bordoni ;  Memorie  deUa  Societa  Itcdiana,  Tom.  xvii.  P.  i. 

p.  191;  1816. 

(7)  A  particle  is  projected  obliquely  from  a  point  A  at  an 
angle  a  with  the  horizon,  so  as  to  hit  a  point  J?,  AB  being 
inclined  at  an  angle  13  to  the  horizon;  and  the  velocity  of  pro- 
jection is  such  that  the  particle,  moving  uniformly  with  this 
velocity,  would  describe  the  straight  line  AB  in  n  seconds ;  to 
find  the  time  of  flight. 

fTTL  •  T        •  COS  8 

The  required  time  =  n . 

^  cos  a 


««  = 
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(8)  To  find  the  angle  at  which  a  body  must  be  projected 
from  a  point  in  a  given  inclined  plane,  in  order  to  impinge  upon 
the  plane  at  right  angles ;  the  plane  of  projection  being  vertical 
and  at  right  angles  to  the  inclined  plane. 

If  a  =  the  inclination  of  the  given  plane  to  the  horizon,  the 

angle  which  the  direction  of  projection  must  make  with  this 

plane  is  equal  to 

,     -1  /cot  a' 
tan    ' 


/cot  a\ 


(9)  Two  projectiles,  thrown  from  the  same  point,  rise  to  the 
same  height  and  pass  through  a  common  point:  if  a,  a,  be  the 
horizontal  ranges  of  the  two  projectiles,  to  find  the  horizontal 
distance  of  the  common  point  from  the  point  of  projection. 

The  required  horizontal  distance  is  equal  to 


aa' 


a-\-  a 

(10)  A  particle  is  projected  horizontally  from  a  point  A : 
P  and  Q  are  points  in  its  path  such  that  P*s  horizontal  dis- 
tance from  A  and  Q's  vertical  distance  below  P  are  each  equal 
to  a :  also,  the  particle's  motion  at  Q  is  inclined  to  the  horizon 

at  an  angle  a :  to  find  Q*s  horizontal  distance  from  A. 

d 

The  required  distance  is  equal  to  a  cot  ^  • 

(11)  A  spherical  particle,  of  which  e  is  the  elasticity,  is  pro- 
jected with  a  velocity  v  at  an  angle  of  elevation  a,  and,  at  the 
instant  of  attaining  its  greatest  altitude,  strikes  horizontally  a 
similar  and  equal  particle  falling  downwards  with  a  velocity  ^t; ; 
to  find  the  distance  of  the  particles  from  each  other  at  the  end 
of  t  seconds  after  the  collision. 

The  distance  required  =^vt{l+  4i^  cos'  a)  • 

(12)  If  two  particles  be  projected  from  the  same  point,  at 
the  same  instant,  with  velocities  Vy  v\  and  at  angles  of  elevatioa 
a,  a';  to  find  the  time  which  elapses  between  their  transits 
through  the  other  point  which  is  common  to  both  their  paths. 

mu  •    J  X-  2     vv' sin  (a  -  a') 

The  required  time  = ^ — ^  • 

^  jf  V  cos  a  +  v  cos  a 
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(13)  If  a  be  the  angle  between  the  two  tangents  at*  the 
extremities  of  any  arc  of  the  parabolic  path  of  a  pai'ticle  acted 
on  by  gravity ;  v,  v,  the  velocities  at  these  two  points,  and  v^ 
the  velocity  at  the  vertex ;  to  find  the  time  through  the  arc. 

(14)  A  cannon  being  pointed  towards  the  top  of  a  tower, 
the  ball  is  seen  to  strike,  after  t  seconds,  a  point  of  the  tower 
on  the  same  horizontal  line  with  the  cannon :  the  cannon  being 
reloaded  with  a  different  charge,  and  raised  to  twice  its  former 
angle  of  elevation,  the  ball  is  observed  to  strike  the  top  of 
the  tower  after  r  seconds :  to  find  the  distance  of  the  tower 
from  the  cannon. 

The  required  distance  is  equal  to 

(15)  If  a  projectile  pass  through  three  points  (a,  6),  (a\  6'), 
(a",  V) ;  to  find  the  equation  connecting  these  co-ordinates,  the 
point  of  projection  being  the  origin,  and  the  axis  of  x  being 
horizontal. 

The  required  equation  is 

Ot  CL  ^  t\ 

(a -a)  (a^a)  "^  (a'- a")  {a -a)  "*"  {a  -a)  (a"- a')       ' 

(16)  The  eyes  of  three  observers  are  in  the  line  in  which 
the  plane  of  a  projectile's  motion  intersects  a  horizontal  plane, 
the  distances  of  the  eyes  from  a  given  point  of  this  line  being 
a,  a^y  a^^,  respectively;  the  greatest  angular  elevation  of  the 
projectile  is,  as  seen  by  each  observer,  respectively,  tan"*  a, 
tan"*a„  tan"*a^^;  to  find  the  greatest  height  it  attains  above 
the  plane. 

The  greatest  height  is  equal  to 

„„„     ^  («/  -  Q^./)  +  ^/  (^,  -  g)  +  a„  (a  -  a  J 

w.  .s.  17 
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(17)  A  particle  describes  an  ellipse  under  the  action  of  a 
force  at  right  angles  to  the  axis  major ;  to  find  the  force  at  any 
point  of  the  path. 

Let  a,  I,  be  the  semiaxes  major  and  minor,  y  the  distance  of 
the  particle  at  any  point  of  its  path  from  the  axis  major,  fi  the 
velocity  of  the  particle  parallel  to  the  axis  major,  which  will 
remain  invariable  during  the  whole  motion.     Then 

the  force  required  =  —^  • 

^  ay 

If  &  =  a,  or  the  ellipse  become  a  circle, 

the  force  =  — =-  • 

y 

Riccati;  Comment  Bonon.  Tom.  iv.  p.  149;  1757. 
Newton ;  Principia,  Lib.  I.  sect  2,  prop.  8. 

(18)  If  a  particle  be  acted  on  by  a  vertical  force  so  as  to 
describe  the  common  catenary,  to  determine  the  force  and  the 
velocity  at  any  point. 

If  j8  =  the  horizontal  velocity  of  the  particle,  then,  the  equa- 
tion to  the  catenary  being 

X  X 

the  required  force  and  velocity  are  respectively  equal  to  ^ .  y 
and  -  .  y. 

(19)  A  particle  describes  the  arc  of  a  cycloid  under  the 
action  of  a  force  parallel  to  its  base;  to  find  the  law  of  the 
force. 

If  the  equations  to  the  cycloid  be 

x^a  vers  ^,        y  =  a  (5  +  sin  d), 

and  F,  /9,  denote  the  force  required  and  the  velocity  parallel  to 
the  axis  of  the  cycloid, 

T-»  =  7iiSm  ^vers  u. 
F    ^ 
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(20)  A  particle  is  projected  with  a  given  velocity  parallel  to 
a  given  straight  line  towards  which  it  is  always  attracted  with 
a  force  proportional  to  its  perpendicular  distance  from  it;  to 
determine  the  position  of  the  particle  at  any  time  and  the 
equation  to  its  path. 

Let  A  (fig.  122)  be  the  initial  position  of  the  particle ;   Ox 
the  given  straight  line ;  draw  yA  0  at  right  angles  to  Ox ;  let 
0-c,  Oy,  be  the  axes  oix,y\  P  the  position  of  the  particle  after 
a  time  t  \  let  O-Jf  =  a?,  PM=y ;  AO  =  b,  0  =  the  velocity  of  pro- 
jection ;  and  let  /i"  be  the  absolute  force  of  attraction.     Then 

x^fit,    J  cos^  =  y  =  6 cos  (jit). 
Riccati;  Comment  Bonon.  Tom.  iv.  p.  155;  1757. 

(21)  A  particle  is  projected  from  a  point  x  =  0,  y^b,  with 
a  velocity  fi  parallel  to  the  axis  of  aj,  and  is  subject  to  the 
action  of  a  force^  tending  towards  the  axis  of  x,  parallel  to  the 
axis  of  y,  and  varying  inversely  as  the  square  of  the  distance  ; 
to  find  the  equation  to  the  path  of  the  particle. 

Let  fL  denote  the  attracting  force  at  a  unit  of  distance ;  then 
the  equation  to  the  path  will  be 

Riccati ;  Comment  Bonon.  Tom.  iv.  p.  159 ;  1757. 

(22)  A  particle  is  projected  from  0  (fig.  123)  with  a  given 
velocity  in  the  direction  Oy,  and  is  acted  on  by  a  central  force, 
which  attracts  directly  as  the  distance,  while  the  centre  of  force 
moves  uniformly  with  a  given  velocity  along  Ox  at  right  angles 
to  Py;  to  determine  the  position  of  the  particle  when  its 
motion  first  becomes  parallel  to  Ox. 

Let  /^'  denote  the  absolute  force ;  a  the  initial  distance  of  the 
centre  of  force  from  0 ;  fi  the  velocity  with  which  the  particle 
is  projected,  ff  the  uniform  velocity  of  the  centre  of  force  along 

17—2 
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Ox,  and  x\  y\  the  co-ordinates  of  the  required  position  of  the 
particle;  then 

.'  =  a-f|(.-2).    y'  =  |.      • 

(23)  A  particle  moves  in  one  plane  under  the  action  of  a 
force  of  constant  magnitude,  the  direction  of  which  has  a  uni- 
form angular  motion:  to  find  the  position  of  the  particle  at 
any  time. 

Let  the  initial  position  of  the  particle  be  the  origin  of  rect- 
angular co-ordinates,  the  axis  of  x  coinciding  initially  with  the 
force's  direction :  let  w,  v,  be  the  initial  components  of  the 
particle's  velocity  along  the  axes ;  let  /  be  the  magnitude  of 
the  force :  then,  x,  y,  being  the  co-ordinates  of  the  particle  at 
the  end  of  any  time  i, 

f  f  ' 

w^ut-i-^  vers  odL     y  =  vt  +  '^  (tot  —  sin  a>t). 

Andrew  Bell ;  Cambridge  and  Dublin  Mathenuitical 
Journal,  Vol.  !.  p.  282. 

• 

(24)  A  particle,  attracted  towards  two  centres  of  force  the 
intensities  of  which  vary  directly  as  the  distance,  is  placed  at  a 
given  distance  from  its  position  of  equilibrium:  to  find  its 
distance  from  its  position  of  equilibrium  at  the  end  of  any 
time. 

Let  a  be  the  given  distance,  /a  and  yi  the  two  absolute  forces : 
then  the  required  distance  at  the  end  of  a  time  t  is  equal  to 

a  cos  [(ji  +  fiy  t]. 

Abraham  Schnde ;  NouveUes  Annates  de  Mathdmatiques, 
2"^  S&ie,  Tom.  n.  p.  451. 

(25)  A  particle,  which  is  placed  at  rest  initially  in  a  given 
position,  is  acted  on  by  two  forces,  one  central  and  repulsive, 
varying  as  the  distance  from  the  centre,  the  other  constant, 
acting  in  parallel  lines ;  to  determine  the  position  of  the  particle 
at  any  time  and  the  equation  to  its  path. 
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Let  the  centre  of  the  central  force  be  taken  as  the  origin  of 
co-ordinates,  and  let  the  directions  of  the  axes  be  so  chosen  that 
the  direction  of  the  constant  force  makes  an  angle  of  45**  with 
each  of  them.  Then,  if  a,  b,  be  the  co-ordinates  of  the  initial 
position  of  the  particle,  /a'  the  absolute  force  of  repulsion,  and 

/  the  constant  force,  we  shall  have,  putting  /=  2*/i*m, 

aj  +  m      ,,,         *v     v  +  w 
a  +  »i  '      b  +  m 

(26)  A  particle  acted  on  by  two  forces,  each  tending  to  a 
fixed  point,  moves  with  a  constant  velocity  in  a  path  such  that 
the  product  of  the  distances  of  the  particle  from  the  two  fixed 
points  is  invariable :  if  one  of  the  forces  vary  as  the  distance, 
to  find  the  law  of  variation  of  the  other. 

At  a  distance  r,  one  of  the  forces  being  fir,  the  other  is 

--^  ,  where  c*  d^iotes  the  product  of  the  distances  of  the  particle 

from  the  two  centres. 

(27)  Four  equal  particles,  attracting  directly  as  the  distance, 
are  fixed  at  the  comers  of  a  square ;  to  find  the  path  of  a  par- 
ticle projected  from  the  centre  of  the  square  in  any  direction  in 
the  plane  of  the  square. 

Let  the  centre  of  the  square  be  taken  as  the  origin  of  co- 
ordinates, and  let  the  axes  be  at  right  angles  to  the  two  pairs 
of  opposite  sides  of  the  square.  Then,  if  2m,  2n,  be  the  resolved 
parts  of  its  velocity  of  projection  parallel  to  the  axes  of  x,  y, 
respectively,  the  path  of  the  free  particle  will  be  a  portion  of 
the  line  represented  by  the  equation 

X     y 
m     n 

m 

(28)  A  particle  describes  a  cycloid  under  the  action  of  a  force 
which,  in  every  position  of  the  particle,  is  directed  towards 
the  centre  of  the  corresponding  generating  circle :  to  determine 
the  law  of  the  force  and  the  motion  of  the  centre  of  force. 
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The  centre  of  the  generating  circle  moves  uniformly  and  the 
force  is  constant. 

Mackenzie  and  Walton ;  Solutions  of  the  Cambridge 
Problems  for  1854. 

(29)  A  particle  describes  an  ellipse  under  the  simultaneous 
action  of  given  central  forces,  tending  towards  the  two  foci 
and  varying  inversely  as  the  square  of  the  distance :  to  find 
the  differential  relation  between  the  time  and  the  eccentric 
anomaly. 

If  a  denote  the  semi-axis  major,  /i,  fi\  the  absolute  forces, 
^  the  eccentric  anomaly,  and  t  the  time, 

8  d<f>  JUL  fJL 

^  ~de  "  (1  -e  cos^)"'^  (1  +6C0S  <t>y' 
Cay  ley ;  Messenger  of  Mathematics,  Vol  v.  p.  154. 

(30)  A  particle,  subject  to  the  action  of  gravity,  is  projected 
with  a  velocity  of  given  magnitude  in  a  given  plane  from 
a  given  point  in  it :  to  find  the  locus  of  the  path  of  the  particle. 

The  required  locus  is  the  surface  of  an  elliptic  paraboloid, 
the  axis  of  which  is  vertical,  and  the  point  of  projection  is  the 
umbilicus  o(  the  surface. 

(31)  A  heavy  particle,  having  been  projected  at  a  given 
angle  to  the  inclined  plane  AB  (fig.  124),  proceeds  to  ascend 
this  plane  by  bounding  in  a  series  of  parabolic  arcs ;  to  deter- 
mine the  angles  of  incidence  and  reflection  after  any  number 
of  impacts. 

Let  I  be  the  inclination  of  the  plane  AB  to  the  horizon ;  a^ 
tlie  angle  of  reflection  in  the  x^^  arc,  )8^,  the  angle  of  incidence 
in  the  (a;-  1)*** ;  and  e  the  elasticity  of  the  particle.     Then 

.  (1  -  e)  e^*  tan  a,  ^      ^ 

^^^="1 — ^  \n      ^-iN4> — ^ =ctan)8,.. 

1— ^— 2(1— c^*)  tan  I  tan  a^  '^ 

Bordcmi ;  Memorie  deUa  Societa  Italiana,  Tom.  xvii. 

P.  l.  p.  191 ;  1816. 

(32)  A  ball,  of  which  the  elasticity  is  e,  is  projected  with 
a  velocity  F  in  a  direction  making  an  angle  a  +  *  with  the 
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horizon,  and  rebounds  from  a  plane  inclined  to  the  horizon 
at  an  angle  i  and  passing  through  the  point  of  projection. 
To  determine  the  relation  between  J2,,  iZ^j,  -B,+,,  three  con- 
secutive ranges  upon  the  inclined  plane  after  Xj  x  +  1,  a;  +  2, 
rebounds  respectively,  and  to  find  the  distance,  from  the  point 
of  projection,  of  the  point  on  the  plane  at  which  hopping 
ceases. 

If  cot  /8  =  (1  -  e)  cot  *, 

and  the  required  distance  is  equal  to 

2  r*  sin  /3  sin  a  cos  (a  ■<■  /3) 
^  sin*,  cos" /9 


Sect.  2.     Central  Forces. 

Let  the  force  which  acts  on  a  particle  tend  always  towards  a 
fixed  centre,  which  we  will  take  as  the  origin  of  co-ordinates. 
Let  F  denote  the  force  at  any  distance  from  the  centre ;  x,  y, 
the  co-ordinates  of  the  particle  at  the  end  of  a  time  t  reckoned 
from  an  assigned  epoch,  r  its  distance  from  the  centre  of  force, 
and  0  the  inclination  of  this  distance  to  any  fixed  line  in  the 
plane  of  x,  y.    Then,  by  Maclaurin's  Equations,  the  plane  of 

co-ordinates  being  identical  with  the  plane  of  the  motion, 

• 

d^~     T'        d?~      r' 
From  these  equations  may  be  obtained  the  following  formulae : 

r^d0  =  hdt (I), 

^-'p ("). 


^-*iG4.-r-p} <^'^' 

»*=»'» -2jVrfr (IV), 
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^-^{I.©-^} (V). 

^-I-T. (^'' 

In  these  formulae  h  represents  twice  the  area  swept  out  by 
the  radius  vector  about  the  centre  of  force  in  a  unit  of  time,  p 
the  perpendicular  from  the  centre  upon  the  tangent  at  any 
point  of  the  orbit,  v  the  velocity  of  the  particle,  an3  v,  r,  any 
simultaneous  values  of  i?,  r.  If  the  central  force,  instead  of 
being  attractive  as  we  have  been  supposing,  be  repulsive,  we 
must  replace  Fin  these  foimulae  by  —  J^. 

The  equation  (I)  shews  that  the  area  swept  out  by  the  radius 
vector  varies  as  the  time,  and  either  of  the  equations  (II)  and 
(III)  that  the  velocity  at  any  point  of  the  orbit  varies  inversely 
as  the  perpendicular  from  the  centre  of  force  upon  the  tangent 
to  the  orbit  at  that  point:  these  two  propositions  were  first 
established  by  Newton*.  The  equation  (IV)  shews  that  the 
velocity  of  the  particle  at  any  point  of  its  path  depends  only 
upon  the  distance  of  the  point  from  the  centre,  the  velocity  of 
projection,  and  the  prime  radius  vector,  whatever  be  the  course 
which  it  may  have  pursued ;  the  discovery  of  this  proposition  is 
likewise  due  to  Newton*.  The  formula  (V),  by  which  the  path 
of  the  particle  may  be  determined  when  we  know  the  law  of  the 
central  force  and  conversely,  Ampfere'  ascribes  to  Binet.  The 
formula  (VI)  was  communicated  without  demonstration  to  John 
Bernoulli  by  De  Moivre  in  the  year  1705;  a  proof  of  the 
formula  was  returned  to  him  by  Bernoulli  in  a  letter  dated 
Basle,  Feb.  1706.  The  formula  (VII)  was  given  much  about 
the  same  time  by  Clairaut*  and  by  Euler',  and  signifies  that  the 

*  Principia,  Lib.  i.  Prop.  1.  *  lb.  Lib.  i.  Prop.  40. 
'  Annales  de  Gergonne,  Tom.  xx.  p.  53. 

^  Thcorie  de  la  Luney  p.  2;  the  first  edition  of  which  appeared  in  1752,  from 
a  HS.  sent  to  St  Petersburg  in  1750. 

*  Nov.  Comment.  Petrop.  1752,  1763,  p.  161. 
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acceleration  of  the  radius  vector  is  equal  to  the  excess  of  the 
centrifugal  above  the  attractive  force. 

(1)  To  find  the  law  of  the  force  by  which  a  particle  may  be 
made  to  describe  the  Lemniscata  of  James  Bernoulli,  the  centre 
of  force  coinciding  with  the  node,  and  to  investigate  the  time  of 
describing  one  of  the  ovals. 

The  polar  equation  to  the  Lemniscata  is 

r»  =  a*C08  2tf (1) ; 

h  1^         1  d  /1\         sin2g 

^^^  ^     a  (cos  2^*'        ^^W     a(cos2d)*' 

cP/l\      __2__      3  (sin  2g)'  ^         3 1 

dff'Kr)     ^  (cos  2^)*     a  (cos  25)  *  ~  a  (cos  2ff)^     a  (cos  2ff)^ ' 
and  therefore 

dff"  \r)      r      a  (cos  25)*       ^  ' 

Hence,  by  the  formula  (V), 

J.    3a*A* 

F^—r— 
r 

Again,  by  the  formula  (I)  and  the  equation  (1),  we  have 

Adt  =  f^dO  =  a*  cos  20  d0, 

and  therefore,  if  P  denote  the  required  periodic  time. 


cos25rf5=-r- 
n 


Let  fjL  denote  the  value  of  F  when  r  =  1 ;  then  we  have 

3V  fi^ 

(2)  A  particle  moves  in  an  equiangular  spiral  under  the 
action  of  a  force  tending  towards  the  pole ;  to  find  the  law  of 
the  force  and  the  velocity  at  any  point  of  the  orbit. 

If  fi  be  the  invariable  angle,  r  the  radius  vector,  and  p  the 
perpendicular  from  the  pole  upon  the  tangent, 

p  =  r  sin  13 (1). 
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DiflPerentlating  with  respect  to  r,  we  have  -^  =  sm)8,  and 
therefore,  from  (VI), 

jr=|«in/S  =  ^-^^,by(l). (2). 

Let  c  be  the  velocity  corresponding  to  a  given  radius  vector 
r;  then,  by  (II)  and  (1), 

h^tyr  sin  )9. 


r'  ' 


Hence,  from  (2),  -F= 

and,  from  (II)  and  (1), 

cr  sin  B     cr 
r  sm  p       r 

(3)  A  particle  describes  an  equilateral  hyperbola  round  a 
centre  of  force  at  the  centre ;  to  find  the  law  of  the  force  and 
the  angle  which  the  particle  will  describe  about  the  centre  in  a 
given  time  after  leaving  the  apse. 

The  equation  to  the  hyperbola  being 

1\"     cos  20 


©= 


a" 


(1). 


and  therefore,  from  (2), 

rde" 


fl\  ^r'  .  ,.-        2  cos  2d 

-   +-,siii'2d= , — , 

\r/     a  a 


and  thence,  by  (1), 

rdff'Krj'^a*     i*'     r*' 
de'[rj^r~     a*' 
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Hence,  by  the  formula  (V), 

ir  =  —  _  - . 

a 

The  negative  sign  shews  that  the  force  must  be  repulsive ; 
let  — /i  be  the  absolute  force,  that  is,  the  value  of  j^at  a  unit  of 
distance.    Then 

Putting  for  h  its  value  aV    ia  the  formula  (I),  and  5^ 

cos  Jdtf 

for  r*,  we  get 

d0  x,^      cos2^rf^        1        dAnId       ^  1,^ 

^3^  =  ^^^'     l-sin'2g  =  ^^'     l-sin-2g  =  ^^^^^ 

integrating,  and  supposing  the  time  to  be  reckoned  from  apsidal 
passage,  we  have 

whence,  writing  ft!  in  place  of  4/a',  we  obtain 

8in2d  =  ^V-T- 

(4)  A  particle  is  revolving  in  a  parabola  about  a  centre  of 
force  at  the  focus,  and,  when  it  arrives  at  a  given  distance  from 
the  focus,  the  absolute  force  is  suddenly  doubled ;  to  determine 
the  nature  of  the  subsequent  path  of  the  particle. 

Let  4m  be  the  latus  rectum  of  the  parabola,  r  the  radius 
vector  at  any  point,  and  p  the  perpendicular  from  the  focus 
upon  the  tangent.    Then,  by  the  nature  of  the  parabola, 

1=1      1^  =  _L 
]^     mr'   p'  dr     mr'^ 

and  therefore,  by  (VI), 

2mr* 

But,  after  the  absolute  force  has  been  doubled,  we  shall  have 
for  the  motion 

F=^' 
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m 

and  therefore,  by  (VI), 

mr^     ^  dr '   mr*     p*  dr 


Integrating,  we  have 


mr  2jr 


Let  c  be  the  value  of  r  at  the  instant  when  the  absolute  force 
is  doubled;  then,  p  being  then  common  both  to  the  parabola  and 
to  the  new  path,  we  have 


«jc  27/ic '  2wic ' 

and  therefore,  for  the  equation  to  the  new  path,  there  is 

1  _   1        J_     7?tc  _  2c     , 
mr ""  2mc     2p*  *    ^*  ""  r        ' 

which  is  the  equation  to  an  ellipse,  2c  being  the  major  and 

2  {mcY  the  minor  axis. 

Since  the  ellipse  touches  the  parabola  when  r^c^  the  semi- 
axis  major,  it  follows  from  the  nature  of  the  ellipse  that  the  point 
of  contact  is  an  extremity  of  the  semi-axis  minor,  and  therefore 
that  the  axis  major  of  the  ellipse  is  parallel  to  the  tangent  at  the 
point  r  =  c  of  the  parabola.  But  the  sine  of  the  angle  of  inclina- 
tion of  the  tangent  of  the  parabola  at  this  point  to  its  axis  is 

-  =  -r »  when  r=^c,  that  is,  =  -r  j  and  therefore  the  inclination 

of  the  major  axis  of  the  ellipse  to  the  axis  of  the  parabola  is 


sin'* 


© 


(5)  A  particle  is- describing  a  curve  about  a  certain  centre  of 
force,  the  velocity  of  the  particle  varying  inversely  as  the  rf"* 
power  of  its  distance  from  the  centre  of  force ;  to  find  the  law  of 
the  force  and  the  equation  to  the  path. 

We  shall  have,  /*  denoting  some  constant  quantity. 


r 
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Hence,  from  (IV),  there  is 

and  therefore,  differentiating, 

which  determines  the  law  of  the  force. 
Again,  from  (III),  there  is 

//^-^r^*_      d  1 

(«-l)^=(7+cos-*  — . 

Suppose  0=:O,  when  r=a;  then,  k  denoting  a  constant  quantity, 
(n  - 1)  ^  =  oos"^  (h^-')  -  cos"*  (Ara*-^). 

Biccati;  Comment  Bonon.  Tom.  ly.  p.  184» 

(6)  If  the  force  vary  as  the  n^  power  of  the  distance,  and  a 
particle  be  projected  from  an  apsidal  distance,  with  a  velocity  of 
which  the  square  is  equal  to  1  —  e  times  the  square  of  the  velocity 
in  a  circle,  described  about  the  same  centre  of  force,  the  radius 
of  the  circle  being  equal  to  the  apsidal  distance;  to  find  the 
equation  to  the  orbit,  €  being  a  very  small  quantity. 

Let  a  be  the  apsidal  distance ;  then  r^^a  —  x^  where  a?  is  a 
small  quantity,  because  the  path  of  the  particle,  as  is  evident 
from  the  initial  circumstances,  will  be  nearly  circular.  Then, 
approximately, 

r^a^x^ay    "^  a)'    dff"  [r )  "  a!"  de* ' 


270  FREE  CtTRVILIMEAJl  MOTION  OF  A  PARTICLE. 

Also,  It,  denoting  the  absolute  force  of  attraction, 

Hence,  by  the  formula  (V), 

1  <£*a;  .  a?  .  1     /uT*  f ,      (»  +  2)  x\      ^ 

^^{iH.*2)'^Pi^,.-tf=o (1). 

Let  V  be  the  velocity  of  projection,  and  v  the  velocity  in  a 
circle,  described  about  the  same  centre  of  force,  the  radius  of 
the  circle  being  a ;  then 

I^=(l-€)t?'=(l-€)/ia»*^ (2). 

But,  by  the  formula  (II), 

because  the  motion  is  initially  at  right  angles  to  the  radius  vector, 
and  a,  F,  are  the  initial  values  of  the  radius  vector  and  of  the 
velocity.    Hence,  from  (2), 


M+if 


A«     (1  -  e)  a' 

and  therefore,  from  (1),  the  product  of  €  and  x  being  neglected, 

cPx 


\jff»  +  (n  +  3)  a?  —  €«  =  0, 


or 


The  integral  of  this  equation  is  evidently 

where  A  and  B  are  constant  quantities. 
Let  5  =  0  when  x  =  0:  then 


-4  sin  /8  =  — 


w  +  3 
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Again,  by  the  hypothesis,  ^^0  when  r  ^a,  and  therefore 

dx 

3^  =  0  when  «  =  0 :  hence  cos/8  =  0. 

au 

The  integral  therefore  becomes 

^"^  ^^    cos  {(n  +  3)4  d}. 


^     ?i  +  3         n  +  3 


«' 


and  therefore  the  polar  equation  to  the  orbit  is 


r  =  a  — 


ea 


vers((n  +  3)Mj (3). 


n  +  3 

Differentiating  the  equation  (S),  we  get  for  the  determination 
of  apses, 

whence  (n  +  3)*^  =  Xrr, 

where  X  is  any  integer :  let  0^,  0\  be  the  values  of  6  for  two 
consecutive  apsidal  distances ;  then 

(n  +  3)V  =  \7r,     (n  +  3)4r=(X+l)7r, 

and  therefore,  ^  denoting  the  angle  between  any  two  consecutive 
apses, 


^  =  ff'^0^ 


IT 


(n  +  3;* 

(7)  A  particle  is  attached  to  one  end  of  a  very  fine  and 
slightly  extensible  string,  of  which  the  other  end  is  fixed  and 
which  rests  at  its  natund  length  in  a  straight  line  on  a  smooth 
horizontal  plane:  if  the  particle  be  projected  at  right  angles  to 
the  string,  to  determine  the  extension  of  the  string  at  any  time 
and  the  path  of  the  particle. 

Let  a,  c,  denote  the  initial  length  of  the  string  and  the  initial 
velocity  of  the  particle.  Let  r  —  a  +  x  represent  the  length  of 
the  string  at  the  end  of  any  time  t,  the  corresponding  angular 
co-ordinate  being  d,  and  the  initial  position  of  the  string  the  prime 
radius  vector.    Let  m  denote  the  mass  of  the  particle,  and  p  the 
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tension  necessary  to  stretch  the  string  to  a  length  a  +  ^.    Then^ 
the  extension  being,  by  Hooke's  law,  proportional  to  the  tension, 

we  have  for  the  tension  at  the  time  t  the  expression  ^.    Hence, 
by  the  formula  (VII)i  we  have 

dV_    cW"      px 

and  therefore,  by  (1), 

d"r  _  V     px 

But,  from  the  circumstances  of  the  projection  of  the  particle,  it 
is  clear  by  the  formula  (II)  that  h=ac;  hence 

€pr  __  aV      px 
(Px  _     aV        px 

CM? 

Multiplying  by  2  -^  and  integrating, 

<fe*_  ^        oV     __  pa? 
5?"^      {a  +  xy     ^'' 

dx 
but,  initially,  a?  =  0,  -^  =  0 ;  hence  (7=  c*,  and  therefore 

da?  _jt^     ^ V        P^ 


V        aj.  mfi 
2c'a?     ^)a? 


a       771)3 


(1), 


where  small  quantities  of  the  first  order  only  are  retained,  ^ .  a? 

being  of  the  first  order  because  x  and  )8  are  of  the  same  order. 
Extracting  the  root,  we  have 


i-m^"^ '--')"■■ 
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whence,  integrating  and  bearing  in  mind  that  ^=0  when  < » 0> 

'=(f)''-iSI)- 


P 

rru?P 
or  a:  =  — ~  vers 

pa 


te)'f 


which  gives  the  extension  of  the  string  at  any  time  during  the 
motion. 

We  proceed  now  to  the  determination  of  the  equation  to  the 
path  of  the  particle.    From  (I)  and  (1)  there  is 

cbf     7^  /2c*a?     ps?\ 
_  (g  +  xY  /2o*a;     pa?\ 

=  2aaj--^7y,  approximately, 

""  rruffi  V     pa  /  ' 

ax     \  poc }  \     pa  J 

Integrating,  and  remembering  that  0=0,  m^O,  simultaneously, 

which  is  the  polar  equation  to  the  orbit. 
From  this  equation  we  have,  for  the  determination  of  apses, 

hence  the  angle  between  consecutive  apses  is 

ire  fml3\i 

w.  s.  18 


r^a  +  z^a-h vers 

pa 
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The  force  varies  jointly  as  the  distance  of  the  particle  from 
the  centre  of  force  and  the  reciprocal  of  the  cube  of  its  distance 
from  the  tangent  to  the  ellipse  at  the  centre  of  force. 

(12)  A  particle  revolves  in  a  circle  about  a  centre  of  force  at 
a  point  in  its  circumference;  to  determine  the  force  and  the 
velocity  at  any  point  of  the  path. 

K  /A  denote  the  absolute  force, 

Newton;  Princip.  Lib.  I.  Prop.  7.     Riccati}  Comments 

Bonon.  Tom.  rv.  p»  175. 

(13)  A  particle  is  moving  about  a  centre  of  force,  its  velocity 
at  each  point  of  its  path  varying  inversely  ad  its  distance  from 
the  centre  of  force;  to  determine  the  path  of  the  pai-tiole. 

The  path  will  be  a  logarithmic  spiral. 

Riccati;  lb.  p.  184. 

(14)  A  body,  attracted  towards  a  centre  of  force  which  varies 
inversely  as  the  square  of  the  distance,  is  projected  with  a  velo* 
city  equsS  to  the  velocity  in  a  circle  at  an  equal  distance,  and  in 
a  direction  making  an  angle  of  45^  with  the  radius  vector:  to  find 
the  magnitude  and  position  of  the  orbit  described. 

The  orbit  will  be  an  ellipse,  the  point  of  projection  being  an 
extremity  of  the.  minor  axis  and  the  centre  of  force  a  focus.  If 
the  prime  radius  vector  be  a,  the  axis  major  =  2a  and  the  axis 
minor  =  a  V^* 

(15)  If  the  force  vary  inversely  as  the  seventh  power  of  the  . 
distance,  and  a  particle  be  projected  from  an  apse  with  a  velocity 
which  is  to  the  velocity  in  a  circle  at  the  same  distance  as  1  to 
\/3;  to  find  the  equation  to  the  curve  described. 

If  the  apsidal  distance  be  taken  as  the  prime  radius  vector, 
and  be  denoted  by  a,  the  equation  to  the  curve  described  will 
be 

r*  «  a*  cos  20. 

18—2 
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(IG)  A  particle,  projected  in  a  given  direction  with  a  given 
velocity,  is  attracted  towards  a  centre  of  force:  the  velocity  of 
the  particle,  at  every  distance  from  the  centre,  is  to  that  of  a 
particle  describing  a  circle,  of  which  the  distance  is  a  radius, 

about  the  same  centre  of  force,  as  1  to  ^/2 :  to  find  the  orbit 
described  and  the  law  of  the  force. 

Let  S  (fig.  125)  be  the  centre  of  force,  P  the  point  of  projec- 
tion ;  let  /SP=  o,  ^  =  the  angle  between  PS  and  the  direction 
FT  of  projection. 

Draw  PA  at  right  angles  to  SPaMd  equal  to  acotfi:  join  8 A. 
The  orbit  described  is  a  circle,  of  which  8 A  =  a  cosec  ^8  is  the 
diameter,  and  the  law  of  force  is  that  of  the  inverse  fifth  power. 

(17)  A  particle  moves. in  an  equilateral  hyperbola  about  a 
centre  of  force  at  the  centre;  to  find  the  locus  of  the  point  to 
Avhich  the  particle  must  move  from  the  curve  under  the  action 
of  the  force  to  acquire  the  velocity  in  the  curve. 

If  a  be  the  semi-axis  of  the  equilateral  hyperbola  in  which  the 
particle  is  moving,  the  required  locus  will  also  be  an  equilateral 

hyperbola  having  a  semi-axis  equal  to  2*.  a,  the  centres  of  the 
two  hyperbolas  being  coincident  and  their  axes  being  in  the 
same  straight  lines. 

(18)  One  end  of  an  indefinitely  fine  elastic  string,  extended 
to  its  natural  length,  is  fixed,  and  to  the  other  is  attached  a 
particle  of  matter ;  the  particle  is  projected  at  right  angles  to 
the  string  with  an  angular  velocity  such  that,  if  it  were  revolv- 
ing in  a  circle  with  this  angular  velocity,  the  length  of  the  string 
must  have  been  stretched  to  twice  it-s  natural  length;  to  find 

"  the  apsidal  distances  of  the  particle. 

If  a  be  the  natural  length  of  the  string,  there  are  two  apsidal 
distances,  viz.  a,  and  the  real  root  of  the  equation 

2r'-2ar"-aV-a'=0. 

(19)  In  a  curve,  described  by  a  body  about  a  centre  of  force, 
the  angle  between  the  radius  vector  and  the  tangent  varies  as 
the  time  :  to  find  the  curve  and  the  law  of  the  force. 
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If  Fs=  the  force,  and  A  A,  g>,  be  certain  constants,  then 


.1^ 
F=^/3',h.e" 


-X   «^  +  ^ 


and  the  differential  equation  to  the  path  is 

0  = 


(20)  A  particle,  attracted  towards  a  point  by  a  force  equal  to 

— ,  +  -ji ,  is  projected  from  an  apse  at  the  distance  m^h^,  h  being 

twice  the  area  described  in  a  unit  of  time ;  to  find  the  polar 
equation  to  the  orbit,  and  the  time  of  describing  any  angle  about 
the  centre  of  force. 

If  0  be  the  angle  described  about  the  centre  of  force  in  any 
time  t  after  the  projection, 

r^«^   .  ^,    *  — mtan"*tf. 
l  +  cr 

(21)  At  a  distance  a  from  a  centre  of  force,  a  particle  is  pro- 
jected at  an  angle  of  45®  to  the  distance,  and  with  a  velocity, 
which  is  to  that  in  a  circle  described  about  the  centre  of  force 

at  the  same  distance,  as  2^  to  3  .  the  central  force  at  any  dis- 

2tt  H     fi 
tance  r  is  equal  to  — «-  +  -,:  to  find  the  equation  to  the  orbit. 

If  the  angular  co-ordinate  be  estimated  from  the  initial  radius 
vector,  the  equation  to  the  orbit  will  be 

r  =  a(l-«). 

(22)  A  particle  is  projected  at  a  distance  a  from  a  centre  of 
force,  at  right  aDgles  to  the  distance :  the  force  is  repulsive  and 
of  constant  intensity :  the  initial  velocity  is  that  which  would 
be  acquired  in  moving  from  the  centre  of  force  to  the  point  of 
projection  under  the  influence  of  the  force :  determine  the 
orbit. 
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If  r  be  the  distance  of  the  particle  at  any  time  from  the 
centre  of  force  and  d  the  inclination  of  r  to  the  initial  distance  a. 


©'=( 


(23)  A  particle,  acted  on  by  a  central  force  varying  as  any 
function  of  the  distance,  is  projected  at  an  apse  with  a  velocity 
nearly  equal  to  that  requisite  for  a  circular  orbit ;  to  find  the 
distance,  from  the  centre  of  force,  of  the  apse  at  which  the  par- 
ticle next  arrives. 

Let  the  force  at  any  distance  r  be  equal  to    ■  ^  (-]  >  where 

4>\-)  is  any  function  of  - ;  let  a  be  the  initial  distance  of  the 

particle  from  the  centre  of  force,  a'  the  distance  of  the  apse  at 
which  it  next  arrives,  and  let  the  velocity  of  projection  be  to  the 
velocity  in  a  circle  about  the  same  centre  as  1  to  1  +  n» ;  then 


a  =a< 


1- 


*^*  © 


.*©-i*'©j 


(24)  To  find  the  whole  action  of  a  planet,  regarded  as  a 
particle  of  given  mass,  in  a  complete  revolution  about  the  Sun, 

If  fjL  be  the  absolute  force  of  the  Sun's  attraction,  and  a  the 
mean  distance  of  the  planet,  the  required  action  is  equal  to 

29r  {iia)\ 

(25)  If  the  mass  of  a  planet  were  distributed  over  its  orbit, 
so  that  the  part  of  the  mass  distributed  over  any  portion  of  the 
orbit  should  be  proportional  to  the  time  which  the  planet 
occupies  in  describing  that  portion ;  to  find  the  centre  of  gravity 
of  the  whole  mass  so  distributed. 

The  centre  of  gravity  would  bo  at  the  point  midway  between 
the  centre  of  the  orbit  and  the  focus  which  is  not  occupied  by 
the  Sun. 
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(26)  A  particle  describes  a  circular  orbit  about  a  centre  of 
force  at  the  centre  of  the  circle ;  to  find  the  condition  that  the 
form  of  the  orbit  may  be  stable  or  unstable. 

If  P=  the  central  force,  u  =  the  reciprocal  of  the  radius  vector, 

and  -  =  the  radius  of  the  circle,  the  form  of  the  orbit  will  be 
a 

stable  or  unstable  according  as 

• 

dlogP  , 

,  ,     -   ,       when  tt  =  a, 
a  log  u 

is  less  or  not  less  than  3. 


Sect.  3.     Tangential  and  Noi^mxil  ResoliUions. 

The  method  of  the  solution  of  the  general  problem  of  the 
curvilinear  motion  of  a  particle  in  one  plane,  by  the  principle 
of  the  tangential  and  normal  resolutions,  is  expressed  by  the 
equations 

•s-^- w- 

^-N (B), 

where  v  denotes  the  velocity  at  any  point  of  the  path,  ds  an 
element  of  the  curve,  p  the  radius  of  curvature,  T  the  sum  of 
the  resolved  parts  of  the  forces  which  act  on  the  particle  esti- 
mated in  the  direction  of  its  motion,  and  N  the  sum  of  the 
resolved  parts  along  the  normal  on  the  concave  side  of  the 
curve  in  the  neighbourhood  of  the  particle. 

(1)  A  particle  is  projected  with  a  given  velocity  and  in  a 
given  direction,  and  is  acted  upon  by  a  constant  force  in  parallel 
lines ;  to  determine  the  path  of  the  particle. 

Let  the  axis  of  x  be  taken  so  as  to  pass  through  the  initial 
place  of  the  particle,  and  let  the  axis  of  y  be  taken  parallel  to 
the  constant  force  which  acts  towards  the  axis  of  x.     Let  / 
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denote  the  constant  force.  Then,  the  tangential  resolved  part 
being  —f-^ ,  and  the  normal  one  being  f-j- ,  we  have  for  the 
motion  of  the  particle, 

•S-/S «• 

r-/s :■•■«• 

Integrating  (1),  r"  =  (7  —  2/y. 

Let  V  be  the  initial  velocity ;  then,  y  being  zero  initially, 
F*=  (7,  and  therefore 

Hence,  substituting  this  expression  for  t;'  in  (2), 


but 


dP 


IntegratiDg,  we  have      (7(1  +  -pi)  =  F*  —  2/^,  • 

where  (7  is  an  arbitrary  constant.    Let  fi  be  the  angle  which 
the  direction  of  projection  makes  with  the  axis  of  m  \  then 

0(l  +  tan»/9)  =  F': 
hence  p  (l  +  ^  =  8ec»/9  (F«  -  2/y), 

F»  ^  =  F*  tan»/9  -  2/y  sec' A 
Frfy  »  ( P  tan»  /8  -  %fy  sec*  /9)*  <£r ; 
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whence,  by  integratioD, 

0-  F(r'tan«^-2/yBec*/S)*=/csec*/8. 

But  x  =  0,  y  =  0,  simultaneously;  hence 

C-  F'tan)8  =  0, 
and  therefore 

F*tan/3-F(Ptan'i8-2^sec*/3)*=/x'sec»i8. 
Clearing  the  equation  of  radicals,  and  simplifying; 

•.-♦or.p    ^    /sec'ff^ 
y  =  tan  ^ .  a? ^y^  or. 

Euler ;  Mechan.  Tom.  L  p.  232. 

(2)  A  particle,  always  acted  on  by  a  force  in  parallel  lines, 
describes  a  given  curve ;  to  determine  the  nature  of  the  force, 
the  velocity  and  direction  of  projection  being  given. 

Let  the  force  be  represented  by  Y,  which  we  will  suppose  to 
act  towards  the  axis  of  x  parallel  to  the  axis  of  y.  The  equa- 
tions of  motion  wiU  be 

•s=-^l <»• 

;-   ^s (^> 

Eliminating  F,  we  have 

Idv  ^     1  dy^  dx  dx* 

V  ds^     pdx        fife"    * 

d^ 

dy  d^y     dy  d^y 
1  A?  _  dx  da?  __  dxda? 

V  dx^    ds*     ""^     dy' 

de        ^^do? 


Integrating,  we  get 

loge;«(7+ilog(l  +  ^!)  =  (7+log 


da 
dx 
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Let  V  denote  the  initial  velocity,  and  fi  the  angle  which  the 
direction  of  projection  makes  with  the  axis  of  x ;  then 

log  F=  C  +  log  sec  13, 

da 

and  therefore  log  -p.  =  log 


jsec 

^  dx 

Substituting  this  value  of  v  in  (2),  we  have 

Y^  F^co8'/8  d^ 
~        p        da? 

Euler ;  Mechan.  Tom.  I.  p.  240. 

(3)  A  particle  describes  a  given  curve  about  a  centre  of 
force ;  to  determine  the  motion  of  the  particle  and  the  law  of 
the  force. 

Let  ABP  (fig.  126)  be  the  path  of  the  particle,  8  the  centre 
of  force ;  P  the  position  of  the  particle  at  any  time ;  PT  a 
tangent  at  the  point  P,  and  SY  perpendicular  to  PT.  Let  F 
denote  the  force  along  P8,  and  ^  the  angle  8PT\  then,  the 
direction  of  the  motion  at  P  being  towards  jB, 

v£^'-Fcos<l> (1), 

-=     Fsind) (2). 

P 

Now,  since  ds  cos  <}>  =  dr, 

J  .     ,      rdr  .     ,         dr 

and  psm^  =  ^8m^=jp^, 

•where  p  denotes  SY,  we  have,  by  (1)  and  (2), 

vdv-'-Fdr (3), 

"*=  ^p% w- 


FREE  CURVILINEAR  MOTION  OF  A  PARTICLE.  283 

Eliminating  -F  between  (3)  and  (4), 

Let  F,  P,  be  the  initial  values  of  r,  p ;  then 

logF=(7-.logP, 

V           P            V  P 
and  therefore         log-y=slog  —  ,    t?  = (5). 

Again,  if  t  denote  the  time  of  the  motion, 

pds  =  VPdt ; 

but  pds  is  equal  to  dh\  where  A'  represents  twice  the  area  swept 
out  by  the  radius  vector  in  its  motion  from  some  assigned  posi- 
tion; hence 

dA'=  VPdt,    A'=  VPt (6), 

the  area  being  supposed  to  commence  with  the  time. 

Again,  by  (2),  we  have 

psm<f>      p  dr        p*    dr'     '^   ^  ^'  ^  ^ 

Suppose  now  that  h  represents  twice  the  area  swept  out  in  a 
unit  of  time ;  then,  since,  by  (6),  h  is  equal  to  VP,  we  have,  by 

(6).  (5).  (7), 

h'-=JU (8), 

"3 (»)• 

^^V^_JV 

p  dr     pf  ^     ^ 

The  formulae  (8)  and  (9)  were  given  by  Newton  *.  The  formula 
(10)  was  discovered  by  De  Moivre  in  the  year  1706,  by  whom  it 
was  communicated  without  demonstration  to  John  Bernoulli. 
A  proof  of  the  formula  was  obtained  by  Bernoulli  and  forwarded 

*  Principia,  Lib.  i.  Prop.  1. 


284  FREE  CUEVILINEAR  MOTIOX  OF  A  PARTICLE. 

to  De  Moivre  in  a  letter  dated  Basle,  Feb.  16,  1708.  Demon- 
strations  were  afterwards  given  by  Keill*,  and  by  Hermann". 
See  De  Moivre's  MisceU.  Analyt  Lib.  viii.,  and  John  Bernoulli, 
Opera,  Tom.  I.  p.  477. 

Integrating  the  equation  (3)  we  get  another  expression  for 
the  velocity, 

J  R 

where  R  denotes  the  prime  radius  vector.  This  result  shews 
that  the  velocity  of  the  pai'ticle  depends  only  upon  its  distance 
from  the  centre  of  force,  and  not  upon  the  path  described ;  a 
theorem  proved  by  Newton'. 

Euler ;  Mechan.  Tom.  i.  p.  240. 

(4)  Bodies  are  projected  with  the  same  velocity  and  from 
the  same  point  but  in  diflferent  directions,  and  describe  curves 
about  a  centre  of  force:  to  find  the  locus  of  the  centres  of 
the  circles  of  curvature  to  the  different  orbits,  at  the  point  of 
projection. 

The  locus  is  a  straight  line  cutting  at  right  angles  the  dis- 
tance between  the  point  of  projection  and  the  centre  of  force. 


Sect.  4.    Motion  in  Resisting  Media. 

(1)  A  particle  acted  on  by  gravity  is  projected  in  a  uniform 
medium,  of  which  the  resistance  varies  as  the  velocity,  with  a 
given  velocity  and  at  a  given  angle  of  inclination  to  the  horizon ; 
to  find  after  what  interval  of  time  the  particle  will  arrive  at  its 
greatest  altitude. 

Let  k  be  the  resistance  for  a  unit  of  velocity,  u  the  velocity 
and  a  the  angle  of  projection,  and  let  y  be  the  height  through 
which  the  particle  has  ascended  at  the  end  of  the  time  t.    Then 

1  Phil,  Trans,  Num.  317;  1708. 

■  Phoronomiat  p.  70. 

•  Princip,  Lib.  i.  Prop.  40. 
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but  -j-  =  tt  sia  a  when  <  =  0 ;  hence 
dt 

log  {g  +  Tcu  sin  a)  =  C', 

and  therefore 

When  y  is  a  maximumi  -~  =  0,  and  therefore  the  required 
value  of  t  will  be  equal  to 

T  log  (1  +  -  w  sin  a). 

(2)  A  particle,  moving  in  a  resisting  medium,  is  acted  on  by 
a  given  force  the  direction  of  which  is  always  parallel  to  a  fixed 
line ;  to  find  the  resistance  in  order  that  any  proposed  curve 
may  be  described,  and  conversely. 

Let  the  position  of  the  particle  be  referred  to  two  rectangular 
axes  OXf  Oy,  (fig.  127)  the  latter  of  which  is  parallel  to  the 
fixed  line ;  let  0J/=  a?,  PM=^  y,  AP=s8\  P  being  the  position 
of  the  particle  at  any  time,  and  APB  the  curve  of  its  motion ; 
also  let  Y  denote  the  accelerating  force  at  P,  v  the  velocity  of 
the  particle,  and  R  the  resistance  of  the  medium. 

Then,  by  the  equations  of  tangential  and  normal  resolution 
given  in  the  preceding  section,  we  have 

4:-«^^s »• 

^'-I's (2)^ 

where  p  denotes  the  radius  of  curvature  at  P.     But 
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hence,  from  (2), 

!;•  =  $!  F; 

dy 

.da*  dv* 

differentiating!  we  have,  since  -^-^  =  1  +  -~^ , 

—  =  F^  +  -  — —  [  ^ 
dx         da     2da?  dx  i^\  > 

Id? 


dv     ydy     1  da  d  {  Y 
^  dt"     da     2dxdx  j3^ 

da^ 

hence,  from  (1),         ^  =  '2dxdx.'^ 

(dx* 

'f 

which  gives  the  resistance  if  the  curve  be  given,  and  conversely. 

The  solution  of  this  problem,  which  Newton  had  given  in 
the  first  edition  of  the  Principia,  involved  certain  errors,  which 
at  the  suggestion  of  John  Bernoulli  were  afterwards  corrected. 

Cor.  If  the  resistance  vary  as  the  square  of  the  velocity 
for  a  uniform  density ;  then,  Q  denoting  the  density  generally, 
we  have 

and  therefore  Q  —  y--ri 

Idxda?  d  f  Y 
Idx' 

\dx  d  .    f  y, 
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which  gives  the  density  at  any  point  within  the  medium ;  or,  if 
the  density  be  given,  determines  the  curve. 

doR 
Cor.    It  is  evident  that  p  -t-  is  equal  to  ha)f  the  chord  of 

curvature  at  P  parallel  to  Oy^  or  in  the  direction  of  the  force  Y\ 
let  2  denote  this  chord  of  curvature.    Then 

and  therefore  the  space  due  to  the  velocity,  supposing  the  force 
to  continue  constant,  is  equal  to  one-fourth  of  the  chord  of 
curvature. 

Newton ;  Princip.  Lib.  II.  Prop.  10.     John  Bernoulli ; 
Act.  Ervdit  Lips,  1713;   Opera,  Tom.  L  p.  514. 

(3)  A  particle  moves  in  a  resisting  medium  under  the  action 
of  a  given  force  tending  towards  a  fixed  centre ;  to  determine 
the  law  of  resistance  when  the  path  of  the  particle  is  given, 
and  conversely. 

Let  APB  (fig.  128)  be  the  path  of  the  particle,  8  the  centre 
of  force ;  let  -4.P=  s,  8P^  ffp^  the  perpendicular  from  8  upon 
the  tangent  at  P,  i; » the  velocity  at  P ;  let  p  be  the  radius  of 
curvature,  P  the  central  force,  and  R  the  resistance  of  the 
medium. 

Then,  by  the  equations  of  tangential  and  normal  resolution, 
we  have 

4"-«-''£ <')• 


.1 


^=?P (2). 

p      r  ^  ' 


dr 
Since  p  is  equal  to  r  j-  ,  we  have,  from  (2), 


''-P%P (3); 
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and  therefore,  differentiating  with  respect  to  8, 
dv     1  d  f    dr  t\ 

^~pds\P*d^n'^Wd8[^*dpn 

~     da     '*'2p'da\^  dp-^J- 
Hence,  by  substituting  this  value  of  v  — -  in  (1),  we  have 


*-vl(^'l^) f*'^ 


which   determines  the  law  of  resistance  when  the  curve  is 
known,  and  conversely. 

Cor,  Supposing  the  resistance  to  vary  as  the  density  of  the 
medium  multiplied  by  the  square  of  the  velocity  of  the  particle, 
we  have,  Q  denoting  the  density, 


IdsK-  dp    )        Id,      f   ,dr  ^  ,,, 

—2       Jr\     =-2ds^^[Prpn ^^)' 


and  therefore,  by  (4), 
d  ^_3  dr 

Q 

'    ^fp^ 

which  determines  the  law  of  the  density  when  the  curve  is 
given,  and  conversely. 

Cob.    From  the  equation  (2)  we  have 

ty=epp=jjp=2(ij)p. 

where  q  denotes  the  chord  of  curvature  through  8.  This  result 
shews  that  the  velocity  at  any  point  of  the  curve  is  that  due  to 
falling  in  vacuum  towards  the  centre  of  force,  continued  constant, 
through  a  quarter  of  the  chord  of  curvature. 
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Cob.    From  (4)  we  have 

where  h  is  some  constant  quantity.  This  formula  gives  the 
central  force  when  the  law  of  the  density  and  the  orbit  are 
given.    It  is  easily  shewn  that,  if  z  ASP  »  0, 

and  therefore  P  =  ^*  {1  +  ^  (1)}  e^M 

IfQ  =  0.weget  P^'jl  +  ^Q}. 

which  is  Binet's  formula  for  the  central  force  in  vacuum. 

Newton;  Principiay  Lib.  ii.  Prop.  17, 18.  John  Ber- 
noulli; Opera,  Tom.  rv.  p.  347.  Euler;  Mechan. 
Tom.  I.  p.  428  et  sq.,  p.  451  et  sq. 

(4)  A  particle  is  projected  with  a  given  velocity  in  a  uniform 
medium,  in  which  the  resistance  varies  as  the  square  of  the 
velocity ;  the  particle  is  acted  on  by  gravity,  and  the  direction 
of  its  projection  makes  a  very  small  angle  with  the  horizon ; 
to  determine  approximately  the  equation  to  the  portion  of  the 
path  which  lies  above  the  horizontal  plane  passing  through  the 
point  of  projection. 

Let  Ox  and  Oy  (fig.  129),  horizontal  and  vertical  respectively, 
be  the  axes  of  x  and  y,  0  being  the  point  of  projection ;  P  the 
position  of  the  particle  at  any  time;  let  0M==  x,  PM^  y,  v  =  the 
velocity  at  P,  «  =  the  arc  OP,  k  =  the  resistance  for  a  unit  of 
velocity ;  then,  by  the  tangential  and  normal  resolutions, 

«_=_fc^_^^V (1)^ 

,       dx  1  +  ;?*  ,Q. 

'^'^Tsf^-^-T' ^^' 

w.  s.  19 
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where  p^ ^  a^d  ? " ^  •    Hence, eliminating  v  between  these 
two  equations,  we  have 

da     q  q  da 

dx     q  g     dx       ^       * 

Integr&iJDg,  we  get 

logi±£!  +  2jfc» + log  C- log  (1 +p^  -  0, 
0  being  some  constant  quantity ;  whence 

log-  +  2jfe«=.0,    j=(V* (3). 

2 

Let  u  be  the  velocity,  and  a  the  angle  of  projection ;  then, 
initially,  by  (8)  and  (2), 

_       ,  l+tan*o 

I 

and  therefore  0  = 1  - -s—  : 

tt  cos'a 

hence,  by  (3),  ?  =  ^  «  ^~%-  «***: 


u  cos  a 


but>  the  angle  of  projection  being  small,  we  may  neglect^all 
powers  oip  beyond  the  first,  and  therefore 


0bJ  (1  +  p")* da?  =  I  (2a; « a;  nearly: 


9 


hence  ^  =  — %     %,  »     nearly. 

^        tt'cos'-a  "^ 

Multiplying  by  dx,  and  integrating, 

«- r7_ 9 g»to. 
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but  p » tan  a  when  x^Q  ;  hence 

tana=  C-Qj-r—^-  , 
2kur  cos  a 

^nd  therefore        P"'^^^'^  ^k'Jco^a  ^^'^^' 
Integrating  again^ 

v=  (7  +  a;tana  +  ^7-/— r- fa?-7w  «**') : 

but  a?  =s  0,  y  «  0,  simultaneously;  hence 

0  =  0-,^  f    ^    , 
4tkru  cos  a 

and  therefore    v»a;  tana  +  .,,  /    ,    (1  +  2&c  — 6***). 

^  4ArM  cos  a 

Moreau;  «7bttmaZ  <f«  TEcoU  JMytech.  Cahier  xi.  p.  215. 

The  general  problem  of  the  path  of  a  projectile  in  9,  uniform 
resisting  medium,  where  the  resistance  varies  as  the  square  of  the 
velocity,  was  proposed  by  Keill  as  a  trial  of  skill  to  John  Ber- 
noulli, by  whom  the  challenge  was  received  in  February  1718. 
Eeill,  trusting  to  the  complexity  of  the  analysis,  which  had 
probably  deterred  Newton  from  attempting  any  regular  solution 
of  the  problem  in  the  second  book  of  the  JMncipia,  was  in 
hopes  that  the  exertions  of  Bernoulli  would  prove  unsuccessful. 
Bernoulli,  however,  having  expeditiously  effected  a  solution,  not 
only  of  Eeiirs  problem,  but  likewise  of  the  more  general  one 
where  the  resistance  varies  as  the  n^  power  of  the  velocity,  ex- 
pressed a  determination  not  to  publish  his  investigation  until  he 
had  received  intimation  that  his  antagonist  had  himself  been 
able  to  solve  his  own  problem.  He  gave  Eeill  till  the  following 
September  to  exercise  his  talents,  declaring  that  if  he  received 
by  that  time  no  satisfactory  communication,  he  should  feel  him- 
self entitled  to  question  the  ability  of  his  adversary.  At  the 
request  of  a  copmon  friend,  Bernoulli  consented  to  extend  the 
interval  to  the  first  of  November.  It  turned  out,  however,  that 
Keill  was  unable  to  obtain  a  solution.     At  length   Nicholas 

19—2 
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Bernoulli,  Professor  of  Mathematics  at  Fadua^  oommunicat^  to 
John  Bernoulli  a  solution  of  Keill's  problem,  which  the  author 
afterwards  extended  to  the  more  general  one.  Finally,  on  the 
17th  of  November,  information  was  received  by  John  Bernoulli 
from  Brook  Taylor,  to  the  effect  that  he  had  obtained  a  solution, 
John  Bernoulli  published  his  own  analysis,  together  with  that  of 
his  nephew  Nicholas,  in  the  Acta  Erudit,  Lips,  1719  mai.,  p.  216 ; 
see  also  his  Opera,  Tom.  II.  p.  393.  For  further  information 
on  this  celebrated  problem,  the  reader  may  avail  himself  of  the 
labours  of  Euler*,  Borda",  Legendre",  Templehoff*,  and  Moreau^ 

(5)  A  particle  acted  on  by  gravity  moves  in  a  semicircle  in 
a  medium  where  the  resistance  varies  as  the  density  and  the 
square  of  the  velocity ;  to  find  the  law  of  the  resistance  and 
density. 

Let  OA,  OB  (fig.  130),  be  horizontal  and  vertical  radii  of  the 
semicircle,  OAx  and  OBy  being  the  axes  of  x  and  j^ ;  let  a 
=  the  radius  of  the  circle,  OM^  x,  and  gravity  =  g.    Then 

Newton ;  Princip.  Lib.  Ii.  Prop.  10,  Ex.  1.  John  Ber- 
noulli; Act.  Erudit  Lips,  1713.  Euler;  Mechan. 
Tom.  IL  p.  392. 

(6)  A  particle  acted  on  by  gravity  moves  in  a  parabola  of 
any  order ;  to  find  the  law  of  resistance. 

Let  the  equation  to  the  parabola  ABC  (fig.  130)  be  y  =  6— ca^, 
Oy  being  vertical ;  then 

(n-2)(l  +  nVa^-')*(y 
2n(n-l)(w"'* 

(7)  A  particle  moves  in  an  hyperbola  of  any  order,  one  of 
the  asymptotes  of  which  is  vertical;  to  find  the  law  of  the 

^  M^.  de  VAcad,  de  Berlin,  175d.  •  lb,  1769. 

«  lb.  1782.  <  lb.  1 788—89. 

'  Journal  de  VEcole  Polytech.  Gahier  xi.  p.  204. 


FBEE  CUBYILINEAB  MOTION  OF  A  PARTICLE.  293 

density,  the  resistance  varying  as  the  product  of  the  density 
and  the  square  of  the  velocity. 

Let  APB  (fig.  131)  denote  the  path  of  the  particle,  Oy  the 
vertical  asymptote  being  taken  as  the  axis  of  y,  and  Ox,  which 
is  horizontal,  as  the  axis  of  x ;  then,  if  the  equation  to  the  hy- 
perbola be 

we  shall  have  Q  =  {^«  +  (^^«+i  _.  ^ygn+yji  • 

Euler ;  Mechan,  Tom.  ii.  p.  400, 

(8)  A  particle  moves  in  a  circle  about  a  centre  of  force  in 
the  circumference,  the  force  being  attractive  and  varying  as 
any  power  of  the  distance ;  to  determine  the  resistance  of  the 
medium  and  the  law  of  the  density,  supposing  the  resistance  to 
be  equal  to  the  product  of  the  density  and  the  square  of  the 
velocity. 

Let  P  (fig.  132)  be  the  position  of  the  particle  at  any  time,  its 
motion  taking  place  towards  S  the  centre  of  force ;  let  G  be  the 
centre  of  the  circle;  let  8P^r,  ^  P8A=0,  the  central  force 
^fir^;  then 

JJ  =  l^(5+7i)7^sin^,     Q=l(n  +  5)^-^. 

(9)  A  particle  moves  in  an  equiangular  spiral  about  a  centre 
of  force  at  the  pole,  the  force  varying  as  any  power  of  the 
distance  from  the  pole ;  to  find  the  law  of  the  resistance  and 
of  the  density  of  the  medium,  the  resistance  being  considered 
equal  to  the  product  of  the  density  and  the  square  of  the 
velocity. 

If  a  be  the  constant  angle,  r  the  radius  vector  at  any  point, 
fir^  the  attractive  central  force,  and  the  particle  be  so  moving 
as  to  approach  the  centre  of  force ; 

iJ  =  lA^(n  +  S)r^co8flt,     C  =  |(^  +  3)^. 

Newton;  Prindp.  Lib.  ii.  Prop.  15, 16.    John  Bernoulli ; 

Operd,  Tom.  iv.  p.  350. 
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(10)  A  particle  moves  in  the  circumference  of  a  circle  about 
a  centre  of  force  at  the  centre ;  the  resistance  of  the  medium  in 
which  the  motion  takes  place  is  constant ;  to  determine  the  law 
of  the  force>  the  velocity  at  any  time  of  the  motion,  and  the 
time  which  elapses,  as  well  as  the  space  which  is  described, 
before  the  particle  is  reduced  to  rest. 

Let  /3  be  the  initial  velocity  of  the  particle,  a  the  radius  of 
the  circle,  c  the  constant  value  of  the  resistance,  8  the  arc 
described  from  the  beginning  of  the  motion,  P  the  central 
force;  then 

n 

when  the  particle  is  reduced  to  rest, 

"'To'    *^'o' 

(11)  A  particle  is  moving  along  the  curve  of  an  equiangular 
spiral  about  a  centre  of  force  at  the  pule,  so  as  to  be  approaching 
the  pole ;  the  motion  takes  place  in  a  medium  the  resistance 
of  which  varies  as  any  power  of  the  distance  from  the  pole; 
to  find  the  law  of  the  force. 

Let  a  be  the  constant  angle,  /3  the  initial  velocity,  a  the 
initial  distance,  kr"*  the  resistance  at  a  distance  r,  P  the  required 
force;  then 

p^(n  +  3)a'/ycosg-f  2fc(r^^'>-a"^) 

(•t+3)r'cosa 

Euler ;  Meckari.  Tom.  i.  p.  442. 

(12)  A  particle  is  projected  with  a  velocity  u,  and  at  an 
inclination  a  to  the  horizon,  in  a  uniform  medium  the  resistanco 
of  which  varies  as  the  velocity ;  to  determine  the  time  which 
elapses  before  the  direction  of  the  motion  is  inclined  to  the 
horizon  at  an  angle  /3. 

If  k  represent  the  resistance  for  a  unit  of  velocity,  t  will  be 
found  from  the  equation 

g  cos  fi  (€**  -  1)  =  ia  sin  (a  —  /9)» 
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(13)  Two  particles,  subject  to  the  action  of  gravity,  are  simul- 
taneously projected  at  equal  angles  of  inclination  to  the  horizon, 
and  with  equal  velocities,  the  one  in  vacuum  and  the  other  in 
a  medium  the  resistance  of  which  varies  as  the  velocity ;  to 
determine  the  relation  between  the  times  in  which  the  particles 
describe  two  arcs  so  related  to  each  other  that  the  tangents  at 
their  extremities  shall  make  equal  angles  with  the  horizon. 

If  k  denote  the  resistance  of  the  medium  for  a  unit  of 
velocity,  and  t^y  t^  denote  corresponding  times  in  vacuum  and 
in  the  medium ;  then 

(14)  Having  given  the  co-ordinates  of  the  highest  point  of 
the  path  described  by  a  particle  acted  on  by  gravity  and  pro- 
jected in  vacuum  at  a  known  angle  of  inclination  to  the  horizon ; 
to  find  the  decrements  of  these  co-ordinates  when  the  particle 
is  projected  in  a  rare  medium  in  which  the  resistance  varies  as 
the  velocity. 

Let  a,  h,  be  the  given  co-ordinates,  k  the  resistance  for  a  unit 
of  velocity,  and  /3  the  angle  of  projection ;  then 

7/ 


u.-uii^\  «-*(^v 


Sect.  5.    HodograpJis. 

If  from  any  fixed  point  0  a  straight  line  OP  be  drawn,  re- 
presenting at  any  instant  in  magnitude  and  direction  the 
velocity  of  a  particle  which  is  moving  in  any  manner  what- 
ever, the  locus  of  P  is  called  the  hodograph  of  the  particle.  The 
beautiful  theory  of  the  hodograph  is  due  to  Sir  William  Rowan 
Hamilton,  by  whom  it  was  communicated  to  the  Royal  Irish 
Academy*,  December  the  14th,  1846.  See  Hamilton's  Lectures 
on  Quaternions,  1853 ;  and  his  Elements  of  Quaternions,  1866. 

1  Proeeedingi  of  the  Royal  IrUh  Academy,  1846—7,  No.  68,  p.  UL  The 
pernsal  of  Hamilton's  article  would  be  ol  great  benefit  to  students  interested  in 
this  branch  of  Dynamics. 
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(1)  A  particle  describes  a  path  in  one  plane  under  tlie  action 
of  a  force  the  direction  of  which  is  perpendicular  to  a  given 
straight  line  in  the  plane:  to  determine  the  nature  of  the 
hodograpL 

Let  V  be  the  velocity  of  the  particle  at  any  time,  /9  the 
component  of  v  parallel  to  the  given  line,  (f>  the  inclination 
of  the  tangent  of  the  particle's  path  to  the  given  line.  Then 
t;  cos  0  =  13,  which,  since  /8  is  a  constant  quantity,  is  the  equa- 
tion to  the  hodograph,  which  is  consequently  a  straight  line  at 
right  angles  to  the  given  straight  line. 

(2)  A  particle  describes  an  equiangular  spiral  about  a 
centre  of  force  at  the  pole :  to  find  the  form  of  the  hodograph. 

The  hodograph  is  also  an  equiangular  spiral. 

(3)  Two  particles  are  describing  free  paths  in  one  plane, 
which  are  hodographs  to  one  another ;  if  the  particles  be  always 
at  corresponding  points,  to  determine  the  forms  of  their  paths 
and  the  nature  of  the  forces  acting  on  the  particles. 

The  paths  are  conic  sections :  the  forces  are  centric,  varying 
as  the  distance  from  a  common  centre. 

(4)  A  particle  moves  in  a,  semicircle,  under  the  action  of 
gravity,  in  a  medium  where  the  fesistance  varies  as  the  density 
and  the  square  of  the  velocity ;  to  find  the  hodograph. 

If  a  be  the  radius  of  the  semicircle,  the  polar  equation  to 
the  hodograph,  the  prime  radius  vector  being  horizontal,  is 
r*  =  ag  cos  0. 

(6)  To  prove  that  the  whole  accelerating  force,  which  acts 
on  a  particle  at  any  instant,  is  represented,  both  in  direction 
and  magnitude,  by  the  element  of  the  hodograph  divided  by 
the  element  of  the  time. 

Hamilton :  Proceedings  of  the  Royal  Irish  Academy, 

1846—7,  No.  58,  p.  345. 

(6)     To  prove  that  the  force  is  to  the  velocity,  in  any  varied 

motion  of  a  particle,  as  the  element  of  the  hodograph  is  to  the 

corresponding  element  of  the  orbit. 

Hamilton :  lb.  p.  345. 


FREE  CURVILINEAR  MOTION  OF  A  PARTICLE.  297 

(7)  If  a  particle  be  describing  an  orbit  about  a  fixed  centre 
of  force,  to  prove  that  half  the  chord  of  curvature  of  the 
hodograph  (pairing  through  or  tending  towards  the  fixed  centre 
of  force)  is  to  the  radius  vector  of  the  orbit  as  the  element  of 
the  hodograph  is  to  the  element  of  the  orbit. 

Hamilton :  lb.  p.  346. 

(8)  Under  the  circumstances  of  the  preceding  theorem, 
to  prove  that  the  radius  of  curvature  of  the  hodograph  is  to 
the  radius  vector  of  the  orbit,  called  the  vector  of  position,  as  the 
rectangle  under  the  sam^  radius  vector  and  the  force  is  to  the 
parallelogram  under  the  vectors  of  position  and  velocity. 

Hamilton :  lb.  p.  347. 

(9)  If  a  particle  describe  an  orbit  about  a  fixed  centre  of 

force,  which  varies  inversely  as  the  square  of  the  distance,  to 

prove  that  the  hodograph  is  a  circle. 

Hamilton :  lb.  p.  347. 

(10)  If  the  hodograph  of  a  particle,  describing  an  orbit 
about  a  fixed  centre  of  force,  be  a  circle,  to  prove  that  the  force 
must  vary  inversely  as  the  square  of  the  distance. 

Hamilton :  lb.  p.  347. 

(11)  If  two  circular  hodographs,  having  a  common  chord, 
which  passes  through  or  tends  towards  a  common  centre  of 
force,  be  cut  perpendicularly  by  a  third  circle,  to  prove  that 
the  times  of  hodographically  describing  the  intercepted  arcs 

will  be  equal. 

Hamilton :  lb.  No.  63,  p.  417. 
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CHAPTER  IV. 

CONSTRAINED  MOTION  OF  A  PARTICLE. 

Sect.  1.    Constrained  motion  of  particles  vnthont  friction. 

Let  a  particle,  under  the  action  of  any  force  in  one  plane, 
move  within  an  indefinitely  thin  curvilinear  tube  APB  (fig.  133). 
Let  w,  y,  be  the  co-ordinates  of  the  place  P  of  the  particle, 
after  a  time  t  from  the  commencement  of  the  motion ;  and  let 
AP=^  8,  where  A  is  some  assigned  point  in  the  tuba  Let  Z,  Y, 
represent  the  resolved  parts  of  the  accelerating  force  acting  on 
the  particle  parallel  to  the  axes  Ox^  Oy\  and  S  the  resolved 
part  along  the  tangent  to  the  curve  APB  9ki  P.  Then  the 
equation  for  the  motion  of  the  particle  will  be 

S-^s^J-l-^ w- 

or,  by  integration,  v  denoting  the  velocity  of  the  particle  at  the 
point  P, 

^  or  ^  =  2j(X(Za?+  Ydy)  +  C^2  Jsds  +  C. (B), 

where  (7  is  an  arbitrary  constant,  introduced  by  the  integration, 
which  may  be  determined  if  we  know  the  initial  velocity  and 
the  initial  position  of  the  particle. 

K  the  force  acting  on  the  particle  be  a  central  force  ;  then,  P 
representing  its  intensity  at  a  distance  r,  we  have,  taking  the 
centre  of  force  as  the  origin  of  x,  y, 

Xdx  +  Ydy  =^  Pdr, 
and  the  formulae  (A),  (B),  become 

df? 


v'  or  ^  =  2Jiyr+C7 (D). 
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(1)  A  particle,  acted  on  by  gravity,  descends  from  rest  down 
a  given  circular  arc,  the  tangent  to  which  at  the  lowest  point  is 
horizontal ;  to  compare  the  initial  accelerating  force  estimated 
along  the  curve  with  that  which  would  correspond  to  motion 
down  the  chord,  when  the  arc  is  indefinitely  diminished. 

Let  A  (fig.  134)  be  the  lowest  point  of  the  arc,  P  the  initial 
position  of  the  particle,  T  the  intersection  of  the  tangent  at  P 
with  the  tangent  at  A.  Let  F^the  accelerating  force  at  P 
down  the  arc  PA,  /=  that  down  the  chord  PA,  ^  PA  r*=  0 
=  z  APT,  g  =  the  force  of  gravity. 

Then  F^g  sin  21?,     /=  g  sin  6, 

and  therefore  ->  ==  — ; — -^  =  2  cos  u, 

f      sm0  ' 

and  therefore,  when  the  arc  is  indefinitely  diminished,  Fss  2f. 

Saurin ;  Mdmoires  de  tAcadimit  des  Sciences  de  Paris, 
1724,  p.  70.  Liouville ;  Ih.  p.  128.  Courtiyron,  lb. 
1744,  p.  384. 

(2)  The  highest  point  of  the  circumference  of  a  circle  in 
a  vertical  plane  is  connected  by  means  of  a  chord  with  some 
other  point  in  the  curve ;  to  determine  the  time  in  which  a 
particle,  under  the  action  of  gravity,  will  fall  down  this  chord. 

Let  AB  (fig.  135)  be  the  diameter  through  the  highest  point 
A  of  the  circle;  AG  the  chord  down  which  the  particle  de- 
scends. Join  BG,  and  let  P  be  the  position  of  the  particle 
after  a  time  t  from  the  commencement  of  its  motion.  Let 
AP=8,  AB  =  2a,  zBAG^a,  AG^L  Then,  the  resolved 
part  of  g,  the  force  of  gravity,  along  AG,  being  ^cosa,  we 
have,  for  the  motion  of  the  particle, 


Integrating,  we  get 


d's 

^^,  =  (7  cos  a. 


ds       ^  ^ 

j^^gtcosa+C; 
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but  ;7-  =0,  ^  =  0,  simultaneously;  lience  (7=0;  and  therefore 

ds       . 

Integrating  again,  and  observing  that  8  =  0  when  t  =  0,  we  have 

*  —  h9^  cos  a. 
Let  r denote  the  whole  time  of  descent  down  AC;  then 

but,  from  the  geometry,       l=2a  cos  a ; 
hence  3a  cos  a  =  15^2^  cos  a. 


and  therefore 


^-'©- 


This  result)  being  independent  of  the  inclination  of  the  chord 

to  the  vertical,  shews  that  the  descents  down  all  such  chords  are 

performed  in  the  same  time;   a  proposition  established  by 

Galileo. 

Wolflf ;  Elementa  McUheseos  Universal,  Tom.  il  p.  68. 

(3)  From  one  extremity  of  the  horizontal  diameter  of  a 
circle  in  a  vertical  plane,  two  chords  are  drawn  subtending 
angles  a,  2a,  at  the  centre;  given  that  the  time  down  the 
latter  chord  is  n  times  as  great  as  that  down  the  former,  to 
find  the  value  of  a. 

Let  I,  T,  be  the  lengths  of  the  two  chords,  and  t,  t',  their 
times  of  description.  Then,  as  in  the  preceding  problem,  it  will 
be  found  that 

mm 

Z  =  i  flr^  cos  2 ,      r  =  Jflr«"cos  a, 

,  .,       -  r     <"  cosa        .cos a 

and  therefore         7  =  5-  — "  «  «  — . 

C       IT  OL  U 

COS  2         cos  2 

But,  r  denoting  the  radius,  it  is  evident  from  the  geometry 
that 

f  =  2r  sin  ^ ,      Z'  =  2r  sin  a : 
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,  sin  CK       ,  COS  a 

nence  —  =  n  , 

sm  g         cos  ^ 

mm 

n*cosa  =  2  co8*5  =  1  +cosa, 
and  therefore        cos  a  =-5 — =■ ,      a  =  cos"^  -= — =- . 

tl   —  1  71  —  1 

(4)  A  particle  is  placed  anywhere  within  a  thin  rectilinear 
tube^  and  is  acted  on  by  a  force  tending  towards  a  fixed  centre, 
and  varying  directly  as  the  distance ;  to  find  the  time  of  an 
oscillation. 

Let  X  be  the  distance  of  the  particle,  at  any  time  t,  from  its 
position  of  equilibrium^  r  its  corresponding  distance  from  the 
centre  of  forces  /**  the  absolute  force  of  attraction.  Then,  ftV 
being  the  central  force  at  the  time  f , 

the  integral  of  this  equation  is 

x^AcosQit  +  e) (1), 

where  A  and  e  are  arbitrary  constants. 

Let  a  be  the  initial  value  of  x :  then,  from  (1), 

a  =  ^  cos  e : 

also,  -^  being  initially  zero,  we  have,  firom  (1), 

(it 

O^Asine: 

hence,  substituting  for  ^  cos  6  and  A  sin  €  their  values,  the 
equation  (1)  is  reduced  to 

«  =  a  cos  fit 

Now,  when  x  acquires  its  greatest  negative  value,  /a<  =  w; 
hence,  T  denoting  the  period  of  a  complete  oscillation,  we  have 

Euler ;  Mechan.  Tom.  il.  p.  91,  Cor.  4. 
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(5)  A  particle  is  constrained  to  move  in  a  straight  line,  and 
is  attached  to  one  end  of  an  indefinitely  fine  elastic  string,  the 
other  end  of  which  is  fixed  at  a  distance  from  the  straight  line 
equal  to  the  unstretched  length  of  the  string ;  to  find  the  time 
of  a  small  oscillation. 

Let  a  s  the  natural  length  of  the  string,  m  =  the  mass  of  the 
particle ;  8  =its  distance  at  any  time  t  from  its  position  of  equi- 
librium, 2^=  the  tension  of  the  string,  and  2  =  its  length  at  the 
same  time.    Then,  for  the  motion  of  the  particle, 

^^^"T ^^)' 

Again,  by  Hooke's  law  of  extension, 

«-a(l  +  f) (2). 

where  e  is  a  constant  quantity  depending  upon  the  exteDfibility 
of  the  string. 

But,  8  being  a  small  quantity, 

1=  (o*  +  0*  =  o  (l  +  2  ^j'  nearly; 
hence,  from  (2), 

and  therefore,  by  (1), 

multiplying  by  2  ^  ,  and  integrating,  we  get 

d8 
let  c  be  the  value  of «  when  jt  =  0 :  then 

at 

0-r-^ 
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and  therefore 

hence,  supposing  «  to  be  diminishing  as  t  increases, 

\  €  /    (c*  -  «*)* 

put  «  =  c  COS  ^,  and  our  equation  becomes 

C    \  €  J    (l+COS*^)* 

and  therefore,  0,  v,  being  the  values  of  0  corresponding  to  the 
values  c,  —  c,  of  8,  the  time  of  a  complete  oscillation  will  be 
equal  to 

2*a  ram\i 
0    \€  J  J,  (l-isin"0)* 

an  elliptic  functioa  of  which  the  modulus  is  sin  ^^. 


(6)  A  particle  moves  from  rest  from  a  distance  a  along  a 
thin  spiral  tube  towards  a  centre  of  force  at  the  pole  attracting 
inversely  as  the  square  of  the  distance ;  to  find  the  whole  time 
which  will  elapse  before  the  particle  will  arrive  at  the  centre  of 
force,  the  equation  to  the  spiral  being 

,    c    e 

log  -  =  - . 

Let  fi  denote  the  absolute  force ;  then,  by  (D),  we  have,  for 
the  velocity  at  any  time, 


f^^0-2J^dr^C  +  ^. 


but  V ss 0  when  r^a;  hence 


But 
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But^  froDi  the  equation  to  the  spiral, 

r 
hence  g(i +a-)  =  2;.(l-l); 

extracting  the  square  root,  and  taking  the  negative  sign  because 
r  decreases  with  the  increase  of  t,  we  get 

\r     a) 
whence  (1  +  a*)*  (ji — jTj  =  f7  -  2 V*«. 

C     dr  ,r     rdr 

« 

,  [{ia-r)dr  f     dr 

=  —  o*  (or  —  r*)*  +  ia*  vers"*  ^-  • 
Hence  we  have 

ai  (1  +  a')*  ha  vers"*  ?!!  -  (ar  -  0*1  =  (7  -  2  V<. 

Now  <  =s  0,  r  =  o,  simultaneously ;  hence 

i^ra*  (1  +  a*)*  =  C; 
also,  7  denoting  the  whole  time  of  the  approach  to  the  pole, 

0=C-2V*r; 
hence  we  have        Jira*  (1  +  a*;*  =  2*/**r, 

y_ira*(l+tt«)i 
2*/t* 

(7)     A  particle  descends  by  the  action  of  gravity  down  a  tube 
A  0  (fig.  136)  in  the  form  of  a  semi-cubical  parabola  of  •which 
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the  axis  Ox  is  vertical,  and  the  cusp  the  lowest  point;  to 
investigate  the  time  of  falling  from  a  given  point  A  to  the 
cusp  0,  ^ 

Let  OM  =  X,  PM^  y ;  then,  by  (B),  since  Z^  -  flr,  F «  0, 

Let  h  be  the  initial  value  of  OM:  then,  -j-  being  initially  zero, 

we  have  0  =  —  2gh  +  C, 

da* 
and  therefore  ^  =  2y(A  — a?) (1). 

Now  the  equation  to  the  curve  is  ay*  =  of, 

and  therefore  a*y  =  a?*,     a*dy  =»  ^^dx, 

ady^^lxda?,      ada*  ^\{9x+  ia)da?. 

Hence,  by  (1),  there  is 

9aj  +  4adaj*      -.    ,,        . 

and  therefore  dt  = ,  i—r )  dx. 

2(2(^)*V  h-x  ) 

the  negative  sign  being  taken  because  x  decreases  as  t  increases. 
Assume  is*  =  9;^  +  4a.  and  our  equation  becomes 

1  l'<2ir 


8 (2ay)*  (4a  +  9A-«»)* 

r  — - — -r,  where  yS*  —  4a  +  9A, 

S(2ay)*08*-«»)* 

,      ^  If    ^dz 


3(2aj7)U(/3»-««)4 
w.  s.  20 
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hence       «  =  C'-3(^i  {-|^(^-^*  +  |^8iii-'||; 
but,  initially,  a?  =  A,  «'  =  /8*,  and  therefore 

3  (2a^)i    2  '^  2 
Kence,  eliminating  0,  we  hare 

and,  substituting  for  z  and  fi  their  values, 

When  the  particle  ajrrives  at  th^  cusp,  a?  =  0,  and  therefore  the 
whole  time  of  deace^t  is  equ^  to 

(8)  Two  particles  P,  P  (fig.  137),  of  which  the  masses  are 
m,  niy  are  connected  by  a  straight  rigid  rod  without  weight, 
and,  being  constrained  to  move  vck  two  straight  grooves  A%  Aa\ 
which  are  inclined  to  the  horizon  at  given  angles  and  are  in  the 
same  vertical  plane,  make  small  oscillatjions ;  to  find  the  length 
of  the  isochronous  pendulum. 

Let  AP,  AP,  make  angles  a,  a',  with  the  vertical  line 
through  A,  and  let  <  PAP  be  equal  to  i.  Let  T  denote  the 
action  of  the  rod  on  each  of  the  particles:  the  direction  of  this 
action  will  lie  along  the  rod.  L«t  AP  :?=  x,  AP  =  a\  PP'  =  c, 
zPPa  =  <t>,  <PPa'  =  <l>\ 
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Then,  for  the  motion  of  the  two  jtoiidH  ^«  have,  resolving 
forces  along  AP  and  AF, 

m  -j^  8=  m^  cos  a  —  Tcos  ^, 

m'-^  =  mg  cosd'  —  Tcos^'. 
Eliminating  T,  we  get 
m  cos  ^  -^  —  w  cos  9  -^  =  mg  cosa  cos^  —  mg  cos  a  cos  9. 

But  from  the  geometry  we  evidently  have 

c  cos  ^  =:  A?'  cos  i  —  a;,    c  cos  ^'  =  a?  cod  *  —  a?' ; 

hence         —w  (a?'  —  a?  cos  *)  -^  +  m'  (a?  —  a?'  cos  a)  -^ 

=  — w^r  cos  a  (a/  —  «cos  *)  +  m'gooBGt  (a —  a'  eon  i) (1). 

Let  a,  cii  be  tlie  values  of  a?,  a?',  corresponding  to  a  position  of 

equilibriunft ;  then,  -^  and  -^  beiiig  both,  f<tf  stich  a  po6itl(yn/ 

equal  to  zero,  we  have 

0  =  — mcosa(a'  — acos^)  +  wi'oosdf(a  — d'oosi) (2). 

Assume  a?sa  +  t;,  a/^a'  +  t;',  t^  and  t;' beitig  by  the  hypothesis 
small  quantities.  Then,  from  the  equation  (I),  as  far  as  small 
quantities  of  the  first  order,  we  have,  by  the  aid  of  (2), 

-  fl!fe  (flf  —  a  cos «)  -^  +  m  (df  —  d  cos  t)  -^ 

=  —  my  cosa  (v'  —  t?  cos  i)  +  m!g  cos  a'  {v  —  v'  cos  t) (3). 

Now,  by  the  geometry, 

c*  :=  a^  +  a?'*  —  2aw;'  cos  t ; 
whence  0  =  a?8a?  +  tdhx'  —  (aJ&U*  +  x*tx)  cos  *. 

But  fo>^v,  iaf^ify  »^a-\-v,  x' ^al -^ff  flMbA%,  neglecting 
small  quantities  higher  than  those"  of  the  find  OTd^i*, 

O«(a-a'co80t^  +  ((t'-acod4)t;' (4^. 

20—2 
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Let  r  represent  the  length  of  the  isochronous  pendulum ;  then 

t;  =  A:8injr^^  «  +  e|,         v  =i'sin|^^j  <  +  €[, 

where  \  h',  6,  are  constants :  substituting  these  values  of  v,  v\ 
in  the  equations  (3)  and  (4),  we  have 

k  k* 

m(a  —a cos t)  —  m' (a -  a' cos t)  — 

a=  A?  (w  cos  a  cos  *  +  m'cos  a )  —  V  {m'  cos  a  cos  t  +  m  cos  a), 
and  (a  —  a!  cos  *)  i  +  (a'  —  a  cos  t)  &'  =  0. 

Eliminating  k  and  k'  between  these  two  equations, 

AAA  ^Wl 

—  (a'-^a  cos  t)'H (a --a'  cos  t)"=ma  cosa  sin' t  +m  a'  cosa'  sin*i; 

and  therefore 

^m(a'  —  a  cos  t)*  +  w'  (a  —  a  cos  4)*  ,^. 

"       (ma  cos  a  +  mV  cos  a)  sin*  ^      ^  '* 

From  P  draw  PO  at  right  angles  to  AP,  meeting  P^O  drawn 
from  P'  at  right  angles  to  AP*.  Then  the  projection  of  OPupon 
the  line  AP  is  equal  to  OP  sin  i,  and  the  projection  of  PP  on 
the  line  AP  is  equal  to  a'  —  a  cos  ^ ;  but  these  two  projections 
are  evidently  coincident ;  hence 

OP*  sin*  t  =  (a'  —  a  cos  t)* : 

similarly  OP"  sin*  t  =  (a  —  a'  cos  i)\ 

Again^  let  O  be  the  centre  of  gravity  of  m  and  m!  in  their 
position  of  equilibrium,  and  JB'the  point  at  which  a  vertical  line 
through  O  will  cut  a  horizontal  line  through  A  ;  then  we  have 

(w+  m*)  (75"=  ma  cosa +  w'a  cosa'. 

Hence,  from  (5),  we  obtain 

m.OP'  +  m'.OP** 


r  = 


(m-^m:)  GH 


(9)  A  particle  slides  down  a  plane  of  given  length,  inclined 
at  an  angle  0  to  a  horizontal  plane,  and  is  reflected  by  the  hori- 
zontal plane;  to  determine  the  value  of  6  in  order  that  the 
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range  on  the  horizontal  plane  may  be  the  greatest  possible,  the 
particle  being  perfectly  elastic. 

e  =  tan-'  (V2). 

(10)  The  major  axis  of  an  ellipse  is  vertical;  to  find  the 
radius  vector  by  which  a  particle  will  descend  in  the  shortest 
time  from  the  upper  focus  to  tke  curve. 

IS  0^  the  inclination  of  the  required  radius  vector  to  the  ver- 
tical line  drawn  downwards  from  the  focus;  then  d  s  0,  if  0  <  ^ ; 

and  ^=  cos-*Y^V  if  e  >  f 

(11)  The  plane  of  an  ellipse  is  inclined  at  any  angle  to  a 
horizontal  plane,  in  which  its  major  axis  lies :  to  determine  the 
position  of  the  line,  drawn  from  a  focus  to  the  perimeter  of  the 
ellipse,,  down  which  a  particle,  acted  on  by  gravity,  will  descend 
in  the  shortest  time. 

If  0  denote  the  inclination  of  the  required  line  to  the  distance 
of  the  focus  from  the  more  remote  apse, 

l«(86»+l)i 


cos^» 


4e 


(12)'  Two  equal  spherical  particles  of  given  elasticity  are 
placed  at  two  points  in  the  circumference  of  a  vertical  circle, 
the  radii  of  these  two  points  making  angles  of  60^  on  each  side 
of  the  radius  which  tends  vertically  downwards ;  to  determine 
the  sum  of  the  chords  of  the  arcs  described  by  each  pai*ticl6 
before  it  ceases  to  move. 

If  a  =  the  radius  of  the  circle,  and  e  »  the  common  elasticity 
of  the  particles,  the  required  space  will  be  equal  to 

a 

(13)  A  particle  is  placed  within  a  thin  rectilinear  tube,  and 
is  attracted  by  a  force  tending  towards  a  fixed  point  without 
the  tube  and  varying  as  some  function  of  the  distance ;  to  find 
the  time  of  a  small  oscillation  of  the  particle. 
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If  /(r)  denote  t^e  intensity  of  the  force  at  a  distance  f,  and  a 
be  the  perpendicular  distance  of  the  centre  of  forc^  from  the 
tube,  the  time  of  a  small  pscillatiqn  will  be  equal  to 


(14)  Two  equal  particles,  attracting  each  other  with  forces 
varying  inversely  as  the  square  of  the  distance,  are  constrained 
to  move  in  two  straight  lines  intersecting  each  other  at  right 
angles;  supposing  their  velocities  to  be  initially  zero,  to  find  the 
time  in  which  each  of  them^  will  andve  at  the  intersection  of 
the.  two  straight  lines*. 

If  a  denote  the  initial  distance  between  the  particles,  and  /it 
the  absolute  attracting  force  of  eaeh,  they  wiU  arrive  simulta- 
neously at  tl\e  intersection  of  the  straight  lines  in  a  time  equ^  to 

Tra* 


2  (2/.)* 

The  particles  would  arrive  simultaneously  at  the  intersection 
of  their  paths  for  any  other  law  of  mutual  attraction. 

(15)  A  partide,  acted  on  by  gravity,,  is  placed  at  any  point 
in  the  aro  of  an  inverted  cycteid,  of  which  the  axis  is  vertical 
and  descends  to  the  lowest  point  of  the  curve;  to  find  the 
whole  time  of  descent. 

If  a  be  the  radius  of  the  generating  circle,  the  required  time 

will  be  equal  to 

i 


"© 


This  result,  beis]^  independent  of  the  initial  position  of  the 
particle,  shews  that  the  time  of  descent  will  be  the  same  at 
whatever  point  in  the  curve  the  particle  is  placed.  This 
elegant  mechanical  property  of  the  Cycloid,  from  which  it  has 
receiyed  the  name  of  a  Tautochronous  Curve,,  was  first  disco^ 
vered  by  Huyghens,  Horolog,  OsciU,  Pars  u. 
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(16)  A  particle  falls  to  the  lowest  point  of  a  cjcloid  doWn 
any  arc  of  the  curve,  the  axis  of  the  cycloid  being  vertical  and 
its  vertek  downwards:  to  find  the  position  of  the  particle  when 
the  vertical  component  of  its  velocity  is  greatest. 

It  is  greatest  when  the  particle  has  completed  half  its  vertical 
descent. 

(17)  Two  particles  are  connected  by  a  fine  inextensible 
string  at  full  stretch  in  a  narrow  cycloidal  tube,  the  axis  of  the 
cycloid  being  vertical  and  the  vertex  upwards:  to  find  the 
tension  of  the  string  during  the  motion  of  the  particles. 

Let  m,  m',  be  the  masses  of  the  particles,  c  the  length  of 
the  string,  and  2a  the  length  of  the  axis  of  the  cycloid:  then, 
throughout  the  motion,  the  required  tension  is  equal  to 

cmm'g 
4a  (m  +  m) 

(18)  Two  equal  molecules  are  connected  together  by  a 
fine  inelastic  thread :  one  of  them  is  placed  on  a  smooth  table, 
the  other  just  over  the  edge,  the  thread  being  at  full  stretch 
at  right  angles  to  the  edge:  to  find  the  whole  interval  of  time 
from  the  commencement  of  the  motion  to  the  instant  when  the 
thread  first  becomes  horizontal. 

If  c  be  the  length  of  the  string,  the  required  time  is  equal 

to 

i 


i@.(.  +  4). 


(19)  There  are  three  fixed  pegs  in  a  horizontal  line,  the 
middle  peg  being  equidistant  from  the  other  two:  to  the  out- 
side pegs  are  attached  the  ends  of  a  fine  inelastic  thread,  which 
hangs  over  the  middle  peg:  beads  of  equal  weights  rest  on 
the  middle  points  of  the  two  halves  of  the  thread.  Supposing 
the  beads  to  be  slightly  displaced,  in  vertical  directions,  from 
their  positions  of  equilibrium  without  slackening  the  thread, 
to  find  the  length  of  a  simple  pendulum,  isochronous  with  their 
subsequent  oscillations. 
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Let  c  be  the  depth  of  either  bead  below  the  line  of  the  pegs 
when  the  system  is  in  a  position  of  equilibrium,  and  a  the 
corresponding  inclination  of  each  portion  of  the  thread  to  the 
horizon:  then  the  length  of  the  pendulum  is  equal  to  c  sec'o. 

(20)  Two  candles  of  equal  weights  are  at  rest  in  vertical 
positions,  being  attached  to  a  perfectly  flexible  wire  of  insen- 
sible mass,  which  passes  over  a  smooth  puUy:.  supposing  one 
of  them  to  be  lighted,  and  to  bum  out  before  reaching  the 
pully,  in  a  time  t,  to  find  through  what  space  the  other  candle 
will  have  descended  by  the  end  of  this  time. 

The  required  descent  is  equal  to 

-7«'.(|-log4). 

(21)  A  particle,  attracted  by  a  force  tending  towardis  a  fixed 
point  A,  (fig.  138),  and  varying  directly  as  the  distance,  do- 
scribes  the  arc  OP  and  the  chord  OP  of  a  fixed  smooth  curve  in 
the  same  time,  whatever  point  P  be  chosen  in  the  curve  :  the 
particle  has  no  motion  when  at  0.  To  find  the  nature  of  the 
curve. 

The  curve  is  the  Lemniscata,  the  centre  of  which  is  at  (7  and 

It 
of  which  the  axis  is  inclined  to  OA  at  an  angle  -r-  • 

Bonnet;  Liouville,  Journal  de  MathAmatiques^  A  v.,  1844. 

(22)  A  particle  falls  under  the  action  of  gravity  down  an  arc 
OB  (fig.  139)  of  one  of  the  loops  of  a  Lemniscata,  of  which 
the  axis  OA  is  inclined  at  an  angle  of  45^  to  the  horizon;  to 
determine  the  time  of  the  descent. 

Let  a  denote  the  semi-axis  of  the  corresponding  equilateral 
hyperbola^  6  the  angle  between  the  chord  OB  and  the  axis  OA 
of  the  loop,  and  T  the  required  time.    Then 

^"(-yJ  •  (tan  (i^ -(?)}*. 
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This  expression  for  the  time  is  the  same  as  that  for  the  descent 
of  a  particle  down  the  chord  OB ;  a  mechanical  property  of  the 
Lemniscata  which  was  discovered  by  Saladini,  Memorie  deW 
htUuto  Nazionale  Italiano,  Tom.  i.  parte  2. 

(23)  A  spherical  particle  A  impinges  with  a  velocity  u  in  a 
horizontal  direction  upon  a  spherical  particle  B,  which  is  resting 
at  the  lowest  point  of  an  inverted  cycloid^  of  which  the  axis 
is  vertical ;  to  determine  the  velocities  of  A  and  B  after  any 
number  of  impacts,  the  volumes  of  the  particles  being  equal, 
while  their  masses  differ  in  any  proposed  degree. 

The  velocities  of  A,  B,  after  x  impacts,  will  be  respectively, 
e  denoting  their  common  elasticity  and  m,  m',  their  masses, 

m  +  m'  ( —  c)*  m  —  m  (  —  e)* 

m  +  m  m  +  m 


Sect.  2.    Pressure  of  a  moving  Particle  on  immoveable  plane 

Curves, 

The  general  value  of  the  reaction  of  a  curve  against  a  par- 
ticle, which  is  moving  along  the  curve,  is  given  by  the  formula 

U.y^«xf  +  i^;  =  i^±^ (A), 

ds         ds'  pdt^        -^  p  ^   '' 

where  N  represents  the  resolved  part  of  the  whole  accelerating 
force  on  the  particle  estimated  along  the  normal  in  an  opposite 
direction  to  that  in  which  the  reaction  B  exerts  itself,  and  p 
denotes  the  radius  of  curvature  of  the  curve.  In  this  formula 
the  positive  or  the  negative  sign  is  to  be  taken  according  as 
the  particle  is  moving  on  the  concave  or  on  the  convex  side  of 
the  curve. 

This  formula  was  first  given  by  L'H6pitaP  in  the  discussion 
of  John  Bernoulli's  problem  of  the  Curve  of  Equal  Pressure. 

When  the  expression  for  J3  becomes  equal  to  zero,  the  particle 

^  Jf^m.  de  VAcad,  des  Sciences  de  Parity  1700,  p.  9. 
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will  either  leai^e  the  curve  er  will  move  along  it  freely  without 
experienciDg  any  reaction;  and  the  analytical  condition 

shews  that,  on  the  commencement  of  free  motion,  the  nonnal 
accelerating  force  and  the  centrifugal  force  of  the  particle  must 
be  equal  and  opposite. 

(1)  A  particle,  starting  with  a  given  velocity  from  the  vertex 
of  a  parabola,  of  which  the  axis  is  vertical,  descends  down  the 
convex  side  of  the  curve  by  the  action  of  gravity ;  to  find  the 
reaction  of  the  curve  at  any  point  of  the  descent. 

The  resolved  part  of  the  force  of  gravity  along  the  normal  in 
a  direction  opposite  to  the  reaction  is  ^  -J^ ,  and  therefore  by  (A), 

the  particle  moving  on.  the  convex  side  of  the  curve, 

„        dy     1  ds^ 
^  ds      pdif 

Now,  the  equation  to  the  parabola  being  y'  =  4maj, 

Also,  if  A  be  the  altitude  due  to  the  initial  velocity  of  the 
particle,  we  have 

Hence  iJ  =  -^ --_^,  (x+ A) 

(m  +  a:)*     (m  +  sG)^ 

.      ffi  —  h 

If  A  =  m,  then  the  pressure  during  the  whole  motion  will 
be  equal  to  zero;  and  the  particle  will  describe  the  parabola 
freely.  If  h  were  greater  than  m,  since,  from  the  nature  of 
the  case,  R  cannot  have  any  negative  value,  the  particle  would 
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from  the  first  proceed  in  a  path  different  from  the  parabola  in 
question.  If^  instead  of  supposing  the  particle  to  move  on 
a  mere  curve,  we  were  to  conceive  it  to  be  moving  within 
an  indefinitely  thin  parabolic  tube,  B  might  be  negative ;  and 
in  fact  always  would  be  negative,  supposing  A  to  be  greater  than 
m,  when  the  motion  would  be  the  same  as  if  the  particle  were 
moving  along  the  concave  side  of  the  parabolic  curve. 

Euler ;  Mechan,  Tom.  ii.  p.  64. 

(2)  A  particle,  starting  from  rest,  descends  down  the  convex 
side  of  a  circle  from  a  given  point  in  its  circumference;  to 
find  where  it  will  leave  the  curve. 

Let  0  (fig.  140)  be  the  centre  of  the  circle,  A  0  being  a  ver- 
tical radius.  Let  P  be  the  initial  position  of  the  particle,  Q  its 
point  of  departure  ;  PM,  QN,  horizontal  lines.  Join  OQ,  and 
let  zAOQ  =  ^  I  let  a  =5  the  radius  of  the  circle. 

Then,  the  centrifugal  force  at  Q  being  equal  to  the  normal 
component  of  gravity,  we  have 

-=5rcos«^; 

but,  denoting  MN  hy  as, 

v*  =  2ffx ; 
hence,  putting  MO  =-  c, 

2a?  =  a  cos  (^=^c  —  x,x  =  ^c, 
Fontana ;  Memorie  deUa  Societa  Itcdiana,  1782,  p.  175. 

(3)  A  particle  is  moving  along  the  convex  side  of  an  equi- 
angular spiral,  towards  the  pole  of  which  it  is  attracted  by  a  force 
varying  as  any  power  of  the  distance ;  to  determine  the  reaction 
of  the  curve  at  any  time  during  the  motion. 

Let  r  be  the  distance  of  the  particle  from  the  pole  at  any 
time,  fir^  the  attractive  force,  a  the  constant  angle  between  the 
curve  and  the  radius  vector,  fi  the  initial  velocity,  and  a  the 
initial  value  of  r.  Then,  by  the  formula  (A)>  ^  being  equal  to 
fir*  sin  a,  we  have 

B^fjLv*  sin  a (1). 
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Again,  estimating  the  velocity  v  of  the  particle  in  a  direction 
corresponding  to  an  increase  o{r,  and  denoting  by  cfo  an  element 
of  its  path,  we  have 

«'^  =  -/*»-  cosa (2). 

Now,  by  the  nature  of  the  curve,  cos  ads=^dr;  hence,  from  (2), 

dv  - 

integrating  and  observing  that/3,  a,  are  the  initial  values  of  v,  r, 
we  get 

v"-/3'  =  — ?^(r^^-a*^%... (3). 

Again,  p  denoting  the  perpendicular  from  the  pole  upon  the 
tangent  to  the  curve,  we  have,  since  p  =  r  sin  a, 

f^'dTp-^^a W- 

From  (1),  (3),  (4),  we  obtain 

n  4  3   -   .  fl*  sin  a      2a  sin  a    ^i 

n  +  1  r  (n  +  l)r 

Euler ;  Mechan,  Tom.  Ii.  p.  86. 

(4)  An  endless  string  POQy  fig.  (141),  passes  through  a  small 
immoveable  ring  at  0  and  lies  on  a  horizontal  table  in  the  form 
of  an  isosceles  triangle  of  which  0  is  the  vertex :  at  P  and  Q 
are  two  beads  of  equal  mass,  moveable  along  the  string :  sup* 
posing  the  beads  to  be  projected  with  equal  velocities  along  the 
external  bisectors  of  the  angles  OPQ,  OQP,  respectively,  to 
find  the  tension  of  the  string  during  the  motion. 

From  0  draw  ON  at  right  angles  to  PQ,  cutting  it  at  N. 
Let  c  =  half  the  length  of  the  string.     Draw   OA  parallel   to 

NP,  so  that  0A=^' 
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Then,  since  OP  +  jSTP  =  c,  the  path  of  P  is  a  parabola  of 
which  0  is  the  focus  and  A  the  vertex,  the  tangent  to  the 
path  at  P  being,  by  the  nature  of  the  parabola,  the  external 
bisector  of  the  angle  OPQ. 

Let  V  be  the  velocity  of  P,  Tthe  tension  of  the  string,  which 
acts  on  P  in  the  directions  PO  and  PN.  Since  PO  and  PN 
make  equal  angles  with  the  tangent  at  P,  t;  will  be  constant. 
Let  It  be  the  resultant  pressure  on  P,  which  will  act  along  the 
normal.    Then,  p  being  the  radius  of  curvature  of  the  path 

at  P,  and  m  the  mass  of  a  bead,  B= But  p^- — ^• 

p  '^        c 

where  r  =  OP,     Hence  B  = 5-  • 

(2r)* 

Let  tf  =  the  inclination  of  the  normal  to  either  P-N' or  PO : 
then  B  =  2Tco86.    But,  from  the  nature  of  the  parabola,  we 

may  easily  see  that  cos^=(^)   :  hence  B  —  T(—j  ,  and 

therefore  r=  -7-  •    Thus  we  see  that,  throughout  the  motion, 

the  tension  of  the  string  varies  inversely  as  the  distance  of 
either  bead  from  the  ring. 

(5)  A  particle  attracted  towards  two  centres  of  force,  varying 
inversely  as  the  square  of  the  distance,  moves  in  a  hyperbolic 
groove,  of  which  the  foci  are  the  centres  of  force ;  to  find  the 
pressure  on  the  groove  at  any  point,  the  particle  being  supposed 
to  move  on  the  concave  side. 

Let  P  (fig,  142)  be  the  position  of  the  particle  at  any  time  t : 
8,  ff,  the  foci  of  the  hyperbola ;  let  8P  ^r,HP^r';  let  a  be 
the  transverse  semi-axis  ;  PT  being  a  tangent  at  P,  let  z  8PT 
^<f>  —  £  HPT;  let  /*,  pf,  be  the  absolute  forces  towards  8,  H. 

Besolving  forces  at  right  angles  to  the  tangent  at  P,  we  have, 
by  the  equation  (A), 

i?  =  (^.-^)siB^  +  ^ (1): 
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also^  for  the  value  of  v  at  any  time,  there  is 

r         T 

Let  /,  f^  be  the  initial  values  of  r^  t\  and  )9  the  initial  value 
•of  v;  then 

«nd  therefore        »«.?^  +  ^-%' _^  +  ;8*. 

r       r      f       f     '^ 

Hence,  from  (1),  we  have 

But  2p  sin  ^  is  equal  to  the  chord  of  curvature  through  S, 
which,  by  the  nature  of  the  hyperbola,  is  equsd  to ;  hence 

_/(r+2a)     /t(r'-2a)     2^*'     2/t  .  ^ 
ST"  ar  f       f^^     ' 

_/i'(/-2a)     /*(/+^)      p, 
a/'  o/ 

If  the  initial  velocity  be  zero,  and  the  particle  be  attracted  at 
the  commencement  of  its  motion  with  equal  intensity  by  the  two 

centres  of  force;  then  /8=0,  ^  =  -^ ,  and  therefwe  -B«0  during 

the  whole  motion.     Hence  the  particle  would  under  these  cir- 
cumstances describe  the  hyperbola  freely. 
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(6)  A  particle^  acted  on  by  gravity,  oscQlateB  in  a  circular 
arc ;  to  find  the  reaction  of  the  curve  at  any  point. 

Let  0  (fig.  143)  be  the  centre  of  the  circle ;  Pthe  position  of 
the  particle  at  any  time ;  A  the  lowest  point  of  the  circle ;  let 
4  A  OP  s  0.  Then,  0  being  the  value  of  a  when  the  velocity 
is  zero,  we  have 

R=ff  (3 cos ^  —  2 cosa). 

(7)  The  highest  point  of  a  circle,  the  plane  of  which  is 
vertical,  is  given :  a  particle,  starting  at  this  point,  slides  down 
the  convex  side  of  the  oircle :  to  find  the  locus  of  the  point 
where  the  particle  leaves  the  circle. 

The  required  locus  is  a  straight  fine,  passing  through  the 
highest  point  of  the  circle,  and  making  an  angle  ian'^(V5)  with 
the  vertical. 

(8)  A  particle  is  projected  with  a  given  velocity,  at  the 
highest  point  of  a  circle  in  a  vertical  plane,  along  the  concave 
side  of  the  curve ;  to  determine  the  pressure  on  the  curve  at 
any  point  in  its  patk 

Let  A  OB  (fig.  144)  be  the  vertical  diameter^  0  being  the 
centre  of  the  circle ;  P  the  position  of  the  particle  at  any  time ; 
let  0P=  a,  4  A  OP  =  0;  let  /9  be  the  velocity  of  projection  at 
A ;  then,  for  the  pressure  at  P, 

5  =  ^+^(2 -.3cos^. 

Suppose  that  5  =  0  initially ;  then  —  =g,  and 

i2  =  35rver8^ 

=  6p(,  when<^=sir; 

which  shews  that,  when  the  particle  arrives  at  the  lowest  point, 
the  reaction  is  six  times  the  force  of  gravity. 

Euler;  Mechan.  Tom.  n.  p.  66,  Cor.  7. 

(9)  A  particle  falls  through  a  narrow  tube  in  the  form  of  a 
cycloid,  the  axis  of  which  is  vertical  and  vertex  upwards,  the 


320  CONSTRAINED  MOTION  OF  A  PARTICLE. 

initial  position  of  the  particle  being  close  to  the  vertex :  to  find 
the  pressure  on  the  tube  at  any  point  in  terms  of  the  radius  of 
curvature. 

If  a  be  the  radius  of  the  generating  circle,  and  p  the  radius 
of  curvature  of  the  cycloid  at  any  point,  the  pressure  at  that 
point  is  equal  to 

(10)  There  is  a  rigid  wire  in  the  form  of  a  catenary :  a 
particle  is  projected  along  its  concave  side,  at  its  lowest  point, 
with  a  velocity  which  it  would  acquire  by  falling  thence  to  the 
directrix :  to  find  the  pressure  on  the  wire  when  the  particle 
has  risen  through  half  its  whole  vertical  ascent. 

If  W  be  the  weight  of  the  particle,  the  required  pressure  is 

10  .^ 
equal  to  -^  W. 

(11)  A  particle  descends  from  rest  down  the  convex  side  of 
a  logarithmic  curve,  placed  with  its  asymptote  parallel  to  the 
horizon ;  to  find  where  it  leaves  the  curve. 

Let  P  (fig.  145)  be  the  initial  position  of  the  particle  and  Q 
the  point  where  it  leaves  the  curve :  let  0M=^  h,  ON=s  x.  Then, 
the  equation  to  the  curve  being  y=^logjc,  we  have,  putting 
^  =  logaa, 

Fontana ;  Memorie  della  Societa  Italiana,  1782,  p.  182« 

(12)  A  particle  descends  from  rest  down  the  convex  side  of 
an  ellipse  of  which  the  major  axis  is  vertical,  from  a  given  point 
in  the  curve  ;  to  determine  where  it  will  leave  the  ellipse. 

Let  the  highest  point  of  the  ellipse  be  taken  as  the  origin  of 
co-ordinates,  the  axis  of  x  being  vertical,  and  that  of  y  horizontal. 
Let  a,  b,  denote  the  semi-axes  major  and  minor ;  h  the  distance, 
from  the  axis  of  y,  of  the  initial  position  of  the  particle,  and  x 


X 
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of  the  jxJint  at  which  it  leaves  the  curve.    Then  the  value  of  x 
will  be  a  root  of  the  cubic  equation 

(a»-6')(a?'-8aaO-3a'ftV  +  aV6*  +  2aA)  =  0. 

Fontana ;  Ih.  p.  175. 

(13)  A  particle  descends  from  rest  down  the  convex  side  of  the 
Cissoid  of  Diodes,  the  asymptote  of  the  Cissoid  being  vertical ; 
the  initial  place  of  the  particle  being  known,  to  find  the  point 
at  which  it  will  leave  the  curve. 

Let  P  (fig.  146)  be  the  initial  position  of  the  particle,  and  Q 
its  place  on  leaving  the  curve :  draw  P8y  QN,  at  right  angles  to 
Ox,  Oy\  let  P8==h,  QN^sc.  Then,  a  being  the  radius  of  the 
generatiug  circle,  the  value  of  x  will  be  a  root  of  the  cubic  equa- 
tion 

,     16a   ,     64.a»  +  36A*        8aA"     ^ 

^--9-^  +  — Si — ^--x=^- 

If  the  motion  commence  at  the  cusp  0,  A  =  0,  and  therefore 

S 
x^^a. 

Fontana ;  lb.  p;  181. 

(14)  A  particle  is  projected  with  a  given  velocity  along  the 
convex  side  of  a  parabola  from  a  given  point  of  the  curve :  at 
the  focus  of  the  parabola  there  is  a  centre  of  attractive  force 
which  varies  inversely  as  the  square  of  the  distance ;  to  deter- 
mine the  reaction  of  the  curve  on  the  particle  at  any  point  of 
its  path. 

Let  8  (fig.  147)  be  the  focus  of  the  parabola ;  B  the  point 
from  which  the  particle  is  projected  ;  BT  the  tangent  at  ^ ;  P 
the  position  of  the  particle  after  any  time ;  let  8P=  r,  8B  =  a, 
8A  =  771,  )8  =  the  velocity  of  projection,  /*  =  the  absolute  force 
towards  8.    Then,  at  P, 


^-(?)'(M) 


(15)    There  is  a  centre  of  force  at  one  extremity  of  the  dia- 
meter of  a  semi-circle,  the  force  being  repulsive  and  varying  as 
w.  s.  21 
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the  distance :  to  find  the  pressure  exerted  upon  the  curve  by  a 
particle  which  moves  from  rest  from  the  centre  of  force  along  its 
concave  side,  and  the  time  which  elapses  before  it  reaches  the 
other  extremity  of  the  diameter. 

If  a==  the  radius  of  the  circle,  m  =  the  mass  of  the  particle, 
/A  =  the  absolute  force,  and  iJ  =  the  pressure  when  the  particle  is 
at  a  distance  r  from  the  centre  of  force, 

The  required  time  is  infinite. 

(16)  A  particle  is  attached  to  the  end  of  a  fine  thread  which 
just  winds  round  the  circumference  of  a  circle,  at  the  centre  of 
which  there  is  a  repukive  force  varying  as  the  distance  :  to  find 
the  time  of  unwinding,  and  the  tension  of  the  string  at  any 
time. 

If  /A  =  the  absolute  force,  and  a  =  the  radius  of  the  circle,  the 

27r 
time  of  unwinding  is  equal  to  -j- ,  and  the  tension  at  any  time 

t  is  equal  to  2fJ ,a.t 

(17)  The  major  axis  of  an  ellipse  is  vertical :  to  find  the 
velocity  with  which  a  particle  must  be  projected  vertically  up- 
wards from  the  extremity  of  the  minor  axis  along  the  interior 
of  the  elliptic  arc,  so  that  after  quitting  the  curve  it  may  pass 
through  the  centre. 

If  a,  h,  denote  the  semi-axes  major  and  minor,  the  required 
velocity  will  be  equal  to 


I    3a.  3*    J  ' 


(18)  A  particle  moves  in  a  parabolic  tube  under  the  action  of 
a  repulsive  force  from  the  focus  and  a  force  parallel  to  the  axis, 
each  force  varying  as  the  focal  distance  of  the  particle :  to  find 
the  pressure  on  the  tube. 

Let  m  be  the  focal  distance  of  the  vertex,  fi  and  v  the  abso- 
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lute  forces,    V  the  velocity  at  the  vertex:   then,   when  the 
particle's  focal  distance  is  r,  the  pressure  is  equal  to 

Cor.  If  r  =»  3/A  and  F*  =  (/Lt  + 1/)  m\  the  pressure  is  always 
zero  and  the  particle  would  describe  its  path  without  con- 
straint. 

(19)  A  molecule  moves  in  a  narrow  tube  in  the  form  of  the 
lemniscate  7^  =  a*  cos  20  and  is  attracted  towards  the  node  by  a 
force  varying  inversely  as  the  seventh  power  of  the  distance  :  to 
find  the  law  of  the  pressure  exerted  by  the  molecule  on  the 
tube. 

The  pressure  varies  directly  as  the  distance  of  the  molecule 
from  the  node. 

(20)  A  particle  moves  along  the  convex  side  of  an  ellipse^ 
under  the  action  of  two  forces  tending  to  the  foci  and  varying 
inversely  as  the  square  of  the  distance,  and  a  third  force  tending 
to  the  centre  and  varying  as  the  distance ;  to  find  the  reaction  of 
the  curve  at  any  point. 

Let  B  denote  the  reaction  of  the  curve  on  the  particle  at  any 
point,  p  the  radius  of  curvature ;  f,  /',  the  initial  focal  distances, 
and  fi,  fi,  the  corresponding  absolute  forces;  pf'  the  absolute 
force  to  the  centre,  2a  the  axis  major  of  the  ellipse,  and  ^3  the 
initial  velocity.    Then 

If  ff,  P\  fi"\  denote  the  velocities  which  the  particle  ought  to 
have  initially,  in  order  to  revolve  freely  round  the  three  centres 
of  force  taken  separately, 

and  therefore,  when  the  forces  are  taken  conjointly,  it  will 
revolve  about  them  freely  when 

21—2 
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Sect.  3.    Motion  of  a  Particle  on  Rough  Plane  Curves. 

(1)  A  heavy  particle  slides  on  a  rough  cycloid^  the  base  of 
which  is  horizontal  and  vertex  downwards,  starting  from  in- 
stantaneous rest  at  the  highest  point.:  to  determine  the  co- 
efficient of  friction  in  order  that  the  particle  may  come  to  rest 
at  the  vertex. 

Let  the  tangent  at  the  vertex  be  the  axis  of  y,  the  axis  of  the 
curve  being  that  of  x.  Let  fi  be  the  coefficient  of  friction^  v  the 
velocity  at  any  point,  R  the  normal  reaction  of  the  curve.  Then 
for  the  motion  we  have,  p  denoting  the  radius  of  curvature,  and 
m  the  mass  of  the  particle, 

dv  ^  .      r> 

and  .  i?  =  _+^^^, 

,  dv  dx  ^  WT?  .       dy 

whence  „_  =  _^_4.fl-+;^^. 

But,  by  the  properties  of  the  cycloid, 

0  0 

a?=a(l  — cos^,    y  =  a(d  +  sin^,    «  =  4asin3,    p  =  4acos^: 

hence  2v  dv  -  fitfdO  =  -  %ig  einddd  +  2fiag  (1  +  cos5)  dO, 
d  (v" .  e'»^  =  -  2age-i^  sin  0d0 

+  ifiage-f^  (1  +  cos  0)  dd : 

integrating  from  0=0  to  0  =  7r,  and  bearing  in  mind  that  v  =  0 
at  both  limits,  we  have 

O^fire'f^(l+co80)d0-re''^6ia0d0. 

Jo  Jo 

Integrating  by  parts  we  shall  easily  see  that 
\\-i^An0d0=^^f^,     f%-'^cos<?d^=,-f^-,.(l  +  c-n 
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and  therefore 

and  therefore  yf^  =  1,  a  relation  by  which  the  value  of  /it  is 
determined. 

(2)  A  heavy  body  is  placed  on  a  rough  inclined  plane,  the 
inclination  of  which  is  greater  than  the  angle  of  indifference, 
and  is  connected  with  a  fine  elastic  string  parallel  to  the  plane 
and  attached  to  a  fixed  point :  if  the  body  be  initially  at  rest 
and  the  string  of  its  natural  length,  to  determine  the  circum- 
stances of  the  resulting  motion. 

Let  a  be  the  natural  length  of  the  string,  x  its  length  at  the 
end  of  any  time  i^  a  the  angle  of  the  plane,  m  the  mass  of  the 
body,  and  X  the  tension  requisite  to  double  the  length  of  the 
string:  then 

/g  —  a  s-  ^^ ,  (sin  a  —  u  cos  a) .  vers  ( — )  t 
\      ^  .  ^  \ma/ 


Sect.  4.    Inverse  Problems  on  the  Motion  of  a  Faaiide  along 

immoveable  Plane  Curves. 

(1)  To  find  a  curve  EPF  (%  148)  such  that,  ^  and  J3 
being  two  given  points  in  the  same  horizontal  line,  the  sum  of 
the  times  in  which  a  particle  will  descend  by  the  action  of 
gravity  down  the  straight  lines  AP,  £P,  may  be  the  same  what- 
ever point  of  the  curve  P  may  be. 

Bisect  AB  in  0 ;  let  Ox,  a  vertical  line,  be  the  axis  of  x^  and 
OAy,  which  is  horizontal,  the  axis  of  y ;  let  AB  =  2a,  Then, 
a?,  y,  being  the  co-ordinates  of  P,  the  times  down  AP,  BP, 
will  be  respectively  equal  to 

t       y^       )         \       y^       ) 
Hence,  k  denoting  the  sum  of  the  times, 

(it^5raj)4=  {ai"  +  (a-y)»)*  +  {a?+  (a  +  y)f (1). 
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Putting  ^Vg  3=  4iC,  and  squaring  both  sides  of  the  equation, 
we  have 

^       2ca;  =  a"  +  ai"  +  y'+  {a?"+  (a-y)'}*  [a?  +  (a  +  y)'}*, 

(2ca?-a»-aJ«-y7  =  {x'+(a-y)*}{a?»  +  (a  +  y)*}. 

Developing  both  sides  of  the  equation,  and  simplifying,  we 
shall  readily  find  that 

cV  —  cfcx—csf  —  cxy^  =  —  a'y*, 
and  therefore 

^-^i^' c^). 

which  is  the  equation  to  the  required  curve. 

If  we  trace  this  curve,  we  shall  find  it  to  consist  of  a  branch 
VO  V  having  an  asymptote  parallel  to  the  axis  of  y,  and  of  an 
oval  EFP.  The  oval  is  the  portion  of  the  curve  which  corre- 
sponds to  the  problem  which  we  are  considering.  The  infinite 
branch  VO  V  would  correspond  to  the  condition  that  the  times 
down  AP',  BP,  shall  have  a  constant  difference:  in  which  case 
we  should  have  had,  instead  of  the  equation  (1), 

(PV)*  =  {^  +  (a + 3r)*}*  -  [^  -  (a  -  vT)^ ', 

whence,  by  the  involution,  we  should  have  obtained  the  same 
equation  (2).  The  curve  has  pretty  much  the  shape  of  the 
Conchoid,  although  its  equation  is  essentially  different. 

Fuss ;  Mimoirea  de  FAcad.  de  St  Pitersh.  1819. 

(2)  A  particle,  not  acted  on  by  any  forces,  is  constrained  to 
move  within  a  narrow  tube  of  such  a  form  that  the  acceleration 
of  the  particle  parallel  to  a  given  straight  line  is  invariable; 
to  determine  the  equation  to  the  path  of  the  particle. 

Let  the  axis  of  a;  be  taken  parallel  to  the  given  line;  let  c  be 
the  constant  acceleration  of  the  particle  parallel  to  the  axis  of  x, 
and  /9  its  velocity  within  the  tube,  which  will  be  invariable. 
Then 

^•^V^=fl"  flV 
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cPrc 
but,  by  the  condition  of  the  problem,  ^^  =  c,  and  therefore,  the 

axis  of  y  being  so  chosen  that  ;^  =  0  when  a?  =  0, 

^  dx  cfx     o    da?  dof     o,  /^.x 

^Wde-^H'      W^ (2). 

Eliminating  c2^  between  the  equations  (1)  and  (2),  we  get 


or,  putting  x;  =  «, 


dy  _  /2a  -  x\^ 
dx 


/2a  -  a:\* 


whence,  by  integration,  the  position  of  the  aiis  of  x  being  sup* 
posed  such  that  x  =  0  when  y  »  0, 


a; 


1  wt/ 

y  =  (2flw?  — a:^*  +  a  vers"*  -; 

which  is  the  equation  to  a  cycloid  of  which  the  axis  is  parallel  to 
the  given  line. 

There  is  an  elaborate  investigation  byEuler,in  the  MSmoires 
de  VAcoMmie  de  St  Piterah.^  Tom.  x.  p.  7,  on  the  nature  of  the 
curve  of  constraint  when  the  particle  is  subject  to  the  action  of 
gravity,  and  the  direction  of  uniform  acceleration  is  horizontal 
A  notice  of  this  problem  may  be  seen  in  the  BuUetin  dea 
Sciences  de  Bruxelles,  Tom.  rx. 

(3)  To  determine  the  curve  down  which  a  particle  may 
descend  by  the  action  of  gravity,  so  as  to  describe  equal  vertical 
spaces  in  equal  times,  the  tangent  to  the  curve  at  the  point 
where  the  motion  commences  being  vertical. 

Let  0  (fig.  149)  be  the  point  where  the  motion  commences, 
Ox  the  axis  of  x  touching  the  required  curve  OA  at  0,  Oy  the 
axis  of  y  at  right  angles  to  Ox\  let  OM  ^x,  PM=y,  ^  =  the 
invariable  velocity  of  the  particle  parallel  to  Ox. 
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Then  ^^  —  ^  +  ^^>        ^  being  a  constant  quantity, 

But  -ji^fil  hence 
at 

But,  when  a?  =  0,  -^  =  0  ;  and  therefore 

no  constant  being  added  because  a;  =  0,  y  =  0,  simultaneously. 
The  required  curve  OA  is  therefore  the  semi-cubical  parabola^ 
0  being  the  cusp,  and  Ox  the  axis. 

This  curve  is  called  the  Isochrone.  It  was  proposed  by  Leib- 
nitz*, as  a  challenge  to  the  disciples  of  Des  Cartes,  who,  from  an 
excessive  attachment  to  th&geometry  of  their  master,  affected  to 
despise  the  methods  of  the  Differential  Calculus.  No  solution 
was  communicated  by  any  of  the  Cartesians.  Huyghens  alone 
successfully  accepted  the  challenge,  by  whom  a  geometrical 
solution  was  given  in  the  NouveUes  de  la  Republique  des  Lettres, 
Octohre  1687.  The  solution  by  Leibnitz  appeared  for  the  first 
time  in  the  Acta  Erudit.  Lips,  1689,  p.  196  et  sq.  The  solutions 
both  of  Huyghens  and  of  Leibnitz  were  synthetical  An  ana- 
lytical solution  was  given  afterwards  for  the  first  time  by  James 
Bernoulli". 

(4)  A  particle  is  projected  with  a  given  velocity  from  a  point  A 
(fig.  150)  along  a  horizontal  line  A  0  towards  a  point  0;  to  find 
the  curve  along  which  it  must  be  constrained  to  move  in  order 
that  it  may  approach  the  point  0  uniformly;  the  particle  being 
acted  on  by  gravity,  and  A  0  being  a  tangent  to  the  required 
curve. 

^  NouveUes  de  la  Bepubli^e  des  Lettres,  Septemhre  1687. 
«  Act.  ErudH,  Lips.  t€90,  p.  217. 
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Let  P  be  the  position  of  the  particle  at  any  time ;  let  ^4  0  =  a, 
OP^r^  -40P  =  ^;  /8  =  the  velocity  of  the  particle  at  its 
initial  position  A.  For  the  motion  of  the  particle  at  any  point 
in  its  descent  there  is 

dr 
But,  by  the  condition  of  the  problem,  ^  =  ^»    *  constant 

quantity:   hence 


or 


0'(l+r'^j=i8«  +  2i7rsin^. 


dB 
But,  initially,  5  =  0,  r  t-  «  0 ;   hence  C  =  /9",  and  therefore 

dr       ff         d0 


r*      (2y)*  (sin^i' 
integrating,  and  observing  that  ^  =  0,  r^a^  initially ;  we  have 

''      ^  ^2(2^)*^o(sind)*' 

which  is  an  equation  for  the  construction  of  the  path  of  the  par- 
ticle. 

The  particle  will  move  from  A  along  ABGO  to  the  point  0 
with  a  uniform  velocity  of  approach ;  it  will  ajfterwards  move 
from  0  along  OcBa  with  a  uniform  velocity  of  recession.  When 
it  has  arrived  at  a>  it  will  proceed  uniformly  along  Oa  produced. 

This  curve  has  been  called  the  Paracentric  Isochrone  by 
Leibnitz,  by  whom  the  problem  was  originally  proposed  as  a 
challenge  to  the  mathematicians  of  the  day,  in  the  ActaErudU. 
Lips.  1689,  p.  198.  Several  years  elapsed  before  the  problem 
received  a  solution.  At  length  James  Bernoulli  succeeded  ia 
obtaining  one,  which  appeared  in  the  Acta  Erudit,  Lips.  1694-,. 
p.  277.    Solutions  were*  shortly  afterwards  published  by  Leib- 
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« 

nitz  aud  John  Bernoulli,  in  the  Acta  Erudit  Lips.  1694,  p.  371, 
394.  The  problem  was  afterwards  generalized  by  Varignon  in 
the  M^moires  de  VAcad^mie  des  Sciences  de  Paris,  1699,  p.  9 

et  sq. 

(5)  To  find  the  nature  of  the  curve  OFA  (fig.  151)  such  that 
a  particle  acted  on  by  gravity  will  descend  down  any  arc  OP  in 
the  same  time  as  down  its  chord. 

Let  Ox  be  vertical,  Oy  horizontal,  PM  parallel  to  yO.  Let 
OP=r,  zxOP  =  d,  arc  OP=s,  OM  =  r  cos  0.  Then,  since 
the  velocity  acquired  down  the  arc  OP  is  the  same  as  that 
which  is  due  to  falling  freely  down  OM, 

ds*      a  di  J*  ^  ^ 

_-^  =  2gr  cos  0,       at  — 


de       ^  '  (2^)i  (rcos^)i' 

and  therefore  the  whole  time  of  descent  down  OP  is  equal  to 

ds 


—    f- 

(2^) Wo  (rcos^)* 

But  the  time  of  descent  down  the  chord  OP  is  equal  to^ 

and,  therefore,  by  the  hypothesis, 

©i  /   r   \>^     1     p      ds 
[cobOJ       (2i7)iJo(rcos^)l' 


2  (j^)^ = r  ^ 

\co8ej       Jo(rcos^)*' 


Differentiating  both  sides  of  the  equation,  we  have 

cos  0dr  +  r  sin  0d0  ds 


(TT 


(cos  0y  (r  cos  0)^ 

coB0dr  +  rBia0d0=^cos0{dr^'{-r'd0^^. 

Squaring  both  sides  and  simplifying, 

2  sin  0COB0  rdrd0  ^  r^  cob  20  d0^, 

dr     cos  2^  ,^ 

r       sin  20 
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Integrating, 

log  r*  =  log  a"  +  log  sin  2^,  r*  =  a'8in2^, 

where  a*  is  some  constant  quantity. 

From  0  draw  OE,  bisecting  the  angle  xOy^  and  let  ^POE^^ ; 
then,  since  ^  =  Jtt  —  ^,  we  have 

r"  =  a'  cos  2^ ; 

which  is  the  equation  to  the  Lemniscata  of  James  Bernoulli, 
0  being  the  centre  and  A  the  vertex  of  the  equilateral  hyper- 
bola.   This  very  beautiful  problem  is  due  to  Saladini. 

Saladini ;  Memorie  delV  Istituto  Nazionale  Italia/no^ 
Tom.  I.  parte  2.  Fuss;  Mimoires  de  VAcad. 
de  8t  POerab.  1819. 

(6)  To  find  the  equation  to  the  tautochrone  when  a  particle 
is  acted  on  by  any  forces  whatever  in  one  plane. 

A  tautochrone  is  a  curve  along  which  a  particle  act^d  on  by 
any  assigned  forces  will  arrive  in  the  same  time  at  a  given  point 
from  whatever  point  in  the  curve  its  motion  commences.  Let 
A  (fig.  152)  be  any  assigned  point,  and  E  any  point  whatever 
in  the  curve  AEB;  then  the  time  from  ^  to  ^  is  to  be  indepen- 
dent of  the  position  of  E. 

Let  P  be  any  point  in  AE;  let  ^P=  s,  AE  =  a,  iSf  =  the  sum 
of  the  resolved  parts  of  the  accelerating  forces  on  the  particle 
along  the  tangent  PT  at  the  point  P.  Then,  for  the  motion  of 
the  particle. 

But,  the  particle  being  supposed  to  have  no  initial  velocity. 


0=C-2J^i8&; 


and  therefore  1?~^  I  ^^ W» 

2* 


(/:«•)' 
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The  time  from  ^  to  ^  is  equal  to 

2* 


and  this  formula  must  be  independent  of  a.   Hence  we  must  have 

ds 


where  ^  f -)  denotes  some  function  of  - .    Hence' 
and  therefore,  differentiating  with  respect  to  a, 


-8d8  =  dj    '^.li- 


1^ 


But,  the  tautochrone  AB  being  an  invariable  curve,  whatever 
be  the  value  of  a,  it.  is  manifest  that  a  must  not  appear  in  this 
equation;  hence 

1  ^  I  ~)r  **  ""  "J?*  '^^^^^  -4.  is  a  constant  quantity, 

and  therefore  S^^ks • (2), 

k  being  some  constant  quantity. 

Hence,  by  (1)  and  (2), 
and  therefore,  if  t  denote  the  time  of  the  motion  from  ^to  ^, 
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Hence  we  have,  from  (2), 

which  is  a  differential  equation  to  the  tautochrone. 

The  direct  problem  of  Tautochronism  in  the  case  when 
gravity  is  the  accelerating  force,  was  first  considered  by  Huy- 
ghens,  in  his  Horologium  OsciUatarium,  where  he  proves  the 
inverted  cycloid  with  its  axis  vertical  to  be  tautochronous.  The 
inverse  problem  was  first  considered  by  Newton,  Prtncip.  lib.  i. 
sect.  10.  See  also  Euler,  Comment.  Petrop.  1729,  and  Mechan. 
Tom.  II.  p.  211. 

(7)  A  particle  is  acted  on  by  an  attractive  force,  tending 
towards  a  fixed  centre  and  varying  as  the  distance  ;  to  find  the 
tautochrone. 

Let  fi  denote  the  absolute  force  of  attraction,  r  the  radius 
vector  at  any  point  of  the  curve,  p  the  perpendicular  from  the 
pole  upon  the  tangent  at  the  point,  ^  the  inclination  of  the 
tangent  to  the  radius  vector. 

Then,  by  the  formula  of  the  preceding  general  problem,  we 
have,  putting  /ircos  ^  for  8^ 

whence  fid  (r  cos  <f>)  =  -r-jr  5 

but  eb  cos  ^  s  (2r ;  hence  we  have 


/AT  cos  ^  (2  (r  cos  ^)  =  T-^rrfr; 


integrating,  we  get 

/ir^cos^^+0=:^, 

Let  c  be  the  value  of  r  when  ^  =  0,  and  therefore  when 
^  =  |<nr ;  then  also  p^c,  and  consequently 
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Hence'  ^  {rf  -  p*)  +  ^  ='!L- , 

which  is  the  differential  equation  to  the  curve. 

Euler ;  Median,  Tom.  il.  p.  208. 

(8)  An  infinite  number  of  similar  curves  originate  at  a  given 
point ;  to  determine  the  corresponding  synchronous  curve,  or 
the  curve  which  shall  cut  them  in  such  a  manner  that  a  particle, 
acted  on  by  gravity,  may  describe  the  intercepted  arcs  in  equal 
times. 

Let  0  (fig.  153)  be  the  given  point,  and  CPD  the  synchro- 
nous curve  intercepting  the  arc  OP  of  the  curve  OPQy  which 
is  one  of  the  similar  curves.  Let  Ox^  a  vertical  line,  be  taken 
as  the  axis  of  ar,  and  Oy,  at  right  angles  to  it,  as  the  axis  of  y. 
Let  OM^x,  PM^y,  OP  =  8,  Then,  if  k  denote  the  time 
down  OPy  which  by  the  hypothesis  is  constant  for  every  point  P 
in  the  curve  CPD,  we  have 

where  p  is  equal  to  -v^  . 

Now,  by  the  nature  of  similar  curves,  the  equation  to  the 
curve  OPQ  is  of  the  form 


Fg,|)-0.   or,=  a/(!) (2), 


where  F,/,  denote  certain  functions  of  the  quantities  to  which 
they  are  prefixed,  a  being  the  value  of  the  general  parameter  of 
the  class  of  similar  curves  for  the  individual  curve  OPQ. 
Hence,  assuming 

x^aT,  and  therefore  yz=zaf{T),  by  (2), (3), 

we  have  from  (1), 

k  =  air^^^j±^dr  =  ai<t>(r) (4). 

J,     (%t)* 
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where  7=  -^  =  d'^''^^  ^^^  ^  ^^^  '^  ®^°^^  function  of  t.  Hence, 
from  (3)  and  (4),  there  is 

Eliminating  r  between  these  two  last  equations,  we  shall  obtain 
an  equation  in  x,  y,  the  required  equation  to  the  synchronous 
curve. 

If  the  integration  indicated  in  the  equation  (1)  can  be  effected, 
then  it  is  needless  to  have  recourse  to  the  subsidiary  symbol  r. 
We  have  merely  in  this  case  to  eliminate,  after  the  performance 
of  the  integration,  the  parameter  a,  by  the  aid  of  the  equation 
(2).  It  rarely  happens,  however,  that  we  can  execute  the 
operation  of  integration,  and  under  these  circumstances  the 
equations  (5)  will  enable  us  to  construct  the  synchronous  curve 
by  the  method  of  quadratures ;  a  pair  of  values  of  x,  y,  and 
therefore  a  point  in  the  synchronous  curve,  being  ascertained 
approximately  for  every  numerical  value  which  we  may  assign 
to  T. 

The  problem  of  Synchronous  Curves  was  first  discussed  by 
John  Bernoulli,  in  the  Act.  Ervdit  Lips.  1697,  Mai,  p.  206. 
The  subject  was  afterwards  investigated  by  Saurin,  and  by 
Euler\ 

(9)  An  assemblage  of  circles  in  the  plane  xOy,  (fig.  153),  all 
touch  Ox  at  the  point  0  ;  to  determine  the  synchronous  curve. 
Ox  being  vertical,  and  gravity  the  accelerating  force ;  the  descent 
being  supposed  to  commence  from  0, 

The  equation  to  any  one  of  the  circles,  its  radius  being  a, 
will  be 

0^  =  2ay  -  y\ 


or 


1  Meehan,  Tom.  ii.  p.  47;  M€m,  de  VAcad.  de  St  Pitenh,  1819—1820,  pp.  20, 85. 


s       > 
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Adopting  the  notation  of  the  preceding  general  problem,  we 
have 

/(t)  =  1-(1-04, 

(y(T)_     T 

dr    ""(l-T^)*' 
fr(l  +  r»)i  1      f      dr 

„  2(7A't  2(7;!^  (1,(1- t')*} 

^^^^^         ^-fp      c^r     p>    y-    ^(f     dr      K 

whence  the  required  curve  may  be  constructed  by  the  method 
of  quadratures.  Euler ;  Mechan.  Tom.  IL  p.  52. 

(10)  A  particle,  acted  on  by  any  assigned  accelerating  forces 
in  one  plane,  moves  along  a  curve  from  one  given  point  to 
another ;  to  determine  the  form  of  the  curve  in  order  that  the 
whole  time  of  the  motion  between  the  two  points  may  be  the 
least  possible. 

Let  P  (fig.  154)  be  any  point  of  the  required  curve;  let  OM^x, 
PM—  y\  let  -4  and  B  be  the  two  given  points ;  let  -4P=  a ;  also 
let  a,  A  be  the  values  of  x  at  the  points  Ay  B.  Then,  v  being 
the  velocity  of  the  particle  at  P, 

V  V  ^     dx 

and  the  whole  time  from  AUi  B  will  be  equal  to 

•^(l+p»)* 


J  a 


dx (1). 


V 

(1  +  -3«)4 
Assume  ^ ^~  =  V\  then,  in  order  that  the  expression  (1) 

may  be  a  minimum,  we  have,  by  the  Calculus  of  Variations, 
since  V  involves  only  p  and  v,  of  which  the  latter  is  a  function 
of  only  X  and  y, 

^-£=« (2)- 
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where  N,  P,  denote  respectively  the  partial  differential  coeffici- 
ents of  V  with  regard  to  y,p;  -7-  representing  the  total  differ- 
ential coefficient  of  P  with  respect  to  x. 

Now  i^=  _  ^  (1 +;,«)i  I (3), 

where  -r-  signifies  the  partial  differential  coefficient  of  v  with 

regard  to  y :  but 

vdv=::Xdx+  Ydy..,. (4), 

where  X,  Y,  represent  the  resolved  parts  of  the  whole  accele- 
rating force  on  the  particle  parallel  to  Ox,  Oy  \  and  therefore,  in 

(3),  -7-  =  —  .    Hence 


dy     V 


^-|a^rt..-^| 


Again,  P= 2 ^-«J^. 

V  (1  +py     V  ds 

Hence,  substituting  for  ^and  P  in  (2),  we  have 

^  dx     dx\v  dsj       ' 

Yds^ldvdy     1  d  dy  _  ^  ^ 
ifdx     i?  dx  da     v  dx^ 

hence  ^^ -1  (^x+ F^^  ^  +  i— -^  =  0- 

t^  dx     v*\  dx)  da     vdx  da       ' 

and  therefore,  after  a  few  obvious  simplifications, 

^fi§y^j^dy_  Y— (5) 

dxda  <c5  da ^  '* 

If  from  this  equation  we  eliminate  t;  by  the  aid  of  (3),  we  shall 
obtain  a  differential  equation  of  the  second  order,  which  is  the 
equation  to  the  required  curve.    The  two  arbitrary  constants 

w.  s.  22 
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introduced  by  the  integration  axe  to  be  determined  from  the 
conditions  that  the  curve  shall  pass  through  the  two  given  points 
A  and  B, 

The  equation  (6)  is  equivalent  tx) 

where  p  denotes  the  radius  of  curvature  at  the  point  P;  a  result 
which  shews  that  the  pressure  on  the  curve  due  to  the  centrifugal 
force  is  equal  to  that  which  arises  from  the  accelerating  forces 
which  act  upon  the  particle. 

The  curve  in  question  belongs  to  a  class  of  mechanical  curves 
called  Brachistochrones,  which  are  characterized  by  the  general 
property  that  a  particle^  under  the  action  of  assigned  accelerating 
forces,  shall  move  along  them  between  given  limits  in  the  least 
time  possible. 

The  problem  of  the  Biuchistochrone  bjetween  two  given  points, 
when  gravity  ia  the  accelerating  force,  was  proposed  by  John 
Bernoulli  ^  as  a  challenge  to  the  mathematicians  of  the  day.  Six 
months  was  the  time  allotted  for  its  solution.  Leibnitz*  was  im- 
mediately successful,  and  communicated  his  good  fortune  by 
letter  to  Bernoulli.  No  other  solution  however  having  made  its 
appearance  within  the  prescribed  time,  Bernoulli,  in  confonnity 
with  the  desire  of  Leibnitz,  consented  to  prorogue  the  term  of 
the  challenge  to  the  following  Easter,  the  results  obtained  by 
himself  and  Leibnitz  being  suppressed  for  that  interval  A 
programme  was  accordingly  published  at  Oroningen,  in  January 
1697,  again  announcing  the  problem  and  repeating  the  challenge. 
In  consequence  of  this  delay  solutions  were  obtained  by  three 
other  mathematicians:  by  Newton',  anonymously;  by  James 
Bernoulli* ;  and  by  L'Hdpital*.  The  solution  of  Leibnitz  was 
announced  in  the  Acta  Eradit.  Lips.  Mai.  1697,  p.  203.    The 

1  AeU  ErudiL  Lips.  1696,  Jon.  p.  269. 

'  Commere,  EpUtol,  Leibnitii  et  Bemonllii,  Epist.  28. 

»  Phil.  Trans,  1697,  Num.  224,  p.  389. 

*  Act.  Erudit.  Lips.  Mai.  1697,  p.  212. 

*  Act.  Erudit.  Lips.  ib.  217. 
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conclusions  of  Newton,  Leibnitz,  and  L'Hdpital  were  given 
without  the  analysis.  John  Bernoulli  gave  two  different  solu- 
tions,  one  direct  and  the  other  indirect.  The  latter  was  published 
in  the  Acta  Erudit  Lips,  Mai.  1697,  p.  207 ;  the  former  was  not 
made  public  till  the  year  1718,  in  a  Memoir  on  Isoperimetrical 
problems,  in  the  MSmoires  de  VAcad^mie  dea  Sciences  de  Paris, 
p.  136;  see  also  his  works,  Tom.  II.  p.  266.  A  solution  of  the 
problem  was  afterwards  given  by  Craig*,  who  had  merely  seen 
Newton's  result  without  consulting  the  analysis  which  had  been 
given  by  John  and  James  Bernoulli. 

(11)  To  find  the  brachistochrone  when  a  particle,  acted  on  by 
a  central  attractive  force,  which  varies  inversely  as  the  square 
of  the  distance,  moves  along  a  curve  from  one  given  point  to 
another. 

Let  A  (fig.  155)  be  the  point  where  the  motion  commences, 
and  B  the  point  at  which  the  particle  is  to  arrive  in  the  shortest 
time  possible.  Let  P  be  any  point  in  the  brachistochrone, 
8  the  centre  of  force;  let  SP^r,  p  =  the  perpendicular  from  8 
upon  the  tangent  at  P,  8A  =  a,  <^  =  the  angle  between  SP  and 
the  tangent  at  P,  /^  =  the  absolute  force  of  attraction,  v  =  the 
velocity,  and  p  =  the  radius  of  curvature  at  P.  Then,  since  the 
pressure  on  the  curve  due  to  the  centrifugal  force  must  be  equal 
to  that  due  to  the  attraction,  we  have 

-=^sin<^ (1). 

But  -'-^      «   ir-  j^_  rf  .   2/4 


v'=0^2  j^dr=  C  + 


or,  since  v  =  0  when  r  =  a, 


«'=2M(i-i) (2). 


Also,  the  curve  being  convex  towards  S, 


f'-^Tp (3)- 


»  Phil.  Trans.  1701,  Vol.  xxii.  p.  746. 


22—2 
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From  (1),  (2),  (3),  we  have 

1     1 


K-'^ 


dp 
«/l     l\_pdr      ^dp_     adr      , 

integrating,  we  get 

2  logjp=  log  C  +  log  -—-  , 


log2>'  =  log((7^^); 


but  C  must  be  a  negative  quantity,  because,  as  will  appear  from 
the  equation  (2),  a  is  greater  than  r ;  hence,  putting  —  A  for  C, 
we  have,  for  the  differential  equation  to  the  brachistochrone, 

P^=lA . 

^  r 

If  from  this  equation  we  were  to  obtain,  by  integration,  a 
relation  between  r  and  an  angular  co-ordinate  0,  we  should 
introduce  another  constant  into  the  equation  in  addition  to  A, 
Both  these  constants  would  have  to  be  determined  by  the  con- 
ditions that  the  curve  must  pass  through  both  A  and  B. 

Euler;  Mechan.  Tom.  ii.  p.  191. 

(12)  To  find  the  inclination  of  a  thin  tube  to  the  horizon, 
in  order  that  a  descending  particle  may  describe  the  greatest 
horizontal  space  in  a  given  time. 

The  required  angle  of  inclination  =  45^ 

(13)  A  particle,  having  been  placed  at  the  point  A^  (fig.  156), 
moves  along  a  thin  tube  APS  towards  a  centre  of  attractive 
force  at  8,  which  varies  as  any  function  of  the  distance;  to  find 
the  form  of  the  tube  in  order  that  the  time  through  any  arc 
AP  may  be  n  times  as  great  as  through  a  portion  Ap  of  the 
prime  radius  vector  8A,  Sp  being  equal  to  8P. 
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Let  8P=r,  8A=a,  iA8P^6\  then  the  equation  to  the 
curve  APS  will  be 

(14)  A  particle  is  projected  with  a  given  velocity  from  a  point 
A  (fig.  157)  along  a  curve  APO  in  which  it  is  constrained  to 
move,  and  is  acted  upon  by  a  force  always  tendiag  to  0,  and 
varying  directly  as  the  distance ;  to  find  the  nature  of  this  curve 
in  order  that  the  angular  velocity  of  the  radius  vector  OP  may 
be  invariable. 

Let  AO  =  a,  0P=  r,  ^  A 0P=^  0,  (j?  =  the  absolute  force  of 
attraction,  co  =  the  angular  velocity  of  OP,  fi  =  the  initial  velocity 
of  the  particle ;  then  the  equation  to  the  curve  will  be 

Euler ;  Mechcm.  Tom.  ii.  p.  138. 

(15)  A  particle  is  acted  on  by  an  attractive  force,  tending  to 
a  centre  and  varying  inversely  as  the  square  of  the  distance ; 
to  find  the  tautochrone. 

If  r  denote  the  time  of  the  motion,  and  the  notation  remain 
the  same  as  in  problem  (7),  the  differential  equation  to  the 
tautochrone  will  be 

Euler ;  Mechan.  Tom.  ii.  p.  209. 

(16)  To  find  the  tautochrone  when  the  central  attractive  force 
is  constant. 

If  /  denote  the  constant  central  force,  the  equation  to  the 
tautochrone  will  be 

Euler ;  Mechan,  Tom.  ii.  p.  210. 

(17)  An  infinite  number  of  straight  lines  originate  at  a  single 
point  and  lie  in  one  plane ;  to  determine  the  synchronous  curve, 
gravity  being  the  accelerating  force. 
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The  given  point  being  taken  as  the  origin  of  co-ordinates,  the 
axis  of  X  extending  vertically  downwards,  and  that  of  y  being 
horizontal ;  the  synchronous  curve  will  be  a  circle  of  which  the 
equation  is 

^  +  y '  =  iff^^^f 
where  k  denotes  the  common  time  of  descent. 

Euler ;  Jftw.  de  VAcad.  de  St.  F^tersb.  1819,  1820,  p.  22. 

(18)  There  is  an  infinite  number  of  cycloids,  of  which  the 
bases  all  commence  at  the  origin  of  co-ordinates,  and  coincide 
with  the  axis  of  y,  which  is  horizontal ;  to  find  the  synchronous 
curve,  gravity  being  the  accelerating  force,  and  the  motion  com- 
mencing from  the  origin. 

Let  k  denote  the  constant  time  of  descent ;  then,  the  axis  of 
X  being  vertical,  the  equation  to  the  required  curve  depends 
upon  the  elimination  of  a  between  the  two  equations 


aj=  a  vers 


KST       y  =  o'«rs-'f-(2a«-«^*. 


and  will  cut  all  the  cycloids  at  right  angles. 

John  Bernoulli ;  Act.  Erudit.  Lips.  1697,  Mai.  p.  206. 

(19)  A  particle,  acted  on  by  a  central  attractive  force,  which 
varies  as  the  distance,  moves  along  a  curve  from  one  given-point 
to  another ;  to  find  the  nature  of  the  curve  when  it  is  brachis- 
tochronous. 

Let  A  (fig.  165)  be  the  point  at  which  the  motion  commences, 
and  B  the  point  at  which  the  particle  is  to  arrive  in  the  shortest 
time  possible.  Let  P  be  any  point  of  the  brachistochrone  ; 
let  SP=:r,  2?  =  the  perpendicular  from  8,  the  centre  of  force, 
upou  the  tangent  at  P,  8 A  =  a.  Then  the  equation  to  the  curve 
between  p  and  r  will  be 

where  .4  is  a  constant  quantity,  which  is  the  equation  to  the 
hypocycloid. 

If  from  this  equation  we  were  to  obtain  by  integration  a  rela- 
tion between  r  and  an  angular  co-ordinate  0,  we  should  have 
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another  constant  in  the  equation  in  addition  to  A,  Both  these 
constants  would  have  to  be  determined  by  the  conditions  that 
the  curve  must  pass  through  both  A  and  B. 

Euler;  Mechan.  Tom.  ii.  p.  191. 


Sect.  5.    Inverse  Ptdblema  on  the  Pressure  of  a  Particle  on 

Smooth  Fixed  Curves, 

(1)  A  particle  descends  down  a  curve  line  in  a  vertical  plane 
by  the  action  of  gravity ;  to  find  the  nature  of  the  curve  in 
order  that  the  pressure  may  be  invariable. 

Let  OA  (fig.  158)  be  the  required  curve ;  Ox,  vertical,  the 
axis  of  Xf  Oy,  horizontal,  the  axis  of  y ;  P  any  point  in  the 
curve ;  let  0M=  x,  PM=  y,  OP  =  « ;  let  A  be  the  constant  pres- 
sure ;  fi  the  initial  velocity  of  the  particle,  0  being  its  initial 
position.    Then,  by  formula  (A)  of  Sect.  (U.),  we  have 


^^ds  ^p  de w> 


where  p  denotes  the  magnitude  of  the  radius  of  curvature  at  P. 

But  ^=:i8*  +  2y«: 

also,  s  being  taken  as  the  independent  variable, 

1  =  *^". 

hence,  from  (1),  we  have 

ds 


{2gx  +  ^^^  ^'     {2gx  +  ^^^^' 
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Integratiog,  we  have 

dy^k  C 

^     9     (2gx  +  ^*' 

where  C  is  an  arbitrary  constant.  Assume  a  to  be  the  inclination 
of  the  curve  to  the  vertical  at  the  origin ;  then 


and  therefore, 


k     C 


rf«  ^9     9  (2ffx  +  l9^^ 

The  relation  between  a?  and  y  may  be  obtained  by  a  second 
integration,  but  the  result  is  of  little  value  in  consequence  of  its 
complexity.  For  the  investigation  of  the  form  of  the  curve 
which  corresponds  to  the  differential  equation  (2),  the  reader  is 
referred  to  Whewell's  Dynamics,  part  ii.  p.  96  ;  or  Eamshaw's 
Dynamics,  p.  129. 

The  problem  of  the  Curve  of  Equal  Pressure,  in  the  case  of 
gravity,  was  first  proposed  by  John  Bernoulli*,  and  solved  by 
L'H6pital".  Various  problems  of  a  similar  character  were  after- 
wards discussed  by  Varignon*. 

Commerc,  Epistolic.  Leibnitii  et  Bemoullii,  Epist.  vn. 

(2)  A  particle,  acted  on  by  gravity,  descends  from  a  point  0 
(fig.  158)  down  a  curve  OA,  which  it  presses  at  each  point  of 
its  descent  with  a  force  varying  as  the  square  of  its  distance 
below  the  horizontal  line  through  0 ;  to  find  the  nature  of  the 
curve  OA,  the  initial  velocity  of  the  particle  being  zero. 

Let  the  axes  Ox,  Oy,  be  taken  vertical  and  horizontal ;  let  Tc 
be  the  pressure  on  the  curve  when  x  is  equal  to  unity.  Then,  by 
the  formula  (A)  of  Sect.  (II.), 

^  Act,  Erudit  SuppL  Tom.  ii.  sect.  tI  p.  291. 

'  M€m,  de  VAead.  d£8  Sciences  de  Paris,  1700,  p.  9. 

>  M^m,  de  VAcad.  des  Sciences  de  Paris,  1710,  p.  196. 
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but  P  = "" 


hence  ka?-         ^  ^ 


9'^  37.       2<7a!*  -J-  -3-i 


jdx       ^      dy         ^     dydy'_ 
integrating,  we  have 

no  constant  being  added  because  the  curve  passes  through  the 
origin.    Putting  -j2  =  a*,  we  get 

(a*  —  a?*)*  dy  =  ic'do?, 
which  is  the  equation  to  the  Elastic  Curve  of  James  Bernoulli  \ 

Varignon ;  M^moirea  de  VAcad^ie  des  Sciences  de 

Paris,  1710,  p.  161. 

(3)  A  particle,  acted  upon  by  a  force  parallel  to  the  axis  of  x, 
is  constrained  to  move  along  a  given  curve  OP  A  (fig.  158) ;  to 
find  the  law  of  the  force  in  order  that  the  curve  may  experience 
an  invariable  pressure. 

Let  k  denote  the  constant  pressure,  fi  the  velocity  of  the 
particle  at  0,  which  we  will  take  as  the  origin  of  co-ordinates, 

>  Act.  ErudiU  Lip$.  1694,  p.  272 ;  1695,  p.  638. 
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and  X  the  force,  at  any  point  P  of  the  curve,  parallel  to  Ox. 
Then,  by  formula  (A)  of  Section  (II.)  and  formula  (D)  of  Section 
(L),  we  have 

Taking  a  as  the  independent  variable,  we  have 

1  ^  (/«• 
p     aS ' 
la 
and  the  equation  becomes 

Multiplying  by  —^  ds,  and  integrating 

and  therefore,  putting  ;t^  =jp, 

Differentiating  with  respect  to  x,  we  obtain  the  required  ex- 
pression for  the  force 

^"Ic-^'-m/o^.^"} (*)■ 

If  we  put  a?  =  0,  we  have,  from  (1), 

a  condition  which  will  determine  the  value  of  the  arbitrary 

constant  0. 

Euler ;  Mechan,  Tom.  ii.  p.  101. 
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(4)  A  particle  moves  along  a  parabola  OA,  (fig.  158),  of 
which  the  axis  is  Oy,  under  the  action  of  a  force  always  parallel 
to  Ox,  which  is  at  right  angles  to  Oy ;  to  determine  the  law  of 
the  force  in  order  that  the  particle  may  exert  the  same  pressure 
on  the  curve  during  the  whole  of  its  motion. 

Let  Ox,  Oy,  be  the  co-ordinate  axes,  k  the  constant  pressure, 
and  a?=^ay  the  equation  to  the  parabola.   Then,  by  the  formula 

for  X  given  in  the  preceding  problem,  since  p  =  — ,  we  have 
where  (7  is  a  constant  quantity, 

=-£^-i(**-2^"(«*+^)* (1)- 

Again,  by  the  formula  (1)  in  the  preceding  problem, 

4a?*rXf£i?  =  -2^V  +  ifc(a«  +  4a?»){i(a"  +  4a?»)*+C}: 

hence,  putting  a;  =  0,  we  get 

0  =  ia  +  (7, 
and  therefore,  by  (1), 

Euler ;  Mechan.  Tom.  ii.  p.  103, 

(5)  A  particle  descends  from  rest,  under  the  action  of  gravity, 
from  a  point  0  down  a  curve  OA,  (fig.  169),  which  it  presses, 
at  each  point  of  its  descent,  with  a  force  varying  as  its  perpen- 
dicular distance  from  the  horizontal  line  through  0  \  to  find  the 
nature  of  the  curve  OA, 
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Take  Ox,  Oy,  the  axes  of  co-ordinates,  vertical  and  horizontal ; 
let  k  be  the  pressure  on  the  curve  when  x  is  equal  to  unity ;  then, 

putting  a  =  ? ,  the  equation  to  the  curve  will  be 

the  equation  to  a  circle  of  which  O^the  diameter  is  equal  to  6a. 
Varignon ;  M6m,  de  VAcad.  des  Sciences  de  Paris,  1710,  p.  151. 

(6)  To  find  the  curve  when  the  pressure  varies  as  the  square 
root  of  the  distance. 

The  equation  to  the  curve  is 

y  =  2a  vers"*  ^ —  (iax  —  a?")*, 

which  belongs  to  a  cycloid  OBA,  (fig.  160),  the  radius  of  the 
generating  circle  being  2a. 

Varignon ;  lb.  p.  152. 

(7)  A  particle,  acted  on  by  gravity,  descends  from  rest  down  a 
curve ;  to  find  the  nature  of  the  curve  in  order  that  the  pressure 
at  any  point  due  to  the  centrifugal  force  may  vary  as  any  posi- 
tive power  of  the  distance  of  the  particle  below  the  horizontal 
line  passing  through  its  initial  position,  the  tangent  to  the 
curve  at  the  initial  position  of  the  particle  being  supposed  to 
coincide  with  the  horizontal  line. 

Let  k  denote  the  pressure  due  to  centrifugal  force  when  x  is 
equal  to  unity,  the  axis  of  x  being  vertical,  as  in  fig.  158 ;  then 

the  differential  equation  to  the  curve  will  be,  putting  f  =  a, 

(4nV  -  x**)*  dt/  =  a?*{&. 

Varignon;  lb.  p.  156. 

(8)  To  find  the  curve  when  the  part  of  the  pressure  which  is 
due  to  gravity  varies  as  the  n^  power  of  the  depth  of  the  descent, 
the  tangent  to  the  curve  at  the  initial  position  of  the  particle 
being  horizontal,  and  n  being  a  positive  quantity. 

The  notation  being  the  same  as  in  the  preceding  problem, 
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except  that  h  denotes  the  pressure  due  to  gravity  alone  when 
^  =  1,  the  differential  equation  to  the  curve  will  be 

(a*  —  a?*)*  dy  =  x^'dx. 

Varignon ;  76,  p.  160. 

(9)  A  particle  descends  from  rest  by  the  action  of  gravity 
down  a  curve  line ;  to  determine  the  nature  of  the  curve  when 
the  part  of  the  pressure  due  to  centrifugal  force  bears  a  constant 
ratio  to  that  due  to  gravity,  the  tangent  to  the  curve  at  the 
initial  position  of  the  particle  being  horizontal. 

Let  Oy  (fig.  158)  be  horizontal  and   Ox  vertical;  then,  if 

—  denote  the  constant  ratio,  the  differential  equation  to  the 
n 

curve  will  be 

M  M    1  lit 

(a*  -a;*)^  dy^a^dx, 

where  a  is  a  constant  quantity.     If  m  =  n,  the  curve  will  be  an 

inverted  cycloid  of  which  the  base  is  horizontal. 

Vaiignon ;  lb.  p.  161. 

(10)  A  particle,  acted  on  by  a  force  parallel  to  Ox,  (fig.  160) 
moves  from  rest  along  the  arc  OB  of  a  cycloid ;  to  determine 
this  force  in  order  that  the  curve  may  always  experience  the 
same  pressure. 

If  k  denote  the  constant  pressure,  a  the  radius  of  the  gene- 
rating circle,  X  the  required  force,  and  Om  =  x ;  then 

Euler ;  Mechan.  Tom.  ii.  p.  104. 

(11)  A  particle  is  projected  along  a  smooth  groove  from  a 
point  which  is  half  way  between  two  centres  of  force  of  equal 
intensity,  each  varying  inversely  as  the  distance :  to  find  what 
the  form  of  the  groove  must  be  in  order  that  the  particle  may 
move  uniformly. 

If  a  denote  the  initial  distance  of  the  particle  from  each 
centre,  and  r,  r ,  the  distances  of  any  point  in  the  curve  from 
the  two  centres, 

'  s 

r .  r  =«  . 
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Sect.  6.    Motion  of  Particles  acted  on  hy  smooth  constraining 
lines  moveable  according  to  assigned  geometrical  conditions. 

Let  Ox  (fig.  161)  be  the  axis  of  x,  and  Oy,  at  right  angles 
to  it,  that  of  y.  Let  P  be  the  position  of  the  particle  in  the 
plane  xOy  at  any  time  t  from  the  commencement  of  the 
motion;  let  OM  =  Xf  PM=y,  Let  X,  F,  denote  the  resolved 
parts  of  the  accelerating  forces  on  the  particle  parallel  to  the 
axes  of  co-ordinates,  and  X\  Y',  the  resolved  parts  of  the  force 
of  constraint  at  any  point  of  its  path.  Then  the  circumstances 
of  its  motion  will  depend  upon  the  differential  equations 

The  complete  solution  of  the  general  problem  of  the  motion 
of  the  particle  consists  in  the  determination  of  x  and  y  in  terms 
of  t  But  the  equations  (A)  involve,  in  addition  to  x  and  y,  the 
two  unknown  quantities  X'  and  Y\  Hence  it  appears  that  the 
general  consideration  of  the  motion  affords  us  only  two  equa- 
tions involving  four  unknown  quantities.  From  this  it  is  clear 
that  the  analjrtical  expression  of  the  conditions  to  which  the 
motion  of  the  constraining  line  in  any  particular  problem  is 
subject,  must  be  virtually  equivalent  to  two  more  equations 
involving  only  x,  y,  X',  Y\ 

Let  r  be  the  distance  PO  of  the  particle  at  the  time  t  from 
the  origin  of  co-ordinates,  and  let  z  POx  =  6 ;  then,  in  case  the 
action  of  the  constraining  line  always  takes  place  in  a  direction 
at  right  angles  to  OP,  and  F  denote  the  sum  of  the  resolved 
parts  of  the  accelerating  forces  on  the  particle  along  OP,  we 
may  obtain  from  the  equations  (A)  the  formula 

^-'•s-^- («)• 

The  formula  (B)  was  given  by  Ampfere,  Aiinales  de  Oergonne, 
Tom.  XX.  p.  37  et  sq. 
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(1)  A  particle  is  fastened  to  one  end  of  a  straight  thread 
which  is  supported  on  a  smooth  horizontal  plane :  the  other 
end  of  the  thread  is  constrained  to  move  along  the  plane  with 
a  uniform  velocity  in  a  given  straight  line:  to  find  the  path  of 
a  particle. 

Let  Ox  (fig.  162)  be  the  given  straight  line,  Oy  a  straight 
line,  in  the  horizontal  plane,  at  right  angles  to  Ox :  let  P  be 
the  position  of  the  particle  and  PQ  of  the  thread  at  any  time  t 
Draw  PM  at  right  angles  to  Ox,  Let  OM=x,  PM=y^ 
OQ  =  x\  PQ==h,   lPQO^O.    Then,  R  denoting  the  tension 

of  the  thread,  we  have,  by  the  equations  (A),  since  X'  =  — 7  cos  6, 

m 

y  = ?  sin  ^,  where  m  denotes  the  mass  of  the  particle. 

Hence,  eliminating  JR, 

Bin^g  +  co8(?g  =  0 (1): 

but  a?'  =  a?  + Acos^  =  m^  +  n. (2), 

where  m  denotes  the  uniform  velocity  of  Q,  and  n  its  initial 
distance  from  0 :  hence 

^  +  A^cos^  =  0. 

Also,  by  the  geometry, 

y  =  Asin5 (3), 

and  therefore  -—  =  A  ^ra  sin  ^ : 

dv        df 

hence,  from  (1), 

cos  d  -7-«  sin  ^  —  sin  tf  ^ni  cos  ^  =  0  ; 
df  dr 

iategrating,  we  obtain 

cos  ^  -rr  sin  5  —  sin  5  -1-  cos  0=^€o,     or  ^  =  ©, 
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where  ck)  is  a  constant  quantity,  which  shews  that  the  angular 
velocity  of  the  thread  PQ  about  Q  is  invariabla 

Integrating  again,  ^  =  a  +  (ot (4), 

a  being  the  initial  value  of  0. 

Hence  we  have,  from  (2)  and  (3), 

x=»mt+n  — h  cos  {a  +  wt), 

y  =  ^sin  (a  +  (ot) (6), 

which  give  the  values  of  x  and  t/  at  any  time  during  the  motion. 

Eliminating  t,  we  get,  as  the  eqfuation  to  the  path  of  the  par- 
ticle in  rectangular  co-ordinates. 


6)  n  CD 


The  equations'  (2)  and  (4)  however  furnish  us  with  the  most 
convenient  conception  of  the  motion  of  the  particle.  In  fact  they 
shew  that  P*s  motion  may  be  perfectly  represented  by  supposing 
it  to  move  with  a  uniform  velocity  toh  in  the  circumference  of  a 
circle  of  which  the  radius  is  h,  and  of  which  the  centre  moves 
along  Ox  with  a  uniform  velocity  m.  The  path  of  P  is  therefore 
a  trochoid. 

From  (5),  we  have,  by  differentiation, 

-^  =  —  A©' sin  (a  —  o^). 

Hence,  from  (4),  and  the  original  equations  of  motion, 

It 

—  Aft)'  sin  (a  +  ft)0  = » sin  (a  +  ©O* 

R 
and  therefore  — ,  =  Ao)',    R  =  nih(o\ 

m 

which  shews  that  the  tension  of  the  string  is  invariable. 

This  is  an  example  of  a  class  of  curves  called  Tractories, 
which  are  traced  by  a  material  particle  attached  to  one  extremity 
of  a  string  while  the  other  is  constrained  to  move  along  some 
assigned  curve  with  a  given  velocity.  The  curve  in  which  the 
end  of  the  string  is  constrained  to  move  is  called  the  Directrix. 
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This  problem  formed  the  subject  of  a  controversy  between 
Fontaine  and  Clairaut ;  the  solution  given  by  Font^^ine  depended 
upon  the  assumption  that  the  string  would  be  always  a  tangent 
to  the  path  of  the  particle,  an  hypothesis  which  Clairaut  de- 
clared to  be  erroneous,  and  which^  in  fact,  virtually  involves 
a  neglect  of  inertia.  Fontaine's  assumption  would  be  admissible 
for  the  motion  of  a  particle  on  a  perfectly  rough  plane,  where  its 
motion  would  be  destroyed  the  moment  it  was  generated. 

Clairaut ;  MAnoires  de  VAcadimie  des  Sciences  de  Paris, 
1736,  p.  4.    Euler ;  Nova  Acta  Aead.  Petrop,  1784. 

(2)  A  thin  rectilinear  tube,  one  point  of  which  is  fixed,  is 
constrained  to  move  in  a  horizontal  plane  with  a  uniform  angu- 
lar velocity :  to  find  the  motion  of  a  particle  sliding  freely  within 
the  tube. 

Let  r  denote  the  distance  of  the  particle  from  the  fixed  point 
of  the  tube,  and  0  the  angle  through  which  the  tube  has  re- 
volved at  the  end  of  a  time  t :  then  by  the  formula  (B),  since 
no  accelerating  forces  act  on  the  particle, 

d^r       df^       , 

where  o»  denotes  the  angular  velocity  of  the  tube. 

The  integral  of  this  equation  is 

r  =  ^€^  +  5r-',, (l), 

where  A  and  B  are  constants. 

dv 
Let  a,  ^,  be  the  initial  values  of  r,  jt  ;  then,  from  (I), 

a^A^By 
and 

and  therefore 

B.l(««-/9). 

Hence,  patting  the  values  of  A  and  B  in  (1),  we  see  that 
w.  &  23 
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2(»r  =  (fl)a  +  /8)  €-'  +  (©a  - 13)  €— *, 
which  gives  the  value  of  r  at  any  time  during  the  motion. 

The  equation  to  the  path  of  the  particle  is,  putting  0  =  €i>t, 

2cor^  {(oa  +  fi)  ^  +  (©a-^)  €"•. 

John  Bernoulli ;  Opera,  Tom.  IV.  p.  248.   Clairaut ;  M^m. 

Acad.  Paris,  1742,  p.  10. 

(3)  A  particle  is  placed  within  a  thin  circular  tube,  which  is 
constmined  to  revolve  with  a  uniform  angular  velocity  in  a 
horizontal  plane  about  a  point  in  its  circumference :  to  in- 
vestigate the  motion  of  the  particle. 

Let  0  (fig.  163)  be  the  point  about  which  the  circle  APO  is 
constrained  to  revolve ;  C  its  centre  at  any  time  t,  and  F  the 
position  of  the  particle ;  R  the  action  of  the  circle  on  the  particle, 
which  will  take  place  in  the  direction  PC,  Let  Ox,  Oy,  be  the 
axes  of  co-ordinates,  x,  y,  being  the  co-ordinates  of  P. 

Let  zPOjj  =  d,  j:OPC^<f>^^COP,  OP^r,  OC^a, 

Then,  since  no  accelerating  forces  act  on  the  particle,  we  have, 
by  the  formulae  (A), 

-^  =  --Bcos(^-<^), 


^|=-i?sin(5-<^): 


multiplying  these  equations  by  sin  (^  —  0),  cos  (^  — ^),  and  sub- 
tracting, we  have 

sin(d-<^)5-cos(d-^)f|  =  0, 

or,  since  a?  =  r  cos  ^,  y  =  r  sin  6, 

8in(5-<^)  J(rcos5)-cos(5-<^)^,(r8in^  =  0. 

But,  from  the  geometry,  it  is  evident  that 

r  =  2a  cos  0  : 
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hence 

sin  (^-^)^(cos5cos^)  -cos(5-^)^  (sin5cos^)  =  0, 

sin  (0-(f>)  T5  {cos  (0+  <f>)  +  cos  (^  -  <t>)} 

-  cos  {6  -  4>)^  {sin  (^  +  <^)  +  sin  (^-  <^)} «  0. 

But,  supposing  o>  to  be  the  angular  velocity  of  the  diamet^ 
OCA  of  the  circle  about  0,  and  i  AOx  to  be  initially  zero,  it 
is  clear  that 

^  AOx  or  ^  +  ^  =  tt)^ ,....(1). 

Hence,  putting  co^  for  6+^^ 

cP  d* 

sin  (^  --  ^)  ^  cos  (^  -  ^)  -  cos  (^  -  ^)  ^  sin  (5  -  ^) 

+  sin  (0^4>)  -y^  cos  o)t  —  cos  (^  —  ^)  t^  sin  ©^  =  0, 

^^|8in(«^<^)^cos(5"<^)-^cos(tf-<^)^sin(tf-<^)]. 
—  ei)'Bin  (5  •  <l>)  cos  ©^  +  01^  cos  {0—  (f))  sin  6)^=  0, 
-  J,(^-^)-«'sin(^-<^-cD0  =  O. 

But,  by  (1),  we  have  0^wt  —  <l>\  hence 

2^  +  a)'sin2<^=G. 

Multiplying  by  2  -^ ,  and  integrating, 

2  ^'-0)"  cos  20  =.(7 (2). 

For  the  sake  of  simplicity  we  will  suppose  that,  initially,  P 
coincides  with  A,  and  that  its  velocity  is  zero ;  hence,  when 
*  =  0,  we  have  0  =  0,  and  since,  from  (1), 


d0     dd> 


23—2 
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we  have  also  initially  ^  =  »•    Hence,  from  (2), 


» 


fl 


=  c, 


and  therefore  2  -X  —  «*  coe  2^  =  »*, 

2  ^*  =  »•  (1  +  cos  2^) «  a»' co8»  ^ 

d4>        cos  ^>d^ 
cos  0     1  —  sm  9 

Integrating,  log  ^_^!^^  =  2a)fc 

no  constant  being  added  because  ^  =  0  when  ^ »  0. 
From  this  equation  we  have 

1  +  sin  0  _  2^        .     ,  __  €**'  —  6"**  _  e"^  --e^ 
1  —  sm  ^  ^     €••'  +  €^*     e^  +  €^ 

where  -^  is  equal  to  l  AOx. 

IT 

When  <  ss  00 ,  sin  ^  s  1,  and  therefore  ^  =  o ,  a  value  towards 

which  ^  indefinitely  tends  as  its  limit.    Thus  it  appears  that 
after  an  infinite  time  the  particle  will  arrive  at  the  point  0. 

Again,  since  r  =  2a  cos  ^,  we  may  readily  get 

_      4a      _      4a 

which  gives  the  distance  of  the  particle  from  0  at  any  time 
during  the  motion. 

From  the  above  equations  we  may  obtain  for  the  pressure  on 
the  circle,  corresponding  to  any  position  of  the  particle, 

•  R  ~  2a)*a  cos  ^  (3  cos  ^  —  2). 

(4)     Two  particles  P  and  Q  (fig.  164)  are  connected  together 
by  an  inflexible  rod  PQ  without  weight;  P  is  capable  of  moving 
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aloDg  a  smooth  horizontal  groove  Ox^  and  Q  may  move  any 
where  upon  a  smooth  horizontal  plane  passing  through  the 
groove :  having  given  the  initial  circumstances  of  the  particles, 
to  determine  their  motions  at  any  time  after  the  commencement 
of  the  motioiu 

Let  T  be  the  tension  of  the  rod  at  any  time  t ;  0  the  inclina- 
tion of  the  rod  to  the  line  xO;  let  ON=^x\  QN  ^y\  where  0 
is  an  assigned  point  in  Ox,  and  Q^  at  right  angles  to  0N\ 
OP^x;  w  ss  the  initial  angular  velocity  of  Q  about  P,  fi  =  the 
initial  velocity  of  P,  a  =  the  initial  value  of  0 ;  let  m,  m',  be  the 
masses  of  P,  Q;  a  the  length  of  the  rod. 

For  the  motion  of  P  there  is 

d*x 
m-^  =  -.  TcoB^ (1); 

and,  for  the  motion  of  Q, 

d*x' 
m'  -^=  Tcos  0 (2), 

m'^'  =  -  Tsixi0 (3). 

Adding  together  the  equations  (1)  and  (2), 

d^x        ,d*x'     rx  /A\ 

'^rf^+'^'W  =^ ^*^- 

Multiplying  (1)  by  sind,  (3)  by  cos^,  and  subtracting  the 
latter  of  the  resulting  equations  from  the  former, 

msmtf  ^  -m  cos^  d^~^ W- 

Again,  it  is  evident  that 

x'^x  —  acosO (6)> 

y'  =  asin  0., (7). 

From  (4)  and  (6)  we  have 

(m  +  m)  -^  -  m  tt  ^^  cos  ^  =  0, 
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and,  from  (5)  and  (7), 

d*x        ,  d* 

m sin  0  -7s  —  ma  cos  ^  -rs  si^^  ^  =  0  : 
dr  dv 

eliminating  -^  between  the  last  two  equations, 

{m  +  m)  cos  d  -J75  sin  5  —  m  sin  5  -Ts  cos  ^  =  0 ; 
multiplying  by  2  -17 ,  and  integrating, 


{m  +  m)  i-r  sin ^ j  +  m  l-r  cos 5|  =  0, 
{m  +  m  cos*  ^)  -7^  =  C'; 


but,  initially,  ^  =  or,  -1-  =  oj  ;  hence 

(m  +  m'  cos'a)  cd*  »  C> 

^  .  xi"  ,,/V^^  ^^  _  ,,«  m  +  m^cos'g 

dr  m  +  w  cos  a 

Again,  integrating  (4),  we  get 

dx  .      ,  dx* 


'"5^+'"'-^  =  ^' 


and  therefore,  by  (6), 


(8). 


,  ,.  cLc        ,     .     /%du      ^ 

(w  +  m )  HT  +  wi  a  sm  ^  -T^  =  u  ; 

but,  at  the*  commencement  of  the  motion,  -^-  =  )8,  ^  =  a,  -j-  =  « ; 

hence  (wn  -f  m)  p  +  m^oo)  sift  a  =  (7, 

1.1       i»       <^      />     m'awsina     w'asln^rf^ 

and  therefore  -ji  =  /3  + —-7 7  -j-  ; 

dt  m-^m  m'\-m    dt 


whence,  by  (8), 

dx     ^  .  maaa  sin  a     rnao)  sin  ^  /m  +  tn!  cos'  a\i 
dt 


^  —  P  4-  ^'^'^  sin  a     m'afl)  sin  ^  /m  +  tn!  cos'  a\  i  .^. 
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The  equations  (8)  and  (9)  give  us  the  velocity  of  P  along  Ox, 
and  the  angular  velocity  of  Q  about  P,  for  any  assignable  incli- 
nation of  the  rod  to  the  line  Ox.  If  between  these  two  equa- 
tions we  eliminate  dt,  we  shall  obtain  a  differential  equation  to 
the  path  of  Q  in  a;  and  $. 

From  (8)  we  have 

^'='- T — TT*  I  (w  +  m' cos* e)^de, 

(m  +  m  cos" a)* J«^  '       ' 

an  elliptic  transcendent  for  the  determination  of  t  for  any  value 
of^. 

Clairaut ;  M4m.  de  VAcad,  des  Sciences  de  Paris,  1736,  p.  10. 

(5)  A  particle  is  attached  to  one  extremity  of  a  string,  which 
is  completely  coiled  round  the  circumference  of  a  circular  lamina, 
the  other  extremity  of  the  string  being  fixed  to  the  lamina : 
every  particle  of  the  lamina  repels  the  particle  with  a  force 
varying  inversely  as  the  distance :  to  find  the  velocity  of  the 
particle  at  any  time  after  its  departure  from  the  circumference 
of  the  lamina. 

Let  a  denote  the  radius  of  the  lamina,  r  the  distance  of  the 
particle  from  its  centre  at  any  time,  and  /  the  initial  repulsive 
force  experienced  by  the  particle.  Then,  as  may  be  ascertained 
by  the  performance  of  the  appropriate  integrations,  the  repulsive 
force  on  the  particle  at  any  time  from  the  centre  of  the  lamina 

will  be  -^.    Hence  the  particle  may  be  considered  as  moving 

along  a  curve,  which  is  the  locus  of  the  free  extremity  of  the 

string,  under  the  action  of  a  central  repulsive  force  -^;  and 

therefore,  by  the  formula  (D)  of  Section  (I), 

i^=G+2J^dr 

=  a+ a/log  r»  =  (7+  a/log  (p«  +  a"), 
if  p  =  the  length  of  the  string  set  free. 
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But,  initiallj,  t;=:  0^  p=  0 ;  hence 

0  =  (7+ a/log  a', 

and  therefore  v^^af  log  ^ — 5 —  * 

Let  0  denote  the  angle  subtending  the  arc  of  the  circum- 
ference of  the  lamina  from  which  the  string  has  been  uncoiled ; 
then  p  »  aO,  and  we  have 

t;*=  a/log  (1+^, 

(6)  A  particle  is  placed  on  a  smooth  inclined  plane  and  is 
kept  at  a  constant  height  by  means  of  a  horizontal  motion  given 
to  the  plane :  to  determine  the  space  traversed  by  the  particle 
at  the  end  of  any  time. 

If  a  be  the  inclination  of  the  platie  to  the  horizon,  the  space 
traversed  by  the  particle  at  the  end  of  any  time  t  is  equal  to 
^^tana^ 

(7)  A  particle  is  placed  within  a  smooth  spherical  surface  at 
the  lowest  point:  if  the  spherical  surface  be  made  to  move  parallel 
to  a  horizontal  straight  line  so  as  to  have  at  any  titne  the  velocity 
which  gravity  would  generate  in  that  time  in  a  falling  body,  to 
find  the  greatest  altitude  to  which  the  particle  will  rise. 

The  particle  will  just  rise  td  the  altitude  of  the  dentre  of  the 
sphere. 

Griffin  ;  Solutions  of  the  Examples  on  the  Motion  of  a 

Riffid  Body,  p.  85. 

(8)  A  particle  moves  in  a  smooth  straight  tube,  One  point  of 
which  is  fixed,  and  which  revolves  in  a  horizontal  plane  with  a 
uniform  angular  velocity :  if  0  be  the  immoveable  point  of  the 
tube,  and  OP  be  drawn  parallel  and  proportional  to  the  pres- 
sure of  the  tube  on  the  particle,  to  find  the  equation  to  the 
locus  of  P. 

If  6  be  the  inclination  of  OP  to  any  given  position  of  the 

tube, 

OP  »  ae*  +  /8e"*, 

where  a  and  /3  are  constants. 
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(9)  Two  particles,  connected  together  by  a  rigid  rod  without 
weight,  are  projected  along  a  smooth  horizontal  plane :  to  deter- 
mine their  motion. 

Let  the  plane  of  co-ordinates  coincide  with  the  plane  of  the 
motion.  Let  m,  n,  be  the  resolved  parts  of  the  initial  velocity  of 
the  centre  of  gravity  of  the  two  particles  parallel  to  the  axes  of 
Xy  y,  and  let  a,  b,  be  its  initial  co-ofdinates.  Let  eo  be  the  initial 
angular  velocity  of  the  rod,  0  its  inclination  to  the  axis  of  x  at 
the  end  of  the  time  ty  and  e  at  the  beginning  of  the  motion. 
Then  the  position  of  the  centre  of  gravity  is  given  at  any  time  t 
by  the  equations 

and  the  inclination  of  the  rod  to  the  axis  of  x,  by  the  equation 

Clairaut ;  Memoir es  de  VAcaddmie  des  Sciences  de  Parts, 
1736,  p.  7.  Euler ;  Act.  Acad.  Petrop.  1780,  P.  1 ; 
Opuscukby  De  motu  corporum  flexibilium,  Tom.  ill. 
p.  91. 

(10)  A  spherical  particle  moves  within  a  smooth  tube,  which 
revolves  about  one  extremity  with  a  uniform  angular  velocity  in 
a  vertical  pldtie,  the  capacity  of  the  ttibe  being  just  sufficiently 
great  for  the  reception  of  the  particle :  to  determine  the  motion 
of  the  particle. 

Let  Ox,  (fig*  16l)i  which  is  horizontal,  be  the  initial  position 
of  the  tube,  and  P  the  position  of  the  particle  in  the  tube  after 
a  time  t  Let  o)  denote  the  angular  velocity  of  the  tube  about  0, 
0  the  inclination  of  OP  to  Ox,  and  let  OP  =  r.  Then,  supposing 
the  initial  velocity  of  the  particle  to  be  zero,  and  that  r=ia 
initially,  the  value  of  r  at  any  time  t  is  giveti  by  the  equation 

and  the  polar  equation  to  the  path  of  the  particle  will  result 
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from  the  substitution  of  0  for  not  in  this  equation.    When  t 
becomes  very  great,  the  polar  equation  becomes 

2W-gr 

which  is  the  equation  to  an  equiangular  spiral. 

The  solirtion  of  this  problem  was  attempted  by  M.  Le  Barbier, 
in  the  Annalea  <fe  Oergonne,  Tom.  xix.  p.  285,  who  omitted  to 
take  into  consideration  the  centrifugal  force,  an  oversight  which 
entirely  vitiated  his  results.  The  correct  solution  was  given  in 
Tom.  XX.  by  Ampere. 

(11)  A  smooth  wire  in  the  form  of  a  circle  is  made  to  revolve 
about  a  vertical  diameter  with  uniform  angular  velocity :  a  small 
ring,  capable  of  sliding  upon  the  wire,  would  remain  at  rest 
relatively  to  the  wire  at  a  point  of  which  the  radius  is  inclined 
at  an  angle  a  to  the  vertical :  to  find  the  length  of  an  isochronous 
simple  pendulum  for  oscillations  of  the  ring  when  slightly  dis- 
placed from  its  position  of  relative  rest. 

If  a  be  the  radius  of  the  circle,  the  length  of  the  pendulum  is 
equal  to  a  cot  a  cosec  or. 

(12)  A  tube  in  the  form  of  a  cardioid,  the  axis  of  which  is 

equal  to  2a,  rotates  with  a  uniform  angular  velocity  ( -  j    about 

its  axis,  which  is  verticatl,  the  cusp  being  at  the  top.    A  particle 
is  projected  within  the  tube  at  its  lowest  point  with  a  velocity 

(Sga)^ :  to  find  the  greatest  altitude  to  which  the  particle  will 
ascend. 

The  particle  when  at  its  greatest  altitude  is  in  a  horizontal 
line  with  the  cusp. 

(13)  A  particle  falls  from  rest  towards  a  fixed  centre  of  force, 
which  attracts  directly  as  the  distance :  to  find  the  equation  to 
the  path  of  the  particle,  supposing  it  to  be  included  in  a  thin 
smooth  rectilinear  tube,  which  passes  through  the  centre  of  force 
And  revolves  in  one  plane  with  a  uniform  angular  velocity. 
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Let  fi  =  the  absolute  force,  a>  =  the  angular  velocity  of  the 
tube ;  and  let  a»  the  initial  distance  of  the  particle  from  the 
centre  of  force,  be  taken  as  the  prime  radius  vector :  then  the 
equation  to  the  path  will  be 

or  r  =  aco8  J(/A— a>*)*-|- , 

according  as  /i  is  less  or  greater  than  6>*. 
If  /A  =  o)*,  the  path  becomes  a  circle. 

(14)  A  particle  P  (fig.  165)  is  fixed  to  one  end  of  a  rigid 
rod  PQ^  which  lies  upon  a  smooth  horizontal  plane,  and  is  so 
fine  that  its  mass  may  be  neglected.  The  end  Q  is  constrained 
to  move  with  a  uniform  velocity  in  the  circumference  of  a  circle 
ABQ;  to  find  the  velocity  of  the  increase  of  the  angle  PQB,  0 
being  the  centre  of  the  circle,  and  0  QR  a  straight  line. 

If  PQ  =  h,  OQ  =  a,  A  PQR  =  i|r  at  any  time  ^,  a  =  the  initial 
value  of  '^,  «  =  the  angular  velocity  of  OQ,  )8=2the  initial  value 

of  -^ ,  then  , 

A  [ -^  —  ^j  =s  2a<tf'  (cos  ^  —  cos  a). 

Qairaut ;  M^m.  de  tAcad,  des  Sciences  de  Paris,  1736^  p.  14r. 

(15)  QBA  (figtf  166)  is  a  circle  on  a  horizontal  plane,  and  QP 
a  string  touching  it  at  the  point  Q\  P  is  a  particle  attached  to 
the  end  of  the  string.  Supposing  the  particle  P  to  be  projected 
at  right  angles  to  QP  with  a  given  velocity  so  as  to  cause  QP  to 
be  gradually  wrapped  about  the  circumference  QBA  ;  to  find 
the  velocity  of  the  partide  at  any  time  during  the  motion,  and 
the  time  which  will  elapse  before  the  particle  reaches  the 
circumference. 

Let  fi  be  the  velocity  of  projection,  v  the  velocity  at  any  time 
during  the  motion,  b  the  length  of  the  string  PQ,  a  the  radius^ 
of  the  circle,  T  the  tinje  reqtiired.     Then 

x>        /IT      *' 
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(16)  A  circular  horizontal  lamina  of  matter  ABC,  (fig.  167), 
every  particle  of  which  attracts  with  a  force  varying  inversely  as 
the  distance^  is  made  to  revolve  with  a  uniform  angular  velocity 
round  an  axis  through  its  centre  0  at  right  angles  to  its  plane, 
the  motion  taking  place  in  the  direction  of  the  arrows  :  to  find 
the  equation  to  the  groove  Aa  which  must  be  carved  in  the  cir- 
cular lamina  in  order  that  it  may  be  described  freely  by  a  particle 
subject  to  the  attraction  of  the  lamina ;  the  initial  position  of  the 
particle  being  a  point  A  in  the  circumference  of  the  circle,  and 
its  initial  velocity  being  zero. 

Let  P  be  any  point  in  the  groove;    let   OP^r,  OA  =  a, 
^  POA  =  ^,  a>  =  the  angular  velocity  of  the  lamina  about  0,  and 
/=  the  attraction  of  the  lamina  on  a  particle  in  its  circumfer- 
ence.   Then  the  equation  to  the  groove  Aa  will  be 


r=acos 


m'\ 


(17)  Two  small  equal  bodies  J.,  B,  connected  together  by  a 
rigid  line,  are  placed  in  a  narrow  rectilinear  tube,  in  which  they 
can  move  without  friction ;  the  tube  is  then  made  to  revolve  with 
a  uniform  angular  velocity  round  a  vertical  axis  which  passes 
through  a  point  C  of  the  tube,  this  point  C  lying  initially  be- 
tween A  and  £  at  a  distance  a  from  A  and  h  from  B :  to  find 
the  time  of  ^'s  arriving  at  C,  and  the  tension  of  the  rigid  line 
at  any  time,  a  being  considered  less  than  &. 

If  CO  denote  the  angular  velocity  of  the  tube,  m  the  mass  of 
each  particle,  t  the  required  time,  and  T  the  tension ;  then 

(18)  A  particle  is  drawn  up  an  indefinitely  thin  cycloidal 
tube,  the  axis  of  the  cycloid  being  vertical,  by  means  of  an  equal 
particle,  to  which  the  former  particle  is  attached  by  a  thread 
passing  over  a  pully  at  the  highest  point  of  the  arc :  to  find  the 
time  of  ascending  to  the  highest  point 
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If  T  represent  the  required  time,  and  i  the  time  of  a  semi- 
oscillation  in  the  cycloid, 

(19)  A  particle  having  been  placed  at  a  point  in  a 
straight  line  in  a  horizontal  plane  of  indefinite  extent,  round 
which  line  as  an  axis  the  plane  is  then  made  to  revolve  with  a 
uniform  angular  velocity :  to  find  what  time  will  elapse  before 
the  paiticle  leaves  the  plane. 

If  a>  be  the  angular  velocity  and  i  the  required  time,  then 

4  cos  fAi  =  €*•*  +  c"*^. 

This  problem  was  proposed  in  the  LadxfB  Diary,  for  the  year 
1778,  by  John  Landen,  by  whom  a  solution  was  given, 
which  is  singularly  defective,  not  only  in  consequence  of  his 
neglecting  the  consideration  of  centrifugal  force,  but  also  from 
his  erroneously  supposing  the  horizontal  velocity  of  the  par- 
ticle to  be  equal  to  its  velocity  along  the  plane,  multiplied  by 
the  cosine  of  the  plane's  inclination  to  the  horizon.  See 
Diarian  Repository,  p.  512,  where  a  correct  solution  is  given  by 
the  Editors  of  the  Repository,  together  with  Landen's. 


Sect.  7.     Constrained  Motion  of  a  Particle  in  Resisting  Media, 

(1)  A  particle  descends  down  a  straight  line  AB,  (fig.  168), 
inclined  at  an  angle  a  to  the  vertical,  in  a  medium  of  uniform 
density,  in  which  the  resistance  varies  as  the  velocity  :  to  de- 
termine the  velocity  and  the  space  at  the  end  of  any  time. 

Let  Pbe  the  position  of  the  particle  at  the  end  of  any  time  t, 
V  its  velocity ;  let  AP=  x,  and  k  =  the  resistance  for  a  unit  of 
velocity.  Then,  since  the  resolved  part  of  the  force  of  gravity 
along  AB  is  at  every  point  g  cos  a,  we  have  for  the  motion  of  P, 

dv  J 

-^^gcosa-kv, 

i-  ^dt. 

gcos  a—  kv 
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Integrating,  we  have 

C  —  Tlog  (ff  cosa  —  kv)  =  t ', 

but  r=sO  when  f  =  0,  and  therefore 

(7  -  T  log  (gr  cos  a)  =  0  : 

,  1.      gcoaa  —  kv 

hence  -,  log =  ^  fc 

K    "^     ^cosa 

g  cos  a  —  kv      .j, 
g  cos  a      ^      ' 

flr  cos  a  ,-       ^. 

which  gives  the  velocity  for  any  value  of  t 
Again,  since  dx=  vdt,  we  have 

but,  A  being  considered  the  initial  position  of  the  particle, 

hence  x  =  ^^^    (&*-!  +  e"**), 

which  gives  the  position  of  the  particle  at  any  time. 

Euler ;  Mechan.  Tom.  il.  p.  244. 

(2)  A  particle  descends  from  rest  by  the  action  of  gravity 
from  a  point  JF,  (fig.  169),  down  the  arc  EA  of  a  cycloid  BAB*, 
of  which  the  axis  AG  is  vertical ;  the  motion  takes  place  in  a 
medium  of  uniform  density,  where  the  resistance  is  equal  to 
the  sum  of  two  quantities,  one  of  which  is  constant  and  the 
other  proportional  to  the  square  of  the  velocity :  to  find  the 
velocity  of  the  particle  when  it  arrives  at  the  point  A,  and 
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to  determine  at  what  point  in  its  descent  its  velocity  is  a 
maximum. 

Let  AM=^  X,  AP=^  8,  AE=  c,v  —  the  velocity  at  P;  then,  h 
and  k  being  constant  quantities,  the  equation  of  motion  along 
the  curve  will  be 

dv  dx     ,      V* 

hence  d.v*  —  ^  t?*  =  —  2gdx  +  2hds : 

but,  by  the  nature  of  the  cycloid,  if  Ja  be  the  radius  of  the 
generating  circle,  dx=^-ds:  hence 

d .  t?*  — r-  v"  =  -  -^  «(i«  +  2hd8. 
k  a 

Multiplying  both  sides  of  the  equation  by  €  * ,  we  have 

a 
Integrating,  we  have 


o  J 


but  U'"  8d8  =  -ilce~^s+itkl  e'^ds 


hence  ^e"*  =  C-hke'^  +  -(^ka+ igJ^)e'^ 


But,  initially,  t;  =  0,  «  =  c :  hence 


1  -^ 
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Let  Wj  be  the  value  of  t;  when  «  =  0 ;  then 

V*  =  C ^-h^glf  - ahk) ; 

k  k  -- 

and  therefore        v*  =  -  {^gk  —  ah)  —  {gc  +  i  ^ri  —  ah)  e'  *. 

a  a 

-'     k  '-     k  -- 

Again,  v*€  *  =  -  (gs  +  ^gk  —  ah)€  *  -  -  (5^0  +  \gk  —  dh)e  * , 

a  a 

ff^-^gs^-lgk-^ah)--  {gc  +  Igk-ah)  c*'"^. 
a  a 

When  v  ifi  a  maximum, 


«  -  c  +  -  loe  — J^^— -  c  -  -  loir -^^ii^^:!^ 

"which  gives  the  position  of  the  particle  when  the  velocity  is 
a  maximum.  Euler ;  Mechan.  Tom.  u.  p.  292, 

(8)  From  a  given  point  0,  (fig.  170),  an  infinite  number  of 
straight  lines  OP  are  drawn  in  a  vertical  plane :  to  determine 
the  nature  of  the  curve  APD,  such  that  a  particle  descending 
down  any  line  OP  may  always  acquire  the  same  velocity  on 
arriving  at  P,  the  medium  in  which  the  motion  takes  place 
being  uniform,  and  its  resistance  varying  as  any  power  of  the 
velocity. 

Let  /3  be  the  velocity  at  P,  v  at  any  point  p  in  OP;  let 
OP=^r,  OP^Zy  ^POx^e.  Ox  being  vertical;  draw  PM 
horizontally,  and  let  OM^  x ;  then,  k  being  the  resistance  for 
a  unit  of  velocity,  and  m  the  index  of  its  power, 

V  -7-  =gr  cos  tf  —  Art?**, 

•  _         vdv 
^  gcoB0  —  kv^' 
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Integrating,  we  have 

But  as  sr  008  0;  hence 
_  f  ^        fidl3 

"^"Jog-k/S^Bece (^) 

But^  ff  being  a  constant  quantity  while  x  and  0  vary,  we 
have,  from  (1), 

dx^kd{sec0).l  z — y^       /|„; 

Joi9-k^9ec0y' 

and  therefore,  by  (2), 


g^kl3^sec0        dsec0 


r 


or,  putting  -  for  sec  0, 


X 


and  therefore     (m  —  2)  rdic  +  2a?rfr  ^/S" rpup ; 

which  is  the  differential  equation  to  the  curve  in  x  and  r. 

Euler ;  Mechan,  Tom.  ii.  p.  246. 

(4)  To  find  the  tautochrone  in  a  medium  the  resistance  of 
which  varies  as  the  square  of  the  velocity,  the  particle  being 
acted  on  by  gravity. 

Let  0  (fig.  171)  be  the  point  to  which  the  particle  is  always 
to  descend  in  the  same  time,  A  0  being  the  tautochrone.  Take 
Oy,  a  horizontal  line,  as  the  axis  of  y,  Ox^  a  vertical  line,  as  the 
axis  of  a?.  Let  OJf  =  a?,  0P^8\  v  =  the  velocity  of  the  particle 
at  P,  and  k  =»  the  resistance  of  the  medium  for  a  unit  of  velo- 
city. 

w.  s.  24 
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The  equation  for  the  motion  along  the-  iSnrve  will  be 

vdv  =  --gdx  +  Ift^ds : 

multiplying  by  2€"**,  we  have 

d  (vV*)  =  —  2g€'^  dx. 

Integrating,  we  obtain 

n^e"^ »  G-2gje^ dx. 

Suppose  the  velocity  of  the  particle  on  its  arrival  at  0  to  be 
that  dae  to  an  altitude  h  in  vacnum ;  then 


hence 


2gh=C--2gr  e'^dx; 
^e^=:2g{h^f^e^dx} (1), 


and  therefore,  v  being  equal  to  —  -^  at  any  time  t. 


di=-^ 


dt 

1        €^d8 


(25f)»(A-u)i' 


where  ««[  €^dx (2). 

t 

Now,  8  being  some  function  of  x  and  therefore  of  u,  we  may 
assume  e~^<&~  ^  (u)  du,  and  thus 

,  1    ^  (u)  du  1    [<f>{u)du 

(2y)»(A-«)*'        "     (25r)ij(^^r;p' 

But  ^  =  0  when  t;  =  0,  and  therefore,  by  (1)  and  (2),  when 
t»  ss  A ;  and  it  will  denote  the  whole  time  of  descent  to  0  from 
the  beginning  of  the  motion  when  x^O,  and  therefore,  by  (2), 
when  tt «  0 ;  hence  the  whole  time  of  the  descent  is  equal  to 

1     /"*  ^  (»)  du  , 

(2g)ijjh.u)^ ^^' 
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a  result  which,  on  the  condition  of  tautochronism,  must  evidently 
be  independent  of  h.    From  this  it  is  plain  that 

du 

must  be  of  no  dimensions  in  u  and  h  together,  and  that  conse- 
quently its  differential  ^-^-^ — r  must  be  of  no  dimensions  in  u, 

A,  du ;  hence,  since  0  (ti)  evidently  does  not  involve  &,  we  must 
have 

u^ 

where  a  is  some  constant  quantity.  Hence,  putting  for  ^  (u)  its 
value, 


Int^rating,  we  have 


^  jt        du 

MS 


^  — j€"**  =  2aM*. 


But,  by  (2),  when  8  and  therefore  x  is  equal  to  zero,  u  ==  0 ; 
hence  ^  ""  I  ~  ^ ' 

hence  j,{l^€'^^2oiuK     5^  (1  -  e"^' =  4a"ii, 

and  therefore  the  equation  to  the  tautochrone  will  be 

da 


Since  6  (w)  =  ^ ,  we  have,  from  (3),  if  t  denote  the  whole  time 


a 

of  descent, 


wa  1     2gT* 


24—2 
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and  therefore  the  equation  to  the  tautochrone  for  the  time  r 
will  be 

^k^^^'n'i^-l)..... (4). 

Euler ;  Comment.  Petrop.  1729 ;  Mechan.  Tom.  ii.  p.  392. 
John  Bernoulli ;  M4m^  de  tAcad.  des  Sciences  de 
Paris,  1730  ;  Opera,  Tom.  ni.  p.  173.  See  also  the 
Cambridge  MatiiemaJtical  Journal,  Vol  ii.  p.  153, 
where  Mr  Robert  Leslie  Ellis  has  reduced  the  solu- 
tion of  this  problem  to  that  of  the  Tautochrone  in 
vacuum. 

(3)    A  particle  of  mass  m  falls  down  the  arc  of  a  smooth 
cycloid,  the  axis  of  which  is  vertical  and  vertex  upwards,  in 

a  medium  the  resistance  of  which  on  the  particle  is  -^,  c 

being  the  length  of  the  arc  of  the  cycloid  from  the  vertex  to  the 
initial  position  of  the  particle  :  to  find  the  time  of  falling  to  the 
cusp. 

If  { be  the  length  of  the  cycloidal  arc  between  the  vertex  and 
the  cusp,  the  required  time  is  equal  to 


ii-<'-"'}' 


(6)  A  particle  oscillates  in  an  inverted  cycloid,  of  which 
the  axis  is  vertical,  in  a  uniform  medium  where  the  resistance 
varies  as  the  velocity ;  having  given  the  first  arc  of  descent,  to 
find  the  whole  space  described  by  the  particle  before  the  motion 
ceases. 

Let  c  denote  the  first  arc  of  descent,  h  the  resistance  when  the 
velocity  is  unity,  a  the  radius  of  the  generating  circle ;  then  the 
whole  space  will  be  equal  to 

€*  +  l         X.        »  kn 

c  -r — =• ,    where  tb  =  ,  i . 

(7)  An  inelastic  particle  descends  down  the  sides  of  a  plane 
equilateral  and  equiangular  polygon  in  a  vertical  plane,  the 
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medium  in  which  the  motion  takes  place  being  uniform  and  its 
resistance  varying  as  the  square  of  the  velocity ;  to  determine 
the  velocity  of  the  particle  when  it  has  arrived  at  the  end  of 
any  side  of  the  polygon,  the  side  down  which  the  particle  first 
descends  being  vertical 

Let  7r  —  a  be  the  magnitude  of  each  of  the  angles  of  the  poly- 
gon, I  the  length  of  each  of  its  sides,  kt^  the  resistance  for  a 
velocity  v ;  v„  the  velocity  a.t  the  end  of  the  a^  side.    Then 

u  ,-.    /"  — cosa       T^T      sina     su 

where  M=^ ,     ^=7 v^c*": 

cos  a     '  (coso)       ' 

and  ^  is  an  arbitrary  constant  which  will  easily  be  determined 
if  we  know  the  value  of  r,  for  any  value  of  x. 

Bordoni ;  Memorie  deUa  Sodeta  ItaMana,  1816,  p.  173. 

(8)  From  a  given  point  0  (fig.  170)  an  infinite  number  of 
straight  lines  OP  are  drawn  in  a  vertiod  plane ;  to  determine 
the  nature  of  the  curve  APD,  in  order  that  a  particle  descending 
down  any  line  OP  may  always  acquire  the  same  velocity  on 
arriving  at  P;  the  motion  taking  place  in  a  medium  of  uniform 
density  where  the  resistance  varies  as  the  square  of  velocity. 

Let  OA  be  vertical  and  be  represented  by  a ;  let  OP  =  r, 
0M=  oj,  &  =  the  resistance  for  a  unit  of  velocity ;  then  the  equa- 
tion to  the  curve  will  be 

€^e^-l 

Euler ;  Mechan.  Tom.  n.  p.  25L 

(9)  From  a  given  point  0  (fig.  172)  an  infinite  number  of 
straight  lines  OP  are  drawn  in  a  vertical  plane ;  to  determine 
the  nature  of  the  curve  OPA  in  order  that  a  particle  may 
descend  through  all  its  chords  OP  in  the  same  time;  the  motion 
taking  place  in  a  medium  of  uniform  density  where  the  re- 
sistance varies  as  the  square  of  the  velocity. 
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Let  OA  be  vertical  and  be  equal  to  a;  let^P«T,  ^A  OP^O) 
then  the  polar  equation  to  the  curve  OPA  will  be 

,       .^j     log  {e^ +  («•"-!)*} 
(«»  ^)*  =  log  {/■ +(«--!)  V 

Euler ;  Mechan.  Tom.  ii.  p.  256. 

(10)  A  particle^  acted  on  by  gravity,  is  ascending  the  curve 
MNA,  (fig.  173),  in  a  medium  where  the  resistance  varies  as 
the  square  of  the  velocity ;  to  find  the  nature  of  the  curve  in 
order  that  the  velocity  of  the  particle  at  any  point  N  may  be 
the  same  as  that  which  it  would  acquire  by  falling  in  the  same 
medium  down  a  vertical  line  Ilf^  the  length  of  which  is  equal 
to  the  arc  AN  of  the  curve  measured  from  a  fixed  point  A, 

Draw  through  A  a  vertical  line  AB,  and  let  fall  NQ  at  right 
angles  to  AB;  let  AQ  =  x,  AN=^8j  and  &  =  the  resistance  of 
the  medium  for  a  unit  of  velocity.  Then  the  differential  equa- 
tion to  the  curve  will  be 

A:  («  +  «)  =  1  —  c"*". 

This  problem  was  proposed  to  Clairaut  on  his  journey  to 
Lapland,  by  Kliugstiema,  Professor  of  Mathematics  at  Upsal,  at 
which  place  he  called  on  his  way ;  Klingstierna's  construction, 
together  with  his  own  solution,  was  published  by  Clairaut  in 
the  M^moires  de  VAcademte  des  Sciences  de  Parie^  1740,  p.  254. 


Section  8.    Hcdographs. 

(1)  A  particle  descends  from  rest  down  a  thin  cycloidal 
tube,  the  axis  of  the  cycloid  being  vertical  and  vertex  the 
highest  point :  to  investigate  the  form  of  the  hodograph. 

Let  the  axis  of  the  cycloid  be  the  axis  of  x,  the  tangent  at  its 
vertex  being  that  of  y .  Let  c  be  the  initial  vertical  distance  of  the 
particle  below  the  vertex.  Let  v  be  the  velocity  of  the  particle 
at  any  point  of  its  descent,  and  y^  the  inclination  of  the  tangent 
to  the  curve  at  that  point  to  the  vertical.     Then  t;*  =  2flF  (a:  —  c). 
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Also,  a  being  the  radios  of  the  generating  circle  and  d  the  ec- 
centric angle,  a?  =  a  (1  —  cos  ^),  y  »  a  (d  +  sin  ff). 

Hence  tan^  =  $?  =  li^ 

^     (&        sind     ' 

sin^sin'^scos'^  +  cos  ^cos*^, 

cos  (5  +  '^)  =cos  (tt  -  y^), 

Hence  v*  =  2ga  (1  —  cos  S)  —  25rc 

=  2^a  (1  +COS  2i^)  -  ige, 
which  is  the  equation  to  the  hodograph. 

Cor.  If  the  initial  position  of  the  particle  coincide  with  the 
vertex  of  the  cycloid,  c  =  0,  and  v  =  2ga  cos  -^ :  the  hodograph 
is  then  a  circle. 

(2)  A  particle  moves  on  a  curve  in  a  vertical  plane,  the 
curve  being  such  that  the  pressure  on  it  is  constant :  to  deter- 
mine the  form  of  the  hodograph. 

The  hodograph  is  a  conic  section  of  which  the  directrix  is 
horizontal. 

(3)  A  straight  rod,  the  ends  of  which  are  moveable  along 
two  perpendicular  straight  lines  in  one  plane,  revolves  with  a 
constant  angular  velocity :  to  find  the  hodographs  of  the  paths 
of  its  points. 

The  required  hodographs  are  ellipses  enveloped  by  a  hypo- 
cydoid 
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CHAPTER  V. 

MOMENT  OF  INERTIA. 

The  Moment  of  Inertia  of  a  body,  with  regard  to  any  axis,  is 
the  sum  of  all  the  products  resulting  from  the  multiplication  of 
each  element  of  the  mass  by  the  square  of  its  distance  from  the 
axis.  If  M  denote  the  whole  mass  of  the  body,  the  Moment  of 
Inertia  may  be  represented  by  the  expression  MJf,  where  h  is 
a  line  called  the  Radius  of  Gyration.  The  term  Moment  of 
Inertia  was  first  made  use  of  by  Euler.  "  Ratio  hujus  denomi- 
nationis  ex  similitudine  motus  progressivi  est  desumpta :  quem- 
admodum  enim  in  motu  progressive,  si  h,  vi  secundum  suam 
directionem  sollicitante  acceleretur,  est  incrementum  celeritatis 
ut  vis  sollicitans  divisa  per  massam  seu  inertiam ;  ita  in  motu 
gyratorio,  quoniam  loco  ipsius  vis  solicitantis  ejus  momentum 

considerari  oportet,  eam  expressionem  I  r^dM,  quae  loco  inertia3 

in  calculum  ingreditur,  Tnomentum  inertias  appellemus,  ut  in- 
crementum celeritatis  angularis  simili  mode  proportionale  fiat 
memento  vis  sollicitantis  diviso  per  momentum  inertiseV 

Sect.  1.    A  Plane  Curve  about  an  Aods  mthin  its  Plane. 

(1)  To  find  the  moment  of  inertia  and  radius  of  gyration  of  a 
circular  arc  about  a  radius  through  its  vertex. 

Let  HAK  (fig.  174)  be  the  circular  arc,  A  its  vertex,  C  the 
centre  of  the  circle.  Take  any  point  P  in  the  arc ;  draw  PM 
at  right  angles  to  the  radius  CA ;  join  HK,  intersecting  CA  in 
E.  Join  Cfl;  CK,  CP.  Let  PM^r.  y,  OA  =  a,  arc  AP==  »,  HE 
=^c^KE,  ^ACH=a^iACK,  zPOA^d.  Then,  the  density 
of  the  arc  and  the  indefinitely  small  area  of  tbe  section  of  it 

^  Euler;  Theoria  Motus  Carporum  Solidorumt  p.  167. 
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made  by  a  plane  through  (7,  at  right  angles  to  its  own  plane, 
being  represented  respectively  by  p  and  k^  we  shall  have 

Mlf^Kpij^ds 

^icp\      a*  sin*  6 .  adO 

^^Kpa*j     (1-008  2^ 

=  ^Kpcf  (2a  -  sin  2a) : 
but  M^Kp.2aoL: 

hence  If  =  ^a*  [1 5 — j 

.  .     a  sin  a.  a  cos  a 
'^ 2-a 


d0 


K 


2»   —1  c 
sin  *- 


a 
If  the  arc  be  a  semicircle,  c==a,  and,  if  a  circle,  c  ^  0 ;  in  both 
cases  i?  =  ^a\ 

(2)  To  find  the  radius  of  gyration  of  a  material  straight  line 
OB,  (fig.  175),  about  an  axis  OA,  to  which  it  is  inclined  at  a 
given  angle,  the  density  at  any  point  of  OB  varying  as  some 
power  of  its  distance  firom  0. 

Take  any  point  P  in  OB;  draw  PJlf  at  right  angles  to  OA; 
letPif=y,  0P^8,  OB^l,  i  AOB^a,  p  =  the  density  at  P: 
then  p  «  ^*,  where  /i  is  a  constant  quantity.    Hence 


f^ 


C  f  iciL  sm 

Mlf^K  \pnfds'=^Kp»  sin*  a  I  »*"**&  s=-^- — — 

Also,  J/ssic  |pc&  =  ^ftl  «*(fo=  -^--T^- 

J  Jo  n  4- 1 

Hence  we  get  If  — zr  P  sin*  a. 

^  n  +  3 

If  the  density  be  invariable,  n  =  0,  and  &*  =  JP  sin*  a. 


378  MOMENT  OF  INEBTIA* 


Sect.  2.    A  Flam  Oarve  about  an  Axis  at  Right  Angles 

to  its  Plane. 

(1)  To  find  the  radius  of  gyration  of  a  straight  line  AB, 
(fig.  176)  about  an  axis  through  D  at  right  angles  to  the  plane 
ADB. 

Let  G  be  the  middle  point  of  the  line;  join  CD.  Let  AC=a 
sszBG,  CD =hf  k  =  the  radius  of  gyration  about  the  axis  through 
D,  and  A;' » that  about  an  axis  parallel  to  this  through  C.    Then 

Bui,  2apK  being  the  mass  of  AB, 

2apKk'*  sa  pK  I     ^ds  =  -^  a*, 

k'^  =  ia\ 
Hence  Jfc*  =  Ja*  +  6". 

(2)  To  find  the  radius  of  gyration  of  a  circular  arc  about  an 
axis  perpendicular  to  its  plane  through  its  centre  of  gravity. 

Let  k  be  the  radius  of  gyration  about  the  required  axis,  k' 
about  an  axis  parallel  to  this  through  the  centre  of  the  circle, 
and  h  the  distance  between  the  centre  of  gravity  of  the  arc  and 
the  centre  of  the  circle.    Then 

i'^^i^  +  A'. 

But,  r  denoting  the  radius  of  the  circle,  c  the  chord,  and  a 
the  length  of  the  arc, 

a 
Hence,  for  the  required  radius  of  gyration, 

a  ^  ^ 

(3)  To  find  the  radius  of  gyration  of  a  circular  arc  about 
an  axis  perpendicular  to  its  plane  through  its  vertex. 
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If  r  =  the  radius  of  the  circle^  a  =  the  length  and  c  =  the  chord 
of  the  arc, 


i-.2^(l-i) 


(4)  If  the  density  of  a  straight  rod  AB  vary  as  the  n^  power 
of  the  distance  from  one  end  A,  and  i,  k\  be  the  radii  of  gyra- 
tion of  the  rod  round  axes  at  right  angles  to  its  length  through 
A  and  B  respectively ;  to  compare  the  values  of  k  and  k',  and  to 
ascertain  the  value  of  n  so  that  k  may  be  equal  to  6k'. 

(5)  To  find  the  shape  of  a  uniform  wire,  lying  in  one  plane, 
such  that  the  moment  of  inertia  of  any  portion  about  an  axis 
perpendicular  to  its  plane  may  vary  as  the  difference  of  the 
distances  of  its  extremities  from  the  axis. 

The  equation  to  the  form  of  the  wire,  a  and  a  being  constants, 
and  the  point  where  the  axis  intersects  the  plane  being  the 
origin  of  polar  co-ordinates,  is 

2(«-<?)  =  i^l^  +  8iii->^.. 


Sect.  3.    A  Plane  Area  about  an  Axis  within  or  parallel 

to  its  Plane. 

(1)  To  find  the  radius  of  gyration  of  an  elliptic  area,  of 
uniform  thickness  and  density,  about  itfl  principal  axes. 

Let  p  represent  the  uniform  density  of  the  area,  and  t  its  in- 
definitely small  thickness ;  then,  x,  y,  denoting  the  co-ordinates 
of  any  point  of  the  curve  ireferred  to  the  axes  of  the  ellipse  as 
axes  of  co-ordinates,  we  have  for  the  moment  of  inertia,  about 
the  major  axis  of  a  quadrant  of  the  ellipse. 
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Jo 

but  r^{^-tn^dy^if\b*-in^dy 

Jo  Jo 

Jo 

Hence  the  moment  of  inertia  of  the  whole  ellipse  will  be  equal 
to 

but  4tJI£  ss  iTfyrdb ; 

hence  A;*  =  JJ*. 

If  k'  denote  the  radius  of  gyration  about  the  minor  axis,  we 
shall  have,  by  similar  reasoning, 

(2)  To  find  the  radius  of  gyration  of  a  circular  area  about  a 
straight  line  parallel  to  its  plane,  at  a  distance  c  from  its 
centre. 

If  a  be  the  radius  of  the  circle,  and  k  the  required  radius  of 
gyration, 

(3)  To  find  the  radius  of  gyration  of  an  isosceles  triangle 
about  a  perpendicular  let  fall  from  its  vertex  upon  its  base. 

If  26  =  the  length  of  the  base, 

k^^ib\ 

(4)  To  find  the  radius  of  gyration  of  a  lamina,  bounded  by 
the  lemniscate  r' »  a'  cos  20,  about  the  axis  of  the  curve. 
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If  £  be  the  radius  of  gyration, 


(5)  To  find  the  radius  of  gyration  of  the  area  of  the  lem- 
niscate  r^  =  a*  cos  2^  about  a  tangent  at  its  node. 

The  radius  of  gyration  is  equal  to  ^^a. 

(6)  To  find  the  moment  of  inertia  of  a  triangle  ABG  about 
an  axis  drawn,  in  the  plane  of  the  triangle,  through  the  angular 
point  A. 

If  m  be  the  mass  of  the  triangle,  and  b,  c,  the  lengths  of  the 
perpendiculars  from  B,  C,  upon  the  axis,  the  required  moment 
of  inertia  is  equal  to 

Messenger  of  Mathematics,  VoL  iv.  p.  115. 


Sect.  4.    A  Flane  Area  about  a  Perpendicular  Axis. 

(1)  To  find  the  radius  of  gyration  of  a  triangular  lamina 
AB  G,  (fig.  177)»  about  an  axis  through  A  at  right  angles  to  its 
plane. 

Take  two  points  P,  p,  indefinitely  near  to  each  other  in  the 
side  AB,  and  draw  PM,  pm,  parallel  to  BG.  Take  P",  p',  in 
PM,pmy  and  construct  the  indefinitely  small  parallelogram  Pp', 
two  of  the  sides  of  which  are  parallel  to  AG.  Let  AM=x^ 
PM^y,  P'M^i/,  Am  =  x  +  dx,  pm^y'-i^dy,  aAGB^G\ 
let  a,  b,  c,  be  the  three  sides  of  the  triangle. 

Then,  Mk^  denoting  the  moment  of  inertia  about  A,  we  have, 
r  denoting  the  indefinitely  small  thickness,  and  p  the  density  of 
the  lamina. 
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Ml^ = j    r(aj»  +  y**  -  2a:y'  cos  G)  pr  sin  Cdxdy 
=  /iT8mCf  (aj*y  +  }y*  —  a?y" COS  0) (faj 

=  pTsm(7l    (ra'  +  JrgaJ*  — ^aj'cos  Ojdo? 

=  ^.  J/oT  oft  sin  (7(6J*+  2a*-  6ai  cos  C) 

«:i»yjf{6&'+ 2a*- 3 («•+&•- (?)}, 

and  therefore 

A:»  =  ^(3J*+3c*-a*). 

(2)  To  find  the  radius  of  gyration  of  a  triangular  lamina 
ABC  about  a  perpendicular  through  its  centre  of  gravity  O, 

Let  AO,  BO,  CO,  be  represented  by  a,  fiyj;  and  BC,  CA, 
AB,  by  a,  ft,  c.  Then,  M  denoting  the  mass  of  the  whole 
triangle  ABC,  ^M  will  be  the  mass  of  each  of  the  triangles 
BOC,  CO  A,  A  OB.  Hence,  by  the  preceding  problem,  the 
moment  of  inertia  of  these  three  triangles  respectively  about 
the  axis  through  O  will  be 

^MiS^  +  S^f-b*), 

and  therefore  the  moment  of  inertia  of  the  whole  triangle  about 
G  will  be  equal  to 

or,  by  a  property  of  the  centre  of  gravity  of  a  triangle,  to 

^M{2  {a*  +  6»  +  c")  -  (a»  +  5*  +  c*)} 

=  ^Jf(a'  +  6«  +  (0. 
Hence  the  square  of  the  radius  of  gyration  will  be  equal  to 

^  {a*  +  6«  +  c*). 

Ewler;  TTieoria  Motus  Corporum  SoUdorum,  cap.  vr. 

Prob.  32.  Cor.  1. 
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(3)  To  find  the  radius  of  gyration  of  an  elliptic  area  about  a 
perpendicular  axis  through  its  centre. 

If  if  be  the  mass  of  the  area>  the  moment  of  inertia  about  the 
two  axes  of  the  ellipse  will  be 

\Mb\        \Ma\ 

But  the  moment  of  inertia  of  a  plane  area^  about  any  perpen- 
dicular axis,  is  equal  to  the  sum  of  the  moments  of  inertia  about 
any  two  lines,  at  right  angles  to  each  other  in  the  plane  area, 
passing  through  the  point  at  which  the  axis  meets  the  area. 
Hence,  in  the  present  problem,  the  moment  of  inertia  about  the 
proposed  axis  is  equal  to 

and  the  square  of  the  radius  of  gyration  =  J  (a*  +  V), 

(4)  To  find  the  radius  of  gyration  of  a  circular  annulus  about 
a  perpendicular  axis  through  the  centre  of  the  circle. 

Let  r  be  the  distance  of  any  point  of  the  annular  area  from  the 
centre  of  the  circle,  0  the  angular  co-ordinate,  p  the  density,  and- 
T  the  indefinitely  small  thickness  of  the  area;  then,  a,  6,  being 
the  radii  of  the  two  concentric  circles, 

Mld^^j    I  r'.prrdddr 

^if^r  {h'-a')dd^iirpT  (6*-  a*). 


d0 


But  M^l     I  prrdedr^^pTJ    (6' -a*) 

Jo    •^A  •'0 

=  TTpr  (b*  —  o") ; 

hence  *;*  =  J(a*+ J*). 

(5)  To  determine  the  form  of  a  uniform  plane  lamina,  and 
the  position  of  an  axis  at  right  angles  to  it,  in  order  that  the 
moment  of  inertia  of  the  lamina  about  the  axis  may  be  a 
minimum,  the  mass,  density,  and  thickness  of  the  lamina  being 
known. 


j> 


\  '■ 
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Let  mlf  denote  its  moment  of  inertia,  m  denoting  its  mass: 
then,  p  being  its  density,  and  r  its  thickness,  x  and  y  being  polar 
co-ordinates, 

fn^fyrj  J    ydxdy     ^^hpT]    ^dx. 

Put  u=ily*dx,        t;  =  ly*  (fa? : 

then,  a  being  some  constant, 

11  —  av  =  I  (y*  —  ay*)  dx, 

Hence,  by  the  formula  of  the  Calculus  of  Variations, 

we  have,  since  P,  Q,  R,  Sec,  are  all  zero, 

which  shews  that  the  disk  is  circular,  its  centre  being  in  the  axis 
of  rotation. 

y^dx^^fnal    dx^^irprcL, 

2m 

a  = , 

irpr 

1  . 

Trpr/ 

(6)  To  find  the  radius  of  gyration  of  a  parallelogram  about 
an  axis  perpendicular  to  it  through  its  centre  of  gravity. 

If  2a,  26,  be  the  lengths  of  two  adjoining  sides  of  the  parallelo- 
grara,  then,  whatever  be  the  angle  of  their  inclination, 

i»  =  j(a«+&»). 
Euler;  Theoria  Motm  Corp.  Sdid,  Cap.  Vl.  Prob.  35. 
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(7)  To  find  the  radius  of  gyration  of  a  regular  polygon  about 
an  axis  perpendicular  to  it  through  its  centre.  If  n  be  the 
number  of  sides,  and  e  the  length  of  each, 

+  C08 

^'^^^^^ 5^- 

1  —  COS  — 

n 

(8)  To  find  the  radius  of  gyration  of  a  portion  of  a  parabola, 
bounded  by  a  double  ordinate  to  the  axis,  about  a  perpendicular 
line  through  its  vertex. 

If  w,  jfj  represent  the  extreme  co-ordinates  of  the  portion. 


Sect.  5.    Plane  Area  ahoui  an  Oblique  Axis, 

« 

Having  given  the  greatest  of  the  moments  of  inertia  of  any 
plane  figure  about  the  three  principal  axes,  which  have  the 
same  origin,  to  find  the  moment  of  inertia  about  an  axis  passing 
through  the  same  origin  and  equally  inclined  to  the  three  prin- 
cipal axes. 

Let  A,  J?,  C,he  the  moments  of  inertia  about  the  three  prin- 
cipal axes:  one  of  these  will  evidently  be  at  right  angles  to  the 
plane  area ;  we  will  suppose  0  to  correspond  to  this.  Then,  /a 
being  the  moment  of  inertia  about  the  other  axis,  and  a,  P,  y, 
its  inclinations  to  the  principal  axes, 

/;A«-4cos'a  +  jBcos*^+  Ccos^y 

=  (.4  +  5+ C)  cos*  a, 

since  a  =  i8  =  7,  by  the  supposition. 

But  we  know  that  A-vB^Oi  hence 

/A  =2  (7  cos*  a, 

C  being  evidently  greater  than  either  A  or  A 

But,  since  cos'  a  +  cos"  y9  +  cos'  7  =  1, 

and  a  =  ^8  =  7,  we  see  that  cos'a  =  J:  hence, 

w.  s.  25 
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SecTi  6.    St/mmetrieal  Solid  about  its  Axis. 

(1)  To  find  the  radius  of  gyration  of  a  homogeneous  sphere 
about  a  diameter. 

Let  X,  x  +  dx,  be  the  distances  of  the  circular  faces  of  a  thin 
circular  slice  of  the  sphere,  at  right  angles  to  the  diameter,  from 
the  centre,  and  let  y  be  the  radius  of  the  section.  Then,  p 
denoting  the  density  of^e  sphere,  the  moment  of  inertia  of  this 
slice  about  the  diameter  will  be  equal  to 

^irpy^dx; 

and  therefore  the  moment  of  inertia  of  the  whole  sphere,  a 
being  its  radius,  will  be  equal  to 

i'^P  I     y  <^  =  i  ^/>  I      {a*-a?ydx-  •^'rrpo^. 
But  the  mass  of  the  sphere  is  equal  to  ^irpa*;  hence 

Euler;  Theoria  Motus  Corporum  Solidorum,  p.  198. 

(2)  To  find  the  radius  of  gyration  of  a  right  cone  about  its 
axis. 

If  a  denote  the  radius  of  the  base  of  the  cone, 

Euler;  76.  p.  197. 

(3)  To  find  the  radius  of  gyration  of  a  hollow  sphere  about  a 
diameter. 

If  a,  b,  be  the  external  and  internal  radii, 

"*  ^  i  "~5      lA* 
^  a  —  6 

Euler ;  Tb.  p.  203. 

(i)  To  find  the  radius  of  gyration  of  a  solid  cylinder  about 
its  axis. 

If  a  denote  the  radius  of  the  cylinder, 

Euler ;  76.  p.  200. 
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(5)  To  find  the  moment  of  inertia  of  a  sphere  about  a 
diameter,  the  density  varying  as  the  nf^  power  of  the  distance 
from  the  centre. 

I{  fjL^  the  density  at  a  unit  of  distance  from  the  centre,  and 
a  =  the  radius,  the  moment  of  inertia  is  equal  to 

(6)  To  find  the  radii  of  gyration  of  an  ellipsoid  about  its  axes. 

If  h,  k,  ly  be  the  radii  of  gyration  about  the  axes  2a»  26,  2c, 
respectively, 

Poisson ;  TVait^  de  M^anijue,  Tom.  2,  p.  i?. 

(7)  If  the  density  at  any  point  of  a  right  circular  cone  be 
proportional  to  the  shortest  distance  of  the  point  from  the 
conical  surface,  to  find  the  radius  of  gyration  about  the  axis. 

If  a  be  the  radius  of  the  base  of  the  cone,  and  k  the  radius  of 
gyration, 

o 

(8)  If  a  plane  closed  figure  symmetrical  on  both  sides  of  a 
line  AA\  or  the  annulus  intercepted  between  two  non-inter- 
secting plane  closed  figures  symmetrical  on  both  sides  of  AA\ 
revolve  round  any  line  BB",  parallel  to  AA'  and  lying  in  the 
plane  of  the  figure  or  annulus,  but  not  intersecting  it,  prove 
that  the  moment  of  inertia  of  the  generated  solid,  with  respect 
to  BB',  is  equal  to  wi  (A*  +  3ifc') ;  where  m  is  the  mass  of  the 
solid,  h  the  radius  of  the  cylinder  generated  by  the  revolution  of 
AA\  and  k  the  radius  of  gyration  of  the  generating  area  with 
respect  to  AA\ 

Townsend:   Quarterly  Journal  of  Mathematics,  Vol.  x.  p.  203. 

25—2 
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Sect.  7.    Moment  of  Inertia  of  a  Solid  not  Symmetriccdwith 

respect  to  the  Aads  of  Gyration. 

(1)  To  find  the  radius  of  gyration  of  a  solid  cylinder  about 
an  axis  perpendicular  to  its  own  through  its  middle  point. 

Let  X  be  the  distance  of  any  thin  circular  slice  of  the  cylinder 
from  the  middle  point  of  its  axis ;  dx  the  thickness  of  the  slice; 
p  the  density  of  the  cylinder,  h  its  radius,  and  2a  its  length. 
Then,  the  moment  of  inertia  of  the  slice  about  any  diameter 
being  equal  to 

Xirpl/JXf 

its  moment  of  inertia  about  the  axis  of  gyration  in  the  present 
problem  will  be  equal  to 

Hence,  J[/P  denoting  the  moment  of  inertia  of  the  whole 
cylinder  about  the  proposed  axis,  we  have 

Ml^^',rpV\^{x^^-lV)dx 

J  -a 

=  7rp6«(Sa»+ia6^ 

=  27r/c>a6*(K  +  ii'); 
and  therefore,  M  being  equal  to  ^irpaV^  we  have 

Euler;  Theoria  Moius  Corporum  Solidorum,  p.  196. 

(2)  To  determine  the  moment  of  inertia  of  an  ellipsoid  about 
the  diagonal  of  the  inscribed  parallelepiped  of  maximum  volume. 

If  a,  fi,  %  be  the  angles  made  by  the  diagonal  with  the  axes 
of  or,  y,  z, 

cos'a=-^,     co8'i8  =  -^,     cos'7  =  p, 

where  r'rra;' +y'  +  «*, 

X,  y,  z,  being  the  co-ordinates  of  an  extremity  of  the  diagonal. 
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Also,  M  being  the  mass  of  the  ellipsoid,  the  moments  of  inertia 
about  the  axes  of  ar,  y,  z,  are 

Hence  the  required  moment  of  inertia  is  equal  to 

Buty  when  the  parallelepiped  is  a  maximum,  we  may  easily 
ascertain  that 

—  ^  _  6  _  c 

"^"^3'    '^"VS'      '^"'VS' 

hence  the  moment  of  inertia  becomes 

5^-     a*+6«"+c«     • 


(3)  The  vertex  of  a  cone  is  at  the  centre  of  a  sphere  and 
the  base  of  the  cone  is  an  area  on  the  sphere  environed  by  a 
circle:  to  find  the  moment  of  inertia  of  the  cone  about  a 
straight  line,  through  its  vertex,  perpendicular  to  ita  axis. 

Let  Oz  (fig.  178)  be  the  axis  of  the  cone ;  Ox,  Oy,  two  lines 
through  the  vertex  0  at  right  angles  to  Oz]  PNa  perpendicular 
from  P,  any  point  in  the  cone,  upon  the  plane  xOy:  join  ON^ 
and  draw  NMdX  right  angles  to  Oy :  join  PO,  PM.  Let  m  =  an 
element  of  the  cone  at  the  point  P,  J/Jfc'=  the  required  moment  of 
inertia  about  Oy, 

Let  a  =  the  radius  of  the  sphere,  PO  ==  r,  2<S  =  the  vertical 
angle  of  the  cone,  jl  POz  =  6,  ^NOx  =  ^. 

Then  J/A;'  =  2(m.Pif'). 

But  m  =  rdO  dr  r  sin  0  dif>, 

and  PJiP  =  r*  cos'  0-hr^  sin"  0  cos»  <^ : 
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h^nce  Mk^'^^rrj  r* (sin tf cos' d  +  sin' ^ cos" ^) <f 5 d;^ Jr 

=  ia'|    I   (sin5co8'd  +  sin'5cos'^)cWd^ 


Jq  Jo 


=  i7ra'[  (2sinffco8'^  +  sin'^rfd 

J  o 


=»iira*.   T-icos'tf-cos^j 

=  ^7ra'(4-3  cosjS-ooa'/S), 
It  fi^iTy  or  the  cone  become  a  sphere, 

MV  =  ^ ira* ;      but  M-^ira^i      hence  A:* « |a*. 

(4)  To  find  the  radius  of  gyration  of  a  right  cone  about  an 
axis  through  its  vertex  at  right  angles  to  its  geometrical  axis. 

K  a  =  the  altitude  of  the  cone,  and  o  » the  radius  of  the  base, 

*»  =  ^(4a'  +  c')- 

(5)  To  find  the  radius  of  gyration  of  a  right  cone  about  an 
axis  at  right  angles  to  the  axis  of  the  cone  and  passing  through 
its  centre  of  gravity. 

If  a  be  the  altitude  of  the  eone,  and  c  the  radius  of  its  base; 
then 

Euler ;  76.  p.  197. 

(6)  To  find  the  radius  of  gyration  of  a  circular  right  cone 
about  a  generating  line. 

If  a  be  the  altitude  of  the  cone  and  c  the  radius  of  its  base, 

p_3c'  6a'  +  c' 

Griffin :  Solutions  of  the  Examples  on  the  motion  of  a  Rigid 
Bodij,  p.  9. 

(7)  To  find  the  radius  of  gyration  of  a  double  convex  lens 
about  its  axis,  and  about  a  diameter  to  the  circle  in  which  its 
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two  spherical  surfaces  intersect;  the  two  surfiM^es  having  equal 
radii 

If  a  =  the  semi-axis  of  the  lens,  (  =  the  radius  of  the  circular 
intersectiiOfli  of  the  .two  surfaces ;  k  =7  the  radius  of  gyration  of 
the  lens  about  its  axis,  and  Ic  about  a  diameter  of  the  circle ;  we 
shall  have 

7.t_  t  g^-fSaV+lOy      ,,^^  ,  7a*-f  15a'y-H0y 

Euler ;  lb.  p.  201. 


Sect.  8.    Principal  Axes  of  a  Plane  Lamina  at  any 
proposed  point  in  tiie  Lamina. 

One  of  the  axes  is  at  right  angles  to  the  lamina.  Let  x,  y^ 
be  the  co-ordinates  of  any  infinitesimal  element  m  of  the  lamina^ 
referred  to  axes  in  the  plane  of  the  lamina  which  pass  through 
the  point.  Then,  6  denoting  the  inclination  of  either  of  the 
other  two  principal  axes  at  the  point  to  the  axis  of  x^ 

(1)  To  find  the  principal  axes  of  the  area  of  a  lamina,  in 
the  form  of  a  semi-loop  of  a  lemniscate,  at  the  node. 

We  have 


2w  [or  -  y") 

{{f^dr .  sin  0  cos  0  d0 


Ih- 


cos  2d  d0 


i 


lGo^2&sijx2ddd 


=  i. 


i*(l-Bm*20)coa%dde 

J  a 
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Thus  tbe  two  principal  axes,  which  lie  in  the  plane  of  the 
lamina^  are  inclined  to  the  axis  of  the  lemniscate  at  angles 


2tan->2.    Kir  +  tan-^). 


(2)  To  find  the  principal  axes  at  an  end  of  a  wire  in  the 
form  of  a  semicircle. 

One  of  the  axes  is  at  right  angles  to  the  plane  of  the  wire, 
and  the  inclinations  of  the  other  two  to  the  chord  of  the  semi- 
circle are  given  by  the  equation 

tan25  =  -. 

'IT 

(3)  To  find  the  principal  axes  of  a  right-angled  triangle  at 
the  right  angle. 

One  of  the  axes  is  perpendicitlar  to  its  plane  and  the  other 
two  are  in  its  plane  and  are  inclined  to  its  sides  at  angles  equal 

to  5  tan"*  [ — jj — j ,  where  a  is  one  of  the  acute  angles  of  the 

triangle. 

Griffin;  Solutions  of  the  examples  on  the  motion  of 
a  Rigid  Body,  p.  8. 

(4r)  A  parabolic  area  is  included  between  tbe  curve,  the 
axis,  and  the  semi-latus  rectum :  to  find  the  positions  of  the 
principal  axes  of  the  area  at  the  vertex  of  the  parabola. 

If  d  be  the  inclination  of  either  principal  axis,  in  the  plane  of 
the  area,  to  the  axis  of  the  parabola,^ 

tan2tf-^. 

(5)  To  find  the  principal  axes  at  a  point  in  the  circumfer* 
ence  of  an  elliptic  lamina. 
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One  of  the  axes  is  at  right  angles  to  the  lamina  and,  0  denot- 
ing the  inclination  of  either  of  the  other  two  to  the  major  axis, 

where  x  and  y  are  the  co-ordinates  of  the  point  referred  to  the 
axes  of  the  ellipse  as  axes  of  co-ordinates. 

Gri£Sn;  Solutions  of  the  Eaamples  on  the  motion  of 
a  Rigid  Body,  p.  8. 
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CHAPTER  VI. 
d'alembebt's  pbinoiple. 

A  GENERAL  method  for  the  detemnnatiaa  of  the  motion  of  a 
material  system^  acted  on  1^  any  forces,  was  laid  down  by 
D'Akamheri  in  his  Traits  de  Dynamiqiie,  published  in  the  year 
1743  \  from  which  we  have  extracted  the  following  passage  in 
exposition  of  the  Principle*. 

"Soit  donn^  un  systfime  de  corps  disposes  les  uns  par  rapport 
aux  autres  d'une  mani&re  quelconque;  et  supposons  qu'on  im- 
prime  k  chacun  de  ces  corps  un  mouvement  particulier,  qu'il  ne 
puisse  suivre  k  cause  de  Taction  des  autres  corps;  trouver  le 
mouvement  que  chaque  corps  doit  prendre. 

*' Solution. 

"  Soient  A,  B,  C,  &c.  les  corps  qui  composent  le  systSme,  et 
supposons  qu'on  leur  ait  imprim^  les  mouvemens  a,  b,  c,  etc. 
qu'ils  soient  forc&,  k  cause  de  leur  action  mutuelle,  de  changer 
dans  les  mouvemens  a,  b,  c,  etc.  II  est  clair  qu'on  peut  regarder 
le  mouvement  a  imprim^  au  corps  A  comme  compost  du  mouve- 
ment a,  qu'il  a  pris,  et  d  un  autre  mouvement  a ;  qu'on  peut 
de  mdme  regarder  les  mouvemens  b,  c,  etc.  comme  composes  des 
mouvemens  b,  /8 ;  c,  k;  etc.  d'oti  il  s'ensuit  que  le  mouvement 
des  corps  A,  B,  C,  etc  entr'eux  auroit  4t6  le  mSme,  si  au  lieu  de 
leur  donner  les  impulsions  a,  b,  c,  etc.  on  leur  e^t  donn^  ^.-la-fois 
les  doubles  impulsions  a,  a ;  h,  /3;  c,  #e,  etc.  Or  par  la  supposi- 
tion, les  corps  A,  B,  G,  etc.  ont  pris  d'eux-mfimes  les  mouve- 
mens a,  b,  c,  etc.  done  les  mouvemens  a,  /3,  k,  etc.  doivent  £tre 

1  Seo  also  hia  Recherelies  sur  la  PrScession  des  Equinoxes^  p.  35,  published 
in  1749. 

*  D'Alembert*8  Principle  was  first  enunciated  by  him  in  a  memoir  which 
ho  read  before  the  Academy  of  Sciences  at  the  end  of  the  year  17411. 
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tels  qti'ils  ne  derangent  rien  dans  lea  mouyemens  a,  b,  o,  etc. 
c'est-jir-dire  que,  si  les  corps  n'avoient  re9u  que  les  mouvemens 
a,  13,  Ky  etc.  ces  mouyemens  auroient  dd  se  ddtruire  mutuelle- 
menty  et  le  systdme  demeurer  en  repos. 

^T>e\k  r^sulte  le  principe  suiyant,  pour  trouyer  le  mouyement 
de  plusieurs  corps  qui  agissent  les  uns  sur  les  autres.  Decom" 
posez  Ub  mouvemens  a,  6,  c,  etc.  %mprim&  d  chaque  corps,  chacun 
en  deux  autres  %  a;  b>  fi ;  c,  k;  etc.  qui  soient  tels,  que  si 
ton  rCeA/t  imprimd  atuo  corps  que  les  mouvemens  a>  b,  c,  etc.  ils 
eussent  pu  conserver  ces  mmkvemens  sans  se  nuire  ridproquement; 
6f  qu^  81  tm  ite  tefsr  wf  tnypifims'qwe  les  woutfemcns  a,  P,  /c,  etc.  le 
systSme  f'AJb  dem&uri  en  repos;  il  est  dair  que  %  b,  c,  etc.  seront 
les  mouvem£ns  que  ces  corps  prendront  en  vertu  de  leur  action^ 
Ce  quHlfaUoit  trouverP 

The  idea  of  the  general  method  deyeloped  by  B'Alembert 
for  the  determination  of  the  motion  of  material  systems,  had 
occurred  somewhat  earlier  to  Fontaine,  as  we  are  informed 
in  the  Table  des  M^moires,  prefixed  to  his  Traits  de  CdUsvl 
Diffirentiel  et  Integral^,  haying  been  communicated  by  him  to 
the  Academy  of  Sciences  in  the  year  1739,  and  subsequently 
to  seyeral  nutthematicians.  His  yiews,  howeyer,  on  this  sub- 
ject were  not  made  public  till  long  after  the  appearance  of  the 
TraiU  de  Dynamique;  and  in  all  probability  D'Alembert,  who 
did  not  become  a  member  of  the  Academy  before  the  year 
1741,  was  not  aware  of  Fontaine's  generalization.  D'Alembert, 
howeyer,  was  the  first  to  shew  the  wonderful  fertility  of  the 
Principle  by  applying  it  to  the  solution  of  a  great  yariety  of 
difficult  problems,  among  which  may  be  mentioned  that  of  the 
Precession  of  the  Equinoxes,  which  had  been  inadequately 
attempted  by  Newton,  and  of  which  D'Alembert  was  the  first 
to  obtain  a  complete  solution. 

The  earliest  step  towards  the  discoyery  of  D'Alembert's  Prin- 
ciple is  to  be  met  with  in  a  memoir  by  James  Bernoulli  in  the 
Acta  Eruditorum,  1686,  Jul.  p.  356,  entitled  "Narratio  Contro- 
yersiae  inter  Dn.  Hugenium  et  Abbatem  Catelanum  agitatsB  de 
Centre  Oscillationis  quas  loco  animadyersionis  esse  poterit  in 

^  Mimoires  de  VAcad4mie  des  Sciences  de  Paris,  1770. 
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Responsionem  Dn.  Catelani,  num.  27.  Ephem.  Gallic,  anni  1684, 
insertam."    Let  m,  m'^  denote  two  equal  bodies  attached  to  an 
inflexible  straight  line  which  is  capable  of  motion  in  a  vertical 
plane  about  one  extremity  which  is  fixed ;  let  r,  r',  denote  the 
distances  of  m,  m\  respectively,  from  the  fixed  extremity ;  v,  v\ 
their  velocities  for  any  position  of  the  inflexible  line  in  its  descent 
from  an  assigned  position ;  u,  u,  the  velocities  which  they  would 
Ihave  acquired  by  descending  down  the  same  arcs  unconnectedly. 
Then,  in  consequence  of  the  connection  of  the  bodies,  a  velocity 
u  —  v  will  be  lost  by  m  and  a  velocity  v'  —  u'  gained  by  m'  in  their 
descent.    Bernoulli  proposes  it  to  the  considetution  of  mathema- 
ticians whether,  according  to  the  statical  relation  of  two  forces  in 
equilibrium  on  a  lever,  the  proportion  t«  —  t; :  t/  —  w'  ::  r' :  r  be 
an  accurate  expression  of  the  circumstances  of  the  motion.   This 
idea  of  Bernoulli's,  although  not  free  from  error,  contains  how- 
ever the  first  germ  of  the  Principle  of  reducing  the  determination 
of  the  motions  of  material  systems  to  the  solution  of  statical 
problems.    L'H6pital,  in  a  letter  addressed  to  Huyghens  \  cor- 
rectly observed  that  instead  of  considering  the  velocities  acquired 
in  a  finite  time,  he  should  have  considered  the  infinitesimal  velo- 
cities acquired  in  an  instant  of  time,  and  have  compared  them 
with  those  which  gravity  tends  to  impress  upon  the  bodies  during 
the  same  instant.    He  takes  a  complex  pendulum,  consisting  of 
any  two  bodies  attached  to  an  inflexible  straight  line,  and  con- 
siders equilibrium  to  subsist  between  the  quantities  of  motion 
lost  and  gained  by  these  bodies  in  any  instant  of  time,  that  is, 
between  the  differences  of  the  quantities  of  motion  which  the 
bodies  really  acquire  in  this  instant,  and  those  which  gravity 
tends  to  impress  on  them.     He  applies  this  Principle,  which 
agrees  with  the  general  Principle  of  D'Alembert,  to  the  determi- 
nation of  the  Centre  of  Oscillation  of  a  pendulum  consisting  of 
two  bodies  attached  to  an  inflexible  straight  line  oscillating 
about  one  extremity.    He  then  extends  his  theory  to  a  greater 
number  of  bodies  in  a  straight  line,  and  determines   their 
Centre  of  Oscillation  on  the  supposition,  the  truth  of  which 
is  not  however  sufficiently  obvious  without  demonstration,  that 

^  Histoire  des  Ouvrages  des  Stjavana,  1690,  Juin,  p.  410. 
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any  two  of  them  may  be  collected  at  their  particular  Centre  of 
Oscillation.  On  the  publication  of  L'Hdpitars  letter,  James 
Bernoulli*  reverted  to  the  subject  of  the  Centre  of  Oscillation, 
and  at  length  succeeded  in  obtaining  a  direct  and  rigorous 
solution  of  the  problem  in  the  case  where  all  the  bodies  are  in 
one  line,  by  the  application  of  the  principle  laid  down  by 
L'H6pital.  Bernoulli'  afterwards  extended  his  method  to  the 
general  case  of  the  oscillations  of  bodies  of  any  figure. 

An  ingenious  investigation  of  the  Centre  of  Oscillation,  a 
problem  from  the  beginning  intimately  connected  with  the  deve^ 
lopment  of  D'Alembert's  Principle,  was  shortly  afterwards  given 
by  Brook  Taylor'  and  John  Bernoulli*,  between  whom  arose  an 
angry  controversy  respecting  priority  of  discovery';  the  method 
given  by  these  mathematicians,  although  depending  upon  the 
statical  principles  of  the  lever,  did  not  however  involve,  in  an 
explicit  form,  L'STopitaFs  Principle  of  Equilibrium.  Finally, 
Hermann*  determined  the  Centre  of  Oscillation  by  the  principle 
of  the  statical  equivalence  of  the  solicitations  of  gravity,  ajid  the 
vicarious  solicitations  applied  in  opposite  directions,  or,  as  it  is 
expressed  by  modern  mathematicians,  by  the  equilibrium  subsist* 
ing  between  the  impressed  forces  of  gravity  and  the  effective 
forces  applied  in  opposite  directions ;  a  method  of  investigation 
virtually  coincident  with  that  given  by  James  Bernoulli.  The 
idea  of  UHopital  became  still  more  general  in  the  hands  of 
Euler',  in  a  memoir  on  the  determination  of  the  oscillations  of 
flexible  strings  printed  in  the  year  1740.  From  the  above  his- 
torical sketch  it  will  be  easily  seen  that  in  the  enunciation  of  a 
general  Principle  of  Motion,  Fontaine  and  I^Alembert  had 
little  more  to  do  than  to  express  in  general  language  what  had 
been  distinctly  conceived  in  the  prosecution  of  particular  re* 

1  Acta  Erudit,  Lips.  1691,  Jul  p.  817,  Opera,  Tom.  i.  p.  460. 
*  Mimoiret  de  VAcad€mie  des  Sciencet  de  Paris,  1703,  1704. 
'  Philatophieal  TraruacHona,  1714,  May.  Methodm  Incrementorum, 
«  Acta  Erudit,  Lips,  1714,  Jun.  p.  257;  Mim.  Acad.  Par.  1714,  p.  2081 
Operay  Tom.  ii.  p.  168. 

8  Act,  Erudit,  Lips,  1716, 1718, 1719,  1721,  1722. 
'  PhoTonomia;  Lib*  i.  cap.  5. 
^  Comnunt,  Petrop.  Tom.  vii. 
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searches  by  L'Hdpital^  James  and  John  Bernoulli,  Brook  Taylor, 
Hermann,  and  Euler.  For  additional  information  on  the  histori- 
cal development  of  D'Alembert's  Principle,  the  reader  is  referred 
to  Lagrange's  MScanique  Analytique,  Seconde  Partie,  Section  1 ; 
Montucla*s  Histoire  dea  MaihSnuttiqties,  part  v.  liv.  S,  part.  iv. 
liv.  7;  and  Whewell's  Eigtory  of  the  Inductive  Sciences,  Vol.  if. 
In  modem  treatises  on  Mechanics,  D'Alembert's  Principle  is 
expressed  under  one  or  other  of  the  following  forms : 

(1)  When  any  material  system  is  in  motion  under  the  action 
of  any  forces,  the  moving  forces  lost  by  the  diflferent  molecules 
of  the  system  must  be  in  equlibrium. 

(2)  If  the  effective  moving  forces  of  the  several  particles  of  a 
system  be  applied  to  them  in  directions  opposite  to  those  in 
which  they  act ;  they  will,  conjointly  with  the  impressed  moving 
forces,  constitute  a  system  of  forces  statically  disposed. 

The  former  of  these  enunciations  it  will  be  seen  is  substantially 
the  same  as  that  given  by  D*Alembert,  while  the  latter  is  a 
generalization  of  the  idea  developed  by  Hermann  in  his  investi- 
gations on  the  particular  problem  of  the  Centre  of  Oscillation. 

Sect.  1.    Motion  of  a  single  ParticleK 

The  object  of  this  section  is  to  apply  D'Alembert's  Principle 
to  the  exemplification  of  a  general  method  for  the  determina- 
tion of  the  motion  of  a  particle  within  tubes  and  between  con- 
tiguous surfaces,  of  which  either  the  position,  or  the  form,  or 
both,  are  made  to  vary  according  to  any  assigned  law  whatever, 
the  particle  being  acted  on  by  given  forces.  Several  of  the 
problems  of  this  section  have  been  solved  by  particular  methods 
in  Chapter  iv. 

I.  We  will  commence  with  the  consideration  of  the  motion 
of  a  particle  along  a  tube,  and,  for  the  sake  of  perfect  generality, 
we  will  suppose  the  tube  to  be  one  of  double  curvature.  The 
tube  is  considered  in  all. cases  to  be  indefinitely  narrow  and 

^  The  sabstanoe  of  this  Section  was  pablished  in  the  Cambridge  Mathe- 
matical Journal,  Vol.  in.  p.  49. 


D'ALEMBERT'S  PRINCIPLK.  399 

perfectly  smooth,  and  every  section  at  right  angles  to  its  axis  to 
be  circular. 

Let  the  particle  be  referred  to  three  fixed  rectangular  axes, 
and  let  x,  y,  z,  be  its  co-ordinates  at  any  time  t  \  let  a?,  y^  z,  be- 
come x  +  Sx,  y  +  8y,  z-^Bz,  when  t  becomes  t  +  Bt]  Bt,  and 
consequently  Bx,  By,  Bz,  being  considered  to  be  indefinitely 
small.  Then  the  eflFective  accelerating  forces  on  the  particle 
parallel  to  the  three  fixed  axes  will  be,  at  the  time  t, 

S'x    ^     S^ 
Bf'    Bf'    Bf 

'  Also,  let  X,  Y,  Z,  represent  the  impressed  accelerating  forces 
on  the  particle  resolved  parallel  to  the  axes  of  x,y,  z\  and  let 
^x  +  dx,y  +  dy,  z  +  dz,  be  the  co-ordinates  of  a  point  in  the  tube 
very  near  to  the  point  x,  y,  z,  which  the  particle  occupies  at  the 
time  t  Then,  observing  that  the  action  of  the  tube  on  the 
particle  is  always  at  right  angles  to  its  axis  at  every  point  and 
therefore,  at  the  time  t^  to  the  line  joining  the  two  points  x,  y,  z, 
and  X  +  dx,  y  +  dy,  i?  +  dz,  we  have,  by  D'Alembert's  Principle, 
combined  with  the  Principle  of  Virtual  Velocities, 

(|-Z)e&H-(|-r)rf^+(g-i)&  =  0 (A). 

Again,  since  the  form  and  position  of  the  tube  are  supposed 
to  vary  according  to  some  assigned  law,  it  is  clear  that,  when  t  is 
known,  the  equations  to  the  tube  must  be  known ;  hence  it  is 
evident  that,  in  addition  to  the  equation  (A),  we  shall  have,  from 
the  particular  conditions  of  each  individual  problem,  a  number 
of  equations  equivalent  to  two  of  the  form 

^(aj,  y,z,  t)  =  0,  xi^>y>^>  0  =  0 (B)  ; 

where  4>  a^d  X  *^®  symbols  of  functionality  depending  upon  the 
law  of  the  variations  of  the  form  and  position  of  the  tube. 

The  three  equations  (A)  and  (B)  involve  the  four  quantities 
^9  y>  ^9  ^y  fti^d  therefore,  in  any  particular  case,  if  the  difficulty  of 
the  analytical  processes  be  not  insuperable,  we  may  ascertain 
X,  y,  z,  each  of  them  in  terms  of.  t ;  in  which  consists  the  com- 
plete solution  of  the  problem. 

If  the  tube  remain  during  the  whole  of  the  motion  within  one 
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plane,  then,  the  plane  of  x,  y,  being  so  chosen  as  to  coincide' 
with  this  plane,  the  three  equations  (A)  and  (B)  will  evidently 
be  reduced  to  the  two 

(|^.z)^+(g-r)dy=o (C), 

4>(x,y,t)^0 (D). 

We  proceed  to  illustrate  the  general  formube  of  the  motion 
by  the  discussion  of  a  few  problems. 

(1)  A  rectilinear  tube  revolves  with  a  uniform  angular  velo- 
city about  one  extremity  in  a  horizontal  plane :  to  find  the  mo- 
tion of  a  particle  within  the  tube. 

Let  o>  be  the  constant  angular  velocity;  r  the  distance  of  the 
particle  at  any  time  t  from  the  fixed  extremity  of  the  tube ; 
then,  the  plane  of  x,  y,  being  taken  horizontal,  and  the  origin  of 
co-ordinates  at  the  fixed  extremity  of  the  tube,  we  shall  have, 
supposing  the  tube  initially  to  coincide  with  the  axis  of  os, 

x^rcoaai (1), 

y:=rsina>^ (2). 

From  (1)  we  have 

dx^dr  cos  ck)f, 

and,  from  (2),  dy  =  dr  sin  o>U 

Again,  from  (1)  we  have 

hx     hr         ^  .      ^ 

■^  =  ^  cos  fl»<  —  G>r  sm  tot, 

^/*  ~  ^  cos  a)f  —  2(»  ^  sm  <»t  —  <or  cos  a>t ; 
and,  from  (2), 

sf  =  t..  sin  «<  +  cw  cos  a>t, 

K^  —  j-^ema>t  + 2(0^  coa  cat  —  ©V  sin  <ot 

Substituting  in  the  general  formula  (C)  the  values  which  we 

^x    S"v 
have  obtained  for  dx,  dy,  ^,  ^^ ,  we  have,  since  X=  0,  F=0, 
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cos  (ot  ( -K^  COS  ©c  —  zo)  —  sin  tot  —  a>  r  cos  tot  j 

^-,  sin  0)^  +  2©  KT  cos  o)^  —  ©V  sin  tot)  =^0; 


and  therefore 


—  o V  =  0  : 


the  integral  of  this  equation  is 

Let  r  =  a  when  ^  =  0;  then 

Br 

also  let  K-  =  /8  when  <  =  0 ;  then 

from  the  two  equations  for  the  determination  of  C  and  C,  we 
have 

hence,  for  the  motion  of  the  particle  along  the  tube, 

2a>r  =  (a©  + /8)  €-' +  (cMo  - /8)  e^. 

This  problem,  which  is  the  earliest  problem  of  the  motion  of 
a  particle  subject  to  the  constraint  of  a  curve  moving  according 
to  a  prescribed  law,  is  due  to  John  Bemoulli\  A  solution  of 
this  problem  is  given  also  by  Clairaut^  to  whom  it  had  probably 
been  proposed  by  Bernoulli. 

(2)  Suppose  the  tube  to  revolve  in  a  vertical  instead  of  a 
horizontal  plane,  and  let  the  time  be  reckoned  from  the  moment 
of  coincidence  of  the  tube  with  the  axis  of  x :  then,  the  axes  of 
X  and  y  being  supposed  to  be  respectively  horizontal  and 
vertical,  we  have  by  the  same  process,  since  X=  0  and  Y^  —  g, 

_  -.  cV  =  —g  sin  <oL 

^  Operay  Tom.  nr.  p.  248. 

>  Mhnoireg  de  VAcadimie  de$  Sciences  de  Paris,  1742,  p.  10. 

W.  S.  26 


402  d'alembert's  principle. 

The  integral  of  this  equation  is 

Sr 
and,  if  we  determine  the  constants  from  the  conditions  that  r,  g- , 

shall  have  initially  values  o,  /8,  we  shall  get  for  the  motion  along 
the  tube, 

2<or=(aa)  +  fi--^^*+  (am  -  ^  +  ^  j  6"-*+  -  sin  a>t 

This  problem,  of  which  an  erroneous  solution  had  been  given 
by  Barbier  in  the  Annales  de  Oergonne,  Tom.  xix.,  was  correctly 
solved,  in  the  following  volume,  by  Ampfere.  In  the  Cambridge 
Mathematical  Journal,  Vol.  iil.  p.  42,  a  solution  is  given  by 
Professor  Booth,  who  has  discussed  at  length  the  more  interest- 
ing cases  of  the  motion. 

(3)  Suppose  the  tube  to  revolve  in  a  horizontal  plane  about  a 
fixed  extremity  with  such  an  angular  velocity,  that  the  tangent 
of  its  angle  of  inclination  to  the  axis  of  x  is  proportional  to  the 
time. 

The  equation  to  the  tube  at  any  time  t  will  be 

y  =  rrUx (1), 

where  m  is  some  constant  quantity :  hence 

di/  =  mt  dx, 

and  therefore,  from  (C),  since  X=  0  and  F=  0, 


(2). 


But  from  (1)  we  have 


hence,  from  (2), 


^y         ^x     rt     Sx 
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St 


Integrating,  we  have 


&3B 

log  -^  +  log  (1  +  m*f)  =  log  C. 

Let  fi  be  the  initial  value  of  -^,  which  will  be  the  velocity  of 
projection  along  the  tube;  then  (7=  ^,  and  therefore 


^(H.m-0=/3,        Sx=     ^^* 


integrating,  we  get 

a?  4-  C=— tan"^(mO. 

Let  a?  =  a  when  ^  =  0 ;  then  a+  C=0,  and  therefore 

x^a'\ —  tan"*  (mt), 

and  consequently,  from  (1), 

y  =  wmt  +  ^t  tan"'  (m<). 

If  9  be  the  inclination  of  the  tube  to  the  axis  of  x  at  any  time, 
and  r  be  the  distance  of  the  particle  from  the  fixed  extremity. 


r  = 


mcosd 


(4)  A  circular  tube  is  constrained  to  move  in  a  horizontal 
plane  with  a  uniform  angular  velocity  about  a  fixed  point  in  its 
circumference:  to  determine  the  motion  of  a  particle  within  the 
tube,  which  is  placed  initially  at  the  extremity  of  the  diameter 
passing  through  the  fixed  point. 

Let  the  fixed  point  be  taken  as  the  origin  of  co-ordinates,  and 
let  the  axis  of  x  coincide  with  the  initial  position  of  the  diameter 
through  this  point:    let  co  be  the  angular  velocity  of  the 

26—2 
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circle,  a  the  radius :  also  let  0  be  the  angle,  at  any  time  t, 
between  the  diameter  through  the  particle  and  the  diameter 
through  the  origin. 

Then  it  will  be  easily  seen  that 

jr  =  acostt>^  +  acos(Q)^  — ^) (1), 

y  =  a8ino)<  +  asin((ut  — ^) (2). 

From  (1)  we  have 

dx  =  adO  sin  {wt  —  0), 

and,  from  (2),  dy^^  —  adO  cos  {(out  —  0). 

Hence,  from  (C),  observing  that  X=  0  and  !r=  0, 

sin  {tot-ff)  -gp  -  cos  (q><  -  ^)  g4=  0 (3). 

Again,  from  (1), 

^  =  —  ao)  sm  0)^  +  a  f  ^  —  CD  1  sm  (©f  —  ^), 

-^  =  —  cunf  cos  tt)^  —  a  f  KT  —  «)  cos  (o)^  —  tf)  +  a  ^  sin  (©<  —  ^; 

and,  from  (2), 

^  =5  ao)  cos  «<  —  a  ( •^-  —  ©J  cos  (eaf  —  ^, 

^=  — a«"sm<»^  — a(^  —  ©1  sm(©^  — r)  — a^cos  (©^  — ^; 

and  therefore,  by  (3), 

^0 
aa>*  {sin  o>t  cos  (©*  —  ^  —  cos  (ot  sin  (©^  —  d)}  +  a  ^  =  0, 

©"  sm  ^  +  ^  =  0 : 

multiplying  by  2  ^  ,  and  integrating, 

S0^ 

g3  =  (7  +  2©*  cos  (?. 

But,  the  absolute  velocity  of  the  particle  being  initially  zero,  it 
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80 
is  clear  that  2a)  will  be  the  iaitial  value  of  jr  l  <^^  therefore, 

0  being  initially  zero,  we  have 

W=(7+26)*,         C=2w", 
and  therefore 

K-5  =  2cd'  (1  +  cos  0)  =  4a)'  cos'  ^ ,      ^  =  2a)  cos  ^ , 

cos  5  S^  S  sin  g 

■■  =  2<oSt,  ^  =  a)&. 

Integrating,  we  have 

1  +  sin  3 

log 2  =  2a)<  +  C: 

l-8in-2 

but  ^  =  0  when  ^  =  0 ;  hence  (7=0,  and  we  have 

1  +  sin  ^ 


and  therefore 


1-sing 


Sin;r  = 


2        €-*  +  €^<' 

which  determines  the  position  of  the  particle  within  the  tube  at 

any  time.     When  ^  =  oo ,  we  have  sin  k  =  1>  and  therefore  0  =  ir, 

which  shews  that,  aft^r  the  lapse  of  an  infinite  time,  the  particle 
will  arrive  at  the  point  of  rotation. 

(5)  If  we  pursue  the  same  course  as  in  the  solution  of  the 
problems  (1),  (2),  (4),  we  may  obtain  a  convenient  formula  for  the 
following  more  general  problem  :  A  plane  curvilinear  tube  of  any 
invariable  form  whatever  revolves  in  its  own  plane  about  a  fixed 
point  with  a  uniform  angular  velocity :  to  determine  the  motion 
of  a  particle,  acted  on  by  any  forces,  within  the  tube. 
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Let  fi>  be  the  constant  angular  velocity  of  the  tube  about  the 
fixed  point;  r  the  distance  of  the  particle  at  any  time  from  this 
point;  <}>  the  angle  between  the  simultaneous  directions  of  r  and 
of  a  line  joining  an  assigned  point  of  the  tube  with  the  fixed  point 
of  rotation ;  ds  an  element  of  the  length  of  the  tube  at  the  place 
of  the  particle,  and  8  the  accelerating  force  on  the  particle  re- 
solved along  the  element  ds :  then  the  equation  for  the  motion  of 
the  particle  will  be 


''^-%-'-^''K^- 


d<f> 

but  since,  the  form  of  the  tube  being  invariable,  h^^  Br,  may 
evidently  be  replaced  by  d<f>,  dr,  we  have,  putting,  for  the  sake 
of  uniformity  of  notation,  dt  in  place  of  St, 


"t^'i-'-^-^h 


If  0)  be  zero,  the  formula  will  become 


the  well-known  formula  for  the  motion  of  a  particle  under  the 
action  of  any  forces  within  an  immoveable  plane  tube. 

(6)  In  the  foregoing  examples  the  position  of  the  tube  varies 
with  the  time ;  the  form  however  remains  invariable.  We  will 
now  give  an  example  in  which  the  form  changes  with  the  time. 

A  particle  is  projected  with  a  given  velocity  within  a  circular 
tube,  the  radius  of  which  increases  in  proportion  to  the  time 
while  the  centre  remains  stationary :  to  determine  the  motion 
of  the  particle,  the  tube  being  supposed  to  lie  always  in  a 
horizontal  plane. 

The  equation  to  the  circle  will  be 

a:*  +  y«  =  a'(l+aO' (1), 

where  a  and  a  are  some  constant  quantities :  hence 

xdx  +  y  dy^O^ 
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and  therefore,  by  the  general  formula  {C), 


integrating,  we  have 


8x        By     ri 


Let  the  axis  of  x  be  so  chosen  as  to  coincide  with  the  initial 
distance  of  the  particle  from  the  centre,  and  let  /3  be  the  initial 
velocity  of  the  particle  along  the  tube;  then  (7=  — a/8,  and 
therefore 

•i-^s-^ »■ 

again,  from  (1),  we  have 


^^  +  ygf  =  a"a(l  +  ae) (3): 

multiplying  (2)  by  y  and  (3)  by  x,  and  subtracting  the  former 
result  from  the  latter,  we  have 

ox 

and  therefore,  by  (1), 

a  (1  +  aO'^  =  cta  {1+at)  x-fi[a^  (1  +  ai)"  -  a?*}*. 
Put  1  +  a^  =  ar ;  then 

OT  a 

again,  put  x=mT,  and  there  is 

ai^  (m  +  T  -^  J  =  amr^  —  ^  (aV  — m')*, 
,  hm        fir  ,  .  ,        ,.  J 


ar 


aofSm         ^  St 
=  ^-j  : 


(aV-m«)*         •>■ 
integrating,  C  +  aa'  cos"*  -^  =  -  ^ , 


aa        T 
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or,  putting  for  m  its  value, 


G  +  ao?  cos 


and,  putting  for  t  its  value  -  (1  +  orf), 

C+aar  COB  *  — 


a{l+at)         1+at 
Now  x  =  a  when  ^  =  0 ;  hence  (7  =  —  a/9,  and  therefore 


oa  cos  *  — 


x  =  ail+at)  cos  —7- v , 

^         ^       a(l  +  aO 

and  therefore,  from  (1), 

results  which  give  the  absolute  position  of  the  particle  at  any 
assigned  time. 

II.  We  proceed  now  to  the  consideration  of  the  motion  of  a 
particle  along  a  surface  from  which  it  is  unable  to  detach  itself, 
while  the  surface  itself  changes  its  position  or  its  form,  or  both, 
according  to  any  assigned  law.  To  fix  the  ideas,  we  suppose  the 
particle  to  move  between  two  surfaces  indefinitely  close  toge- 
ther«  so  as  to  be  expressed  by  the  same  equation. 

Let  Xj  y,  z,  be  the  co-ordinates  of  the  particle  at  any  time  t; 
and  let  Sx,  8y,  Sz,  be  the  increments  of  w,  y,  z,  in  an  indefinitely 
small  time  St :  also  let  dx,  dy,  dz,  denote  the  increments  of  x,  y, «, 
in  passing  from  the  point  x,  y,  z,  to  any  point  near  to  it  within 
the  surface  as  it  exists  at  the  time  t  Also  let  X,  Y,  Zy  denote 
the  resolved  parts  of  the  accelerating  forces  on  the  particle  at 
the  time  t  parallel  to  the  axes  of  x,  y,  z:  then,  observing  that 
the  action  of  the  surface  on  the  particle  is  always  in  the  direc- 
tion of  the  normal  at  each  point,  we  have,  by  D'Alembert'a 
Principle  combined  with  the  Principle  of  Virtual  Velocities, 

(g_^)^  +  (||_y)d,H-(g-i)d.  =  0 (A'). 
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Again,  since  the  position  and  form  of  the  surface  vary  according 
to  an  assigned  law,  its  equation  must  evidently  be  known  at  any 
given  time,  and  therefore  we  must  have,  from  the  nature  of  each 
particular  problem,  certain  conditions  between  the  quantities  x, 
y,  z,  t,  equivalent  to  a  single  equation 

F=Ax,  y,  ^,0  =  0 (BO. 

Taking  the  total  diflferential  of  (B'),  we  have 

dF  -m       dv   ,       dF  7      ^ 
-J-  dx  +  -3—  ay  +  -J-  dz=sO: 
dx  dy    ^      dz 

multiplying  this  equation  by  an  arbitrary  quantity  \  and  sub- 
tracting the  resulting  equation  from  (A'),  we  have 

(^-x-xf)^.@-y-xD.,.(J'-z-xf)^.«. 

Since  X  is  arbitrary,  we  may  equate  to  zero  the  coefficients  of 
any  one  of  the  three  differentials  dx,  dy,  dz :  and,  since  the 
remaining  two  of  the  three  differentials  are  independent  of  each 
other,  their  coefficients  must  be  both  zero :  hence,  eliminating 
\  between  the  three  resulting  equations,  we  have 

\ie      ^)dz''\if       )  dy' 

W         J  dx^\he     ^Jdz' 

W        Jdy'W         J  dx' 

Any  two  of  these  three  relations,  together  with  the  equation  (BT), 
will  give  us  three  equations  in  x,  y,  z,  t,  whence  x,  y,  z,  are  to 
be  determined  in  terras  of  t. 

The  following  example  will  serve  to  illustrate  the  use  of 
these  equations.  We  have  taken  a  case  where  the  form  of  the 
surface  remains  invariable,  its  position  alone  being  liable  to 
change.  The  analysis,  however,  in  the  solution  of  problems  of 
the  class  which  we  are  considering,  receives  its  general  character 
solely  in  consequence  of  the  presence  of  t  in  the  equation  {B'), 
and  therefore  the  example  which  we  have  chosen  is  sufficient 
for  the  general  object  we  have  in  view. 
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A  particle  descends  by  the  action  of  gi*avity  down  a  plane 
which  revolves  uniformly  about  a  vertical  axis  through  which 
it  passes :  to  determine  the  motion  of  the  particle. 

Let  the  plane  of  x,  y,  be  horizontal,  the  axis  of  x  coinciding 
with  the  initial  intersection  of  the  revolving  plane  with  the 
horizontal  plane  through  the  origin,  and  let  the  axis  of  z  be 
taken  vertically  downwards :  then,  »  denoting  the  angular  ve- 
locity of  the  plan^  its  equation  at  any  time  t  will  be 

F==^y  cos  <M>t  —  x  sin  ay^  =  0 (1); 

,  dF  ,      ^      dF  ,       dF    ^ 

whence       -r—  =  —  sm  m,      -j-  =  cos  (dL      -r-  =  0 : 
dx  dy  dz 

also,  X=  0,  F=  0,  Z=g ;  and  therefore,  from  either  of  the  first 
two  of  the  three  general  relations. 


8?=^ (2)> 


and,  from  the  third, 


O  X  ,        6^1/    .         .       ^  .-.v 

^-^  coswt  +  -^sm 0)^  =  0 (3). 

Let  r  denote  the  distance  of  the  particle  at  any  time  from 
the  axis  of  z;   then 

x=r  cos  a)t,    y^r  sin  tat, 

-  ix     hr  ,  .       , 

whence        -^  =  -jr  cos  wt'-  car  sm  cat, 

8*3/     8*7*  or 

-sr^-  =  ^Ts  COS  fi)<  —  2q)  -srr  siu  wt  —  CdV  COS  Q)^, 

bv      or  ot 

■^  =  ^  sin  0)^  +  ft>r  COS  eot, 

^y     i^r  .      ^     ^    Sr  .        ,     .      ^ 

^  =  ^  sm  w^  +  2(0  -^  cos  (ot  —  w'r  sm  tot; 

and  therefore,  from  (3), 

8*r 

5?--«V  =  0    (4). 
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Let  the  initial  values  of  «,  -^ ,  be  0,  /8 ;  and  those  of  r,  -^ , 

be  a,  a;  then,  from  the  equations  (2)  and  (4),  after  executing 
obvious  operations,  we  shall  obtain 

the  first  two  of  these  equations  give  the  position  of  the  particle 
on  the  revolving  plane,  and  therefore,  by  virtue  of  the  equation 
(1),  the  aJMolute  position  of  the  particle  at  any  time ;  while  the 
third  is  the  equation  to  the  path  which  the  particle  describes  on 
the  plane. 


Sect.  2.    Systems  of  Particles, 

(1)  Two  heavy  particles  P,  P'  (fig.  179),  are  attached  to  a 
rigid  imponderable  rod  APP*,  which  is  oscillating  in  a  vertical 
plane  about  a  fixed  point  at  its  extremity  A  :  to  determine  the 
motion. 

Let  m,  m\  be  the  masses  of  the  two  particles;  let  AP=a, 
AP  =  a'.  Draw  AB  vertically  downwards  and  let  ^  PAB=  0. 
Let  dsf  ds,  denote  the  elements  of  the  circular  paths  described 
by  P,  Py  in  a  small  time  dt,  estimated  in  a  direction  correspond- 
ing to  an  increase  of  6.    Then  the  effective  moving  forces  of  the 

d^s  d^s 

two  particles  will  be  m  -^ ,  m'  -tj^  ,  the  moments  of  which 

(Ps  cPs' 

about  the  point  A  will  be  ma  -^,  m'a'  -j^  .    Also  the  moments 

of   the  impressed   forces   will  be   —  nfiag  sin  6,    —  m'a!g  sin  0. 

Hence,  for  the  equilibrium  of  the  impressed  forces,  and  the 

eiSfective  forces   applied   in  directions  opposite  to  their  own, 

we  have 

d^s  d?s 

^^^  /^  +wi'a'  -j-j  +  (wa  +  m'a)g  sin  ^  =  0. 
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But  ds  —  add,  d8^(idO\  hence 

(mof  +  w!a*^  -TT  +  df^i^  +  nia!)  ^  sin  ^  =  0 ; 

a  result  which  shews  that  the  rod  will  oscillate  isochronously 
with  a  perfect  pendulum  of  which  the  length  is 

ma  4-  ma' 

(2)  Two  particles,  attached  to  the  extremities  of  a  fine  inex- 
tensible  thread,  are  placed  upon  two  inclined  planes  with  a 
common  summit :  to  determine  the  motion  of  the  particles  and 
the  tension  of  the  thread  at  any  time. 

Let  m, m,  be  the  masses  of  the  particles ;  a, a,  the  inclinations 
of  the  planes  to  the  horizon ;  x,  x\  the  distances  of  the  particles 
from  the  common  summit  of  the  planes  at  any  time.  Then  the 
impressed  accelerating  forces  on  the  particles  m,  m',  estimated 
down  the  two  planes,  will  be  g  sin  a,  g  sin  a',  respectively,  and 
the  effective  accelerating  forces,  estimated  in  the  same  direc- 

tions,  will  be  -^  ,  ^-^  .  Hence,  for  the  equilibrium  of  the  im- 
pressed moving  forces,  and  the  effective  moving  forces  applied 
in  directions  opposite  to  their  own,  we  have 

mBmoL  —  m  sma)  =  m-^— m  -^ (1). 

But,  if  c  denote  the  length  of  the  thread. 


,  d'^x     d^x' 


hence,  from  (1), 


(m  +  «0  -j.2=g{fn  sina  — m'  sin  a') (2); 

which  determines  the  common  acceleration  of  the  two  particles 
estimated  in  accordance  with  an  increase  of  x:    should  the 

<Px 
expression  for  -^  be  a  negative  quantity,  x  will  decrease  and 

x'  increase. 
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If  T  denote  the  tension  of  the  thread,  we  shall  have,  for  the 

equilibrium  of  the  impressed  moving  forces  T,  mg  sin  a,  exerted 

cPx 
on  the  particle  m,  and  the  effective  moving  force  m  -j^  applied 

in  a  direction  opposite  to  its  own. 


I 

=  —   -^-, (sm  a  +  sm  a ),  by  (2) : 


which  gives  the  value  of  T,  which  is  therefore  of  invariable 
magnitude  during  the  whole  motion. 

Poisson ;  Traite  de  M^canique,  Tom.  ii.  p.  12. 

(3)  One  body  draws  up  another  on  the  wheel  and  axle :  to 
determine  the  motion  of  the  weights  and  the  tension  of  the 
strings. 

Let  a,  a',  denote  the  radii  of  the  wheel  and  axle ;  m,  m',  the 
masses  of  the  bodies  suspended  from  them ;  8  the  arc  described, 
at  the  end  of  the  time  t,  by  a  molecule  fi  of  the  mass  of  the 
wheel  and  axle,  r  the  distance  of  the  molecule  from  the  axis  of 
rotation;  x^  x,  the  vertical  distances,  below  the  horizontal  plane 
through  the  axis,  of  the  masses  m,  m\ 

Then  the  moment  of  the  impressed  forces  about  the  axis  of 
rotation  will  be 

mag  —  rria'g ; 

and  the  moments  of  the  effective  forces,  estimated  in  the  same 
direction,  will  be 

ma  -7:r-wia-^r5-  +  S(/^^l. 


de  df  '  ^v 

Hence,  by  D'Alembert's  Principle, 

-hX(fir-^j  =  m4ig'-m'ag (1). 


cPa?        ,  ,  d'x 
ma  -r::^ma 


de  de  •  ^V 

Let  0  represent  the  whole  angle  through  which  the  wheel  and 
axle  have  rotated  at  the  end  of  the  time  t ;  then,  6,  b\  denoting 
the  initial  values  of  x,  x',  it  is  clear  that 

x  =  b-\'a9,    a?'  =  6'  —  a'O, 
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and  therefore 

d?"''^?'     'W'^'W ^'^^• 

Also,  it  is  manifest  that  8  =  r0,  and  therefore 

^('"§)-K'^^0-f^'-^=^^^ <* 

where  M}^  denotes  the  moment  of  inertia  of  the  wheel  and  axle 
together  about  the  axis  of  rotation. 

From  (1),  (2),  (3),  we  obtain 

{ma*  +  m'a"  +  Mi?)  -j^  —  mag  —  wiV^r, 

and  therefore,  if  the  system  be  supposed  to  have  no  motion 
when  ^  =  0, 

^"■*^  •wa- +  mV«  +  if *• ^*''- 

Let  r denote  the  tension  of  the  string  supporting  m\  then 


_        r^         a  {ma  —  m'a')    \ 
""^^{^"ma'  +  mV  +  JlfPj 

_       mV  (g  +  a)  +  Jf A;* 
Similarly,  the  tension  of  the  other  string  being  denoted  by  T\ 

(4)  A  thin  uniform  rod  AB  (fig.  180)  slides  down  between  the 
vertical  and  horizontal  rods  OBy^  OAxj  to  which  it  is  attached 
by  small  rings  at  A  and  B:  to  find  the  angular  velocity  of  AB 
in  any  position. 

Let  X  =  the  pressure  of  Oy  on  AB, 
F= Oa?on  AB. 
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Let  m  denote  the  mass  of  an  elemental  length  ds  of  the  rod  at 
P:  let  OM^x,  PM^y,  AB=^a,  l  OAB^d,  AP^s, 

The  moving  forces  on  m  will  be 

the  eflFective  force  m  -^-j ,  parallel  to  Ox, 
the  impressed  force  mg,  parallel  to  yO, 
the  effective  force  m  -7^,  parallel  to  Oy. 

Reverse  the  directions  of  m  —r-z  and  m  -7^ ,  as  indicated  in 

air  atr 

the  figure :  and  let  the  same  thing  be  done  in  regard  to  all  the 

molecules  of  the  descending  rod.     Then  the  system  of  forces 

will  satisfy  the  conditions  of  equilibrium. 

Hence  Sfm  ^  j  =X (1), 

2^(g+^)=r (2), 

2]^  ('^■^5^J^""^;^s  y[  +-3ra sin d—  races  ^  =  0...  (3). 

Let  X  denote  the  mass  of  a  unit  of  length  of  the  rod :   then 
m  =  \d8.    Also 

x  =  (a^8)cos0,        y  =  «  sin  0. 

d*x\     .  f*,         .  ,  rf*cos^ 


Hence  1,  (m  -t^j  =  X  1  (a  —  «)  cfe 


de 


^     (    d}y       d^x\      d  ^     f   dy       dx\ 
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ra  I 

2  (mgx)  =  \g  cos  6  I   {a  —  s)d8  i 

•'o 

=  i^^ra'  cos  0. 

The  equations  (1),  (2),  (3),  therefore  become,  if  if  denote  the 
mass  of  the  whole  rod, 

Z=iJlfa.^2- W' 

r=i.f(^  +  ia^^ (5), 

iMa^^+^Mgcose  +  XBrne-Ycose^O (6). 

From  (4),  (5),  (6),  we  shall  get,  after  eliminating  Xand  F, 

l?^-!'^^ (^^= 

integrating,  we  have,  a  being  the  initial  value  of  0, 

f  =  ^(sina-sin^ ..(8). 

a  result  which  determines  the  angular  velocity  of  AB  in  any 
position. 

Cor.    From  (4),  (5),  (7),  (8),  we  may  easily  ascertain  that 
X  =  ^Mff  cos  ^  (3  sin  ^  —  2  sin  a), 
r=  Mg  -  iMg  (1  +  2  sin  asin  0  +  sin'  0). 

(5)  A  uniform  heavy  rod  OA  (fig.  181),  which  is  at  liberty 
to  oscillate  in  a  vertical  plane  about  a  horizontal  axis  through 
0,  falls  from  a  horizontal  position :  to  determine  the  angle  in- 
cluded between  the  direction  of  the  rod  and  the  direction  of  the 
pressure  for  any  position  of  the  rod. 

Let  Ox,  Oy,  be  the  axes  of  co-ordinates  in  the  plane  of  oscil- 
lation, Ox  being  horizontal  and  Oy  vertical;  let  Oz  be  at  right 
angles  to  the  plane  xOg.  Let  Z7,.F,  represent  the  resolved 
parts  of  the  reaction  of  the  axis  Oz  upon  the  rod,  estimated 
along  xO,yO.  Let  p  =  the  density  of  the  rod,  /c  =  the  area  of 
a  section  of  it  taken  at  right  angles  to  its  length ;  let  P  be  any 
point  in  OA,  draw  PMdX  right  angles  to  Ox\  let 

OJIf=a?,    PM^y,     OP^r,     OA^a,     ^AOx^0. 


I*    I 


J 
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Then,  by  D'Alembert's  Principle,  resolving  forces  parallel  to  Ox, 

u-i:\^^'^]-^i:{^^) (.)= 

resolving  forces  parallel  to  Oy, 

'---/:{*(§-»)} <~^y. 

and,  taking  moments  about  the  axis  Oz^ 

,£^. -/;{*(.  §-,§)} (3, 

But,  from  the  geometry,  we  see  that 
x  =  rcos0,    -  =  -rsme^,     _  =  -rcos<?^-r8ind^, 
and  similarly 

hence,  from  (1),  we  have 

U^ scpjjdr  (cos  ff^-^  sin  0^) 

=^\a\p\cose  ^-^-sinO-^j (4); 

and,  from  (2), 

V==Kpga  +  ia^Kp  fsind^  — cosd  -ct) (5). 

Again,  from  (3),  substituting  for  x  and  y  their  values  in  terms 
of  r  and  0,  we  get 

ffj  cos  0rdr=  I   r^dr-r^y 
and  therefore 

If  A       ^     »d^0  d^0       3^  /I 

j5ra'cos^  =  K^^,        de^i,"^'^'' 
w.  s.  27 
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multiplying  by  2  -^ ,  integrating,  and  bearing  in  mind  that 

(16 
^  =  0  when  ^-  =  0,  we  have 
at 

-j^  =  -^  sm  0. 
at       a 

Hence,  substituting  for  -^  and  -r^  their  values  in  (4)  and  (5), 

we  obtain 

U=:  ^Kp  ag  sin  6  cos  ^, 
F=i«r/3agr(10-9cos*^. 

From  these  equations  we  get 

Z7cos  6  +  Fsin  6  =  ^icpag  sin  0, 
Tcos  6  —  CTsin  ^  =  \Kp  ag  cos  0, 

But  ?7cos  ^+  Fsin  6  and  Fcos  ^  —  C7"  sin  0  are  the  expres- 
sions for  the  resolved  parts  of  the  reaction  of  the  fixed  axis, 
estimated  along  AO  and  at  right  angles  to  -40;  hence,  if  <^ 
denote  the  inclination  of  the  resultant  reaction  to  the  line  A  0 
produced,  or  of  the  resultant  pressure  on  the  axis  to  the  line  OA, 
we  shall  have 

.       ,      Fcos^— ZZsind      ,       ^^ 
tan  <p  =  jf — 7)  ,    T>r  •  -^  =  -At  cot  d, 
^     Ucosd  +  Fsm  0      ^" 

tan  0  tan  ^  =  ^V- 

(6)  A  small  body  is  suspended  from  a  fixed  point  by  a  string, 
and  is  attracted  towards  a  point,  the  distance  of  which  from  it 
is  large  compared  with  the  length  of  the  string :  if  the  time  of 
a  small  oscillation  is  proportional  to  the  distance  at  which  the 
attracting  point  is  removed,  to  determine  the  law  of  the  at- 
tracting force. 

The  attracting  force  varies  inversely  as  the  square  of  the 
distance. 

(7)  To  determine  the  motion  of  a  chain  on  two  inclined 
planes,  the  intersection  of  which  is  horizontal,  the  chain  being 
in  a  plane  perpendicular  to  the  said  intersection. 
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Let  a,  13  he  the  inclinations  of  the  planes  to  the  horizon, 
I  the  length  of  the  chain :  then,  x  being  the  portion  of  the 
chain  on  the  former  plane  at  the  end  of  the  time  t, 

sm  a  +  sm  p 

where  X  —  ry  j  (sin  a  +  sin  fi)^ ; 

A  and  B  being  constants  which  may  be  found  when  the  initial 
values  of  x  and  ->-  are  given. 

Duhamel :  Coura  de  Micanique,  Deuxihne  Partie,  p.  82. 

(8)  A  flexible  chain  of  uniform  thickness  moves  upon  two 
inclined  planes,  placed  back  to  back  :  to  find  its  tension  at  any 
point :  also  to  find  the  greatest  tension  at  the  common  summit 
of  the  planes,  and  to  determine  whether  it  is  greater  or  less  than 
the  tension  at  the  same  point  when  there  is  equilibrium. 

Let  I  denote  the  whole  length  of  the  chain,  m  the  mass  of  a 
unit  of  its  length ;  a,  /3,  the  inclinations  of  CP,  CQ,  the  two  por- 
tions of  the  chain,  to  the  horizon  ;  let  CP=  r;  T—  the  tension 
at  any  point  E  in  CP\    CE=  x.    Then 

!r=!^(r-a?)(i-r)(8ina  +  sin^: 

the  greatest  tension  at  the  common  summit  is  equal  to 

\mgl  (sin  a  +  sin  /S), 
a  less  quantity  than  when  there  is  equilibrium,  unless  a  =  ^8. 

(9)  A  narrow  smooth  semicircular  tube  is  fixed  in  a  vertical 
plane,  the  vertex  of  the  semicircle  being  its  highest  point ;  and 
a  heavy  flexible  string,  passing  through  it,  hangs  at  rest :  if  the 
string  be  cut  at  one  of  the  ends  of  the  tube,  to  find  the  velocity 
which  the  longer  portion  of  the  string  will  have  attained  when 
it  is  just  leaving  the  tube. 

If  a  be  the  radius  of  the  tube  and  I  the  length  of  the  longer 
portion,  the  square  of  the  required  velocity  is  equal  to 

a5-.{2^-?(,r'-4)}. 

27—2 
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(10)  Two  particles,  connected  together  by  a  rigid  impon- 
derable rod,  are  constrained  to  move  along  two  grooves  Ois, 
Oy,  respectively,  the  former  horizontal,  the  latter  vertical :  sup- 
posing the  particles  to  be  placed  in  any  assigned  position,  to 
find  the  angular  velocity  of  the  rod  in  any  position  of  its  de- 
scent, and  the  pressures  on  the  grooves. 

Let  0  denote  the  inclination  of  the  rod  to  the  horizon  at  any 
time,  <o  the  corresponding  angular  velocity,  a  the  initial  value  of 
0,  I  the  length  of  the  rod ;  X,  F,  the  pressures  on  the  grooves 
Oy,  Oxy  respectively ;  m,  m\  the  masses  of  the  particles  in  the 
horizontal  and  vertical  grooves  respectively :  then 


09 


_  /2rng\i  /      sin  a  —  sin  0      \i 
~  \r)  *  Usin"«  +  m'cos««j  ' 


•^=7 — -  «/if    / — rA\J^^ri0(mBm*0 +m  co8^ 0)  —2m' (Bina—Biu0)], 
(msm'^+mcos*^)'^        ^  /  \  /j' 

Y=mg+-p — '  ta       I — Tmtlsin^fmsin'^+w'cos'tf)— 2m'(8ina-sind)|. 
^    {fnBin0-\-mcoa0y^        ^  /  \  /i 


(    *21     ) 


CHAPTER  VII. 

MOTION  OF  RIGID  BODIES  ABOUT  FIXED  AXES. 

Sect.  1.      Variotis  JProblems. 

Let  F  denote  the  resolved  paxt  of  any  one  of  a  system  of  forces 
acting  on  a  rigid  body,  at  right  angles  to  a  fixed  axis,  r  being 
the  perpendicular  distance  between  the  fixed  axis  and  the 
direction  of  F.  Then  Fr  will  be  the  moment  of  this  force 
about  the  axis,  and,  if  2  (Fr)  denote  the  sum  of  the  moments 
of  all  the  forces  affected  by  their  appropriate  signs,  we  shall 
have,  for  the  determination  of  the  motion  of  the  body,  the 
general  formula 

dt       Mie  ' 

where  a>  =  the  angular  velocity  of  the  body  after  a  time  t^  and 
MV  =  its  moment  of  inertia  about  the  fixed  axis. 

(1)  A  straight  uniform  rod,  moveable  about  its  upper  end, 
hangs  vertically :  to  find  the  least  angular  velocity  with  which 
it  must  begin  to  move  in  order  that  it  may  perform  complete 
revolutions  in  a  vertical  plane. 

Let  OA  (fig.  182)  be  the  rod  in  any  position;  let  d^its 
inclination  to  the  vertical  line  Ox  at  any  time  t.  Let  O  be  the 
centre  of  gravity :  draw  QH  at  right  angles  to  Ox.  Let 
OA  =  a,  m  =  the  mass  of  the  rod. 

Then,  for  the  motion, 

mft"  -^  =  —  \amg  sin  6 : 

but  4*.=  \d^ :  hence 

2a^  =  -35r8in^, 

a^=  Cz  +  S^rcosa: 
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let  0)  =  the  initial  angular  velocity  of  the  rod :  then 

ao!'^  C  +  Sg, 
and  therefore 

a  -T^  =  ao)*  —  3^  (1  —  cos  6). 

tiff 
Again,  the  condition  of  the  problem  requires  that  ^  =  0 

when  d  =  7r:   hence 

0  =  a<o'-6flr, 


and  therefore  a> 


-  (?)' 


(2)  A  straight  rod  AB  (fig.  183)  is  freely  moveable  about 
its  lower  end  -4,  which  is  fixed,  while  the  other  end  B  is  sus- 
pended by  a  fine  string  BG  attached  to  a  fixed  point  G:  when 
the  system  is  slightly  displaced  from  its  position  of  equilibrium, 
so  as  to  keep  the  string  at  full  stretch,  to  find  the  time  of  a 
small  oscillation. 

Let  AB=a;  join  GA  ;  let  a  =  the  inclination  of  GA  to  the 
horizon,  ^  BAG='€,  ^=  the  inclination  of  the  plane  BAG  to 
the  vertical  plane  through  A  G,  mli?  =  the  moment  of  inertia  of 
AB  about  A  G. 

The  component  of  the  weight  mg  of  the  rod  at  right  angles 
to  -4  C  is  mg  cos  a,  and  the  arm  of  the  moment  of  this  compo- 
nent about  -4  (7  is  i  a-  sin  € .  sin  0 :  hence,  for  the  motion, 

wife"  -^  =  —  Tngr  cos  a .  Ja  sin  ^.  sin  € : 
but  ]^=^c?  sin*  € :   hence,  0  being  small. 


d^0     Sg  cos  a   ^     ^ 
at       la  sm  e 


Hence  the  time  of  an  oscillation  is  equal  toiTr  (- )  . 

^*  \3/7  cos  a) 

(3)  Supposing  the  force  which  acts  oui  the  crank  of  a  steam- 
engine  to  be  vertical,  and  to  vary  as  the  sine  of  the  angle 
through  which  the  crank  has  revolved  at  any  time  from  a  ver- 
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tical  position ;  to  find  the  angular  velocity  of  the  crank  in  any 
position^  the  moment  of  the  resistance  being  always  equal  to 
half  the  greatest  moment  of  the  force,  and  the  moment  of  the 
weight  of  the  crank  being  regarded  as  inconsiderable. 

Let  AO  (fig.  184)  be  the  crank,  0  being  the  fixed  extremity ; 
draw  Ox  vertical ;  let  ^  AOx  =  0  s,i  any  time  t ;  F=: the  force 
acting  at  the  extremity  A  ;  OA  =  a :  assume  -F=  /a  sin  ^ ;  let 
m^  denote  the  moment  of  inertia  of  the  crank  about  0. 

Then,  the  moment  of  the  resistance  about  0  being  ^/ia,  we 
have,  for  the  motion  of  the  crank, 

mft*  -,  j  =  )Lt  sin  ^ .  a  sin  ^  —  i /xa 

=  — i/xacos2^: 
J/* 
multiplying  by  2  -7^  and  integrating,  we  obtain 

jffi 

nik^  -Ti  =  C  —  i  A^  Bin  2^ : 

let  (0  denote  the  angular  velocity  of  the  crank  when  0  =  0;  then 

rrJ^to*  =  C: 

,                                 rf^        ,      ;Aasin25 
hence  ^,  =  a, ^^^^^ 

which  gives  the  angular  velocity  of  the  crank  in  any  position : 
from  this  result  we  see  that  the  angular  velocity  is  always  a> 
when  the  crank  is  in  either  a  horizontal  or  a  vertical  position. 

(4)  The  extremities  of  a  uniform  rod,  moveable  about  its 
middle  point,  are  connected  with  a  fixed  point  by  elastic  strings, 
the  natural  length  of  each  string  being  equal  to  the  distance  of 
the  fixed  point  from  the  middle  point  of  the  rod :  to  find  the 
period  of  the  rod's  oscillations,  when  it  has  been  slightly  dis- 
placed from  its  position  of  equilibrium  in  the  plane  through 
the  rod  and  the  fixed  point. 

Let  h  be  the  distance  of  the  fixed  point  from  the  end  of  the 
rod  in  the  position  of  equilibrium,  c  the  distance  between  the 
fixed  point  and  the  middle  point  of  the  rod,  m  the  mass  of  the 
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rod,  and  \  the  modulus  of  elasticity  of  either  string :  then  the 
time  of  oscillation  is  equal  to  —  ( ^7 )  • 

Sect.  2.     Uniform  Revolution, 

(1)  An  isosceles  right-angled  triangle  ABC  (fig.  185)  is 
suspended  at  the  right  angle  A^  and  its  side  AB  is  kept  in  a 
vertical  position  by  a  ring  at  J3 :  an  angular  velocity  6>  being 
communicated  to  the  triangle  round  AB,  to  determine  the 
magnitude  of  co  in  order  that  there  may  be  no  pressure  at  B. 

Bisect  BG  in  L,  join  AL,  and  take  AG  =  ^AL ;  then  G  will 
be  the  centre  of  gravity  of  the  triangle ;  draw  QH  at  right 
angles  to  AC.  Take  P  any  point  in  the  area  of  the  triangle, 
and  draw  FM  at  right  angles  to  AB.  Let  AM=a,  PM=y, 
AC^a=^  AB;  m  =  the  mass  of  a  unit  of  area  of  the  triangle. 

Then 

AH=^  AGcoQ-j^^  ^AL  cos  4,  =  1^  (  cos  j  1  «=  Ja. 

Also  the  area  of  the  triangle  is  equal  to  ^a\  and  therefore  its 
mass  to  ^ma* :  hence  the  moment  of  the  triangle  about  an  axis 
through  A  at  right  angles  to  its  plane  at  any  instant,  in  conse* 
quence  of  gravity,  is 

Again,  the  moment  about  the  same  axis  due  to  centrifugal 
force  is  equal  to 


I  lincol'ydxdy .  x  =  ^ma>*  ly^xdos 


=  Jttio)*  I   (a  —  xYxdx  =  -^rruo^a^. 

Now,  since  there  is  no  pressure  on  the  ring  at  B,  the 
moments  of  gravity  and  of  centrifugal  force  about  the  axis 
through  A  must  be  equal ;  hence  we  have 

and  therefore  co*  =  -^ ,        co  =  2 1  - )  . 
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(2)  A  string  lying  in  the  form  of  a  circle  on  a  smooth  table 
is  revolving  like  a  wheel :  to  find  the  tension  of  the  string. 

Let  m  =  the  mass  of  a  unit  of  length  of  the  string,  rods  =  the 
mass  of  the  element  Pp  (fig.  186) :  the  moving  force  on  the 
element  due  to  rotation  is  equal  to  mds.to^r,  o)  being  the 
angular  velocity  and  r  the  radius. 

Let  t  be  the  tension  at  P,  the  tension  at  p  being  accordingly 
t+dt  Resolving  tangentially  we  have,  ^  POp  being  denoted 
by  0,  for  the  equilibrium  of  Pp, 

t={t+ dt)  cos  e, 

or,  in  the  limit, 

t^t-\-dt, 

or  c2^  =:  0,     ^  =  a  constant  quantity. 

To  find  this  constant  value  we  have,  resolving  normally, 

Tnds .  fi)V  =  (^  +  cK)  sin  ^  =  ^^,  in  the  limit : 
whence 

or  the  tension  varies  as  the  square  of  the  angular  velocity. 

(3)  Two  equal  uniform  rods  -45,  AC  (fig.  187)  are  con- 
nected at  one  extremity  Ahj  s,  fixed  hinge,  the  other  extremi- 
ties being  connected  by  a  fine  string  BC:  they  are  whirled 
round  with  a  given  angular  velocity,  so  that  the  axis  of  the 
isosceles  triangle  formed  by  the  string  and  rods  is  always 
vertical :  to  find  the  tension  of  the  string. 

Let  AB  =  2a,  r=the  tension  of  the  string,  IT = the  weight 
of  either  rod,  co  =  the  angular  velocity  about  the  vertical  axis 
AE  oi  the  triangle,  z  BAE—a.  Take  Pany  point  in  AB\  let 
AP  =  r. 

Then,  taking  moments  of  the  forces  acting  upon  AB,  about 
the  point  A^  we  have 

rWdr 
Q>V  sin  a .  -^ —  .  r  cos  a 

yjj,    .       .  TToi' sin  a  cos  a  8  , 

2ag  3 
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4aG)*cosa^ 


Txr    •       (^      4aG)  cosaX 


2'=JTFtana.(l  +  *^^^). 

(4)  One  end  -4  of  a  rod  AB  is  attached  to  a  hinge  ^  in  a 
vertical  axis,  and  the  other  end  B  is  connected  with  a  weight 
P  by  means  of  a  fine  string  passing  through  a  small  hole  in  the 
axis  at  a  distance,  above  A^  equal  to  AB :  supposing  the  rod  to 
revolve  about  the  axis,  to  determine  its  angular  velocity  in 
order  that  it  may  be  inclined  during  the  whole  motion  at  an 

angle  v  to  the  vertical  line  drawn  downwards  from  A. 

Let  2a  dfinote  the  length  of  the  rod,  and   W  its  weight : 
then,  0)  representing  the  angular  velocity. 


<"'  =  2^2f-¥^^(*-^«) 


(5)  A  rod  revolves  freely  about  a  fixed  point  at  its  upper 
end  so  as  to  be  always  inclined  to  the  vertical  at  a  given  angle : 
to  find  its  angular  velocity  about  the  vertical  through  its  higher 
end,  and  the  direction  of  the  pressure  on  the  fixed  point. 

Let  2a  be  the  length  of  the  rod  and  a  the  given  angle :  then 
the  angular  velocity  will  be  equal  to 


\4acosa/  * 


and,  -^  being  the  inclination  of  the  direction  of  the  pressure  to 
the  vertical, 

tan  V^  =  T  tan  a. 

Griffin :  Solidions  of  the  Examples  on  the  motion 

of  a  rigid  body,  p.  35. 

(6^  An  elastic  string,  the  weight  of  a  unit  of  length  of  which 
in*  its  natural  state  is  w,  is  placed  within  a  circular  tube  of 
radius  a,  which  revolves  uniformly  about  a  vertical  diameter : 

the  modulus  of  elasticity  is  wa  and  the  angular  velocity  (-)   : 
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if  the  string  occupy  the  upper  half  of  the  tube,  to  find  the 
natural  length  of  the  string. 

The  natural  length  of  the  string  is  equal  to  the  length  of 
the  diameter  of  the  tube. 

(7)  A  square  lamina  revolves  about  an  edge,  which  is  fixed 
in  a  vertical  position  :  to  ascertain  the  angular  velocity  in  order 
that  the  resultant  pressure  on  the  axis  of  revolution  may  pass 
through  the  highest  point. 

If  2a  be  the  length  of  an  edge,  the  required  angular  velocity 
is  equal  to  f^j  • 

(8)  A  carriage  moves  on  a  railroad  with  a  given  velocity 
round  a  curve  of  given  radius :  to  find  the  amount  by  which  the 
outer  rail  must  be  elevated  above  the  inner  one  in  order  that 
the  carriage  may  not  be  overturned  towards  the  outside. 

• 

We  will  suppose  the  radii  of  the  circles  described  by  the 
molecules  of  the  carriage  to  be  the  same,  as  will  be  approxi- 
mately the  case  in  railroads. 

Let  2i  =  the  breadth  of  the  road  between  the  rails,  a  —  the 
distance  of  the  centre  of  gravity  of  the  carriage  from  the  road, 
r  =  the  radius  of  the  curve,  v  =  the  velocity  of  each  molecule  of 
the  carriage,  and  0  =  the  inclination  of  the  road  to  the  horizon : 
then 

tan5  =  ^-5 ^~  • 

iyir-hagr 

(9)  A  thin  book  lies  on  one  of  the  faces  of  a  desk :  to  find 
the  greatest  angular  velocity  round  a  vertical  axis  which  can  be 
given  to  the  desk  without  throwing  off  the  book. 

Let  a»the  inclination  of  the  desk  to  the  horizon,  a«the 
length  of  the  book  ;  and,  the  book  being  supposed  to  be  placed 
symmetrically  on  one  face  of  the  desk,  let  c  =  the  distance  of  its 
lower  edge  from  the  axis  of  revolution,  co  =  the  required  angular 
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velocity.    Then,  the  book  being  supposed  to  be  moveable  about 
its  lower  edge,  which  is  kept  at  rest  by  the  ledge  of  the  desk, 

1  _     S^r  cot  a 
""  3c  —  2a  cos  a 

(10)  A  circular  disc  is  capable  of  motion  about  a  horizontal 
tangent,  which  rotates  with  a  uniform  angular  velocity  about  a 
vertical  axis  through  the  point  of  junction,  which  is  fixed :  to 
find  the  angular  velocity  of  the  tangent  in  order  that  the  incli- 
nation of  the  disc  to  the  horizon  may  have  a  given  constant 
value. 

Let  a  be  the  radius  of  the  disc  and  a  the  inclination  of  the 
disc  to  the  horizon :  then  the  required  angular  velocity  is  equal 
to 

4^ 


\5a  sin  a/ 


(11)  A  Ring,  surrounding  a  Planet,  revolves  uniformly  about' 
a  diameter  passing  through  the  common  centre  of  the  Ring  and 
the  Planet :  to  determine  the  form  of  the  Ring  in  order  that 
the  tangential  stress  may  be  the  same  at  all  points. 

If  6>  =  the  angular  velocity,  /L6=the  attraction  of  the  planet  at 
a  unit  of  distance,  2a  =  the  diameter  of  revolution;  then^  the 
prime  radius  vector  being  supposed  to  be  coincident  with  the 
diameter  of  revolution,  the  equation  to  the  ring  will  be 

a     r     2/1 


Sect.  3.     Centre  of  Oscillation. 

Conceive  a  body  of  any  figure,  acted  on  by  gravity,  to  be 
oscillating  about  a  fixed  horizontal  axis  AB  (fig.  188) ;  let  0  be 
the  centre  of  gravity  of  the  body ;  draw  00  at  right  angles  to 
AB.    Produce  OG  to  a,  point  C  such  that 

0(7  =  ^^. 
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where  h  =  OG  and  k  =  the  radius  of  gyration  of  the  body  about 
an  axis  through  G  parallel  to  AB ;  then,  if  the  whole  mass  of 
the  body  be  collected  at  the  point  G,  the  period  of  its  oscilla- 
tions about  AB  will  be  the  same  as  before.  The  point  C  is 
called  the  Centre  of  Oscillation  or  of  Agitation. 

The  theory  of  the  Centre  of  Oscillation  of  bodies  originated 
in  questions  addressed,  about  the  year  1646,  by  Mersenne  to  the 
mathematicians  of  his  day,  who  were  called  upon  by  him  to 
exert  their  ingenuity  to  discover  the  time  of  oscillation  of  bodies 
moveable  about  horizontal  axes.  It  is  rather  singular  that  all 
those .  who  first  attempted  the  solution  of  this  celebrated 
problem,  among  whom  Mersenne*  himself  is  to  be  numbered, 
together  with  Descartes',  Roberval',  Wallis*,  and  Fabri*,  tacitly 
supposed  the  Centre  of  Oscillation  to  be  coincident  with  the 
Centre  of  Percussion ;  a  supposition  which,  although  true,  is  by 
no  means  obvious  without  a  rigorous  demonstration.  On  the 
strength  of  this  assumption,  however,  the  Centre  of  Oscillation 
was  correctly  determined  in  the  case  of  certain  figures.  Descartes 
gave  a  true  solution  of  the  case  where  a  plane  area  oscillates 
in  planum,  but  failed  in  the  case  of  solid  bodies  and  of  plane 
areas  oscillating  in  latus.  Roberval  assigned  correctly  the 
position  of  the  Centre  of  Oscillation,  not  only  of  plane  areas 
oscillating  in  planum,  but  also  in  certain  instances  of  oscillation 
in  lotus,  while  together  with  Descartes  he  failed  to  give  a  correct 
solution  of  the  problem  in  the  case  of  solid  figures.  The  labours 
of  Huyghens,  who  in  his  earlier  efforts  to  obtain  a  solution  of 
Mersenne's  problem  had  been  utterly  baffled,  were  at  length 
crowned  with  success,  and  accordingly  in  the  fourth  part  of  his 
Horologium  Oscillatorium,  which  appeared  in  the  year  1673,  was 
given  the  first  rigorous  and  general  investigation  of  the  Centre 
of  Oscillation.  The  two  following  axioms  constitute  the  basis 
of  his  researches :  first,  that  the  centre  of  gravity  of  a  system 

^  Mersenni  Reflexiones  Physico-MatJiematica,  Cap.  xi.  et  xii. 

■  Lettres  de  Descartes^  Tom.  iii.  p.  487,  Ao. 

'  Lettres  de  Descartesj  ib. 

^  Mechanicaf  give  De  Motu, 

*  Tract,  de  MotUf  Append.  Physico-Math.  De  Centra  Percitsiionis, 
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of  heavy  bodies  cannot  of  itself  rise  to  an  altitude  greater  than 
that  from  which  it  has  fallen,  whatever  change  be  made  in  the 
mutual  disposition  of  the  bodies;  and,  secondly,  that  a  compound 
pendulum  will  always  ascend  to  the  same  height  as  that  from 
which  it  has  descended  freely.  Some  years  after  the  publication 
of  the  Horologium  Oscilldtoriuniy  the  truth  of  these  fundamental 
aidoms,  which  although  true,  it  must  be  admitted,  are  not  suffi- 
ciently elementary,  was  called  in  question  by  the  Abb^  Catelan*, 
who  substituted  certain  frail  theories  of  his  own  in  place  of  the 
valuable  researches  of  Huyghens.  The  attention  of  the  mathe- 
maticians of  the  day  having  been  more  closely  directed  to  the 
subject  by  the  controversy  which  arose  between  Huyghens  and 
Catelan,  the  views  of  Huyghens  received  ample  corroboration 
from  the  more  elementary  investigations  of  L'Hdpital,  James 
Bernoulli,  and  other  mathematicians.  For  information  respect- 
ing the  subsequent  history  of  Mersenne's  problem,  the  reader  is 
referred  to  the  Chapter  on  D'Alembert's  Principle. 

(1)  To  find  at  what  point  of  the  rod  of  a  perfect  pendulum 
must  be  fixed  a  given  weight  of  indefinitely  small  volume,  so  as 
to  have  the  greatest  effect  in  accelerating  the  pendulum. 

Let  m  be  the  mass  of  the  bob  of  the  perfect  pendulum,  and  a 
its  length ;  m'  the  mass  of  the  given  weight,  and  a  the  distance 
of  its  point  of  attachment  from  the  centre  of  suspension ;  I  the 
distance  between  the  centre  of  suspension  and  the  centre  of 
oscillation  of  the  complex  pendulum.  Then  we  shall  have, 
m  and  ni'  being  both  of  indefinitely  small  volume, 

1    i          '    'S 
I—   ; T-T  ' 

ma  +  ma 

Now  the  shorter  the  rod  of  a  perfect  pendulum,  the  shorter 
will  be  the  time  of  its  oscillations:  hence  I  must  be  a  minimum: 
differentiating  then  with  respect  to  a'  we  get 

dl  ^  2m a'  {ma  +  ma)  —  m  (ma^  +  'nia*)  _  ^ 
da  ^  {ma  +  m'dY 

J  Journal  den  Flravans,  1682  et  1684. 
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hence  7?i'a"  +  2maa  =  ma\ 

fn?a*  +  2mam'a  +  mV  =  (m*  +  mm!)  a", 

tn'a'  +  ma  =  (m*  +  mm'^a, 

h  a'  =  -^  j  (m*  +  mm')*  -  ml, 

which  determines  the  required  point  of  attachment. 

Lady's  and  Gentleman's  Diari/,  1742.  Diarian  Beposi- 
tary,  p.  394.  Euler;  De  Motu  Corp,  Solid.,  Prob. 
48.  Cor.  1.  p.  216. 

(2)  To  compare  the  times  in  which  a  circular  plate  will 
vibrate  round  a  horizontal  tangent  and  round  a  horizontal  axis, 
through  the  point  of  contact,  at  right  angles  to  the  tangent. 

Let  I,  X  denote  the  lengths  of  the  isochronous  pendulums  in 
the  former  and  latter  case  respectively;  a  the  radius  of  the 
plate ;  fc,  k\  the  radii  of  gyration  about  axes  through  the  centre 
of  the  plate  parallel  in  each  case  to  the  axis  of  oscillation. 
Then 

,     a^-^J^  „     a'  +  i'^ 

a  a 

Let  A  denote  the  area  of  the  plate ;  r  the  distance  of  a  point 
within  it  from  its  centre,  and  6  the  inclination  of  this  distance 
to  the  horizon  when  the  plate  is  hanging  at  rest.    Then 

AT^  =  /  IrdOdr .  r'  sin"^,  between  the  proper  limits, 

Also 

Ak'^^^  jjrdedr.r^  =  rr r^dOdr  ^ia'  rd0^^7ra\ 

But  A  =  Tra* ;  hence  1<?  =  Ja*  and  i'*  =  Ja* ;  and  therefore 
l  =  a'\-ia^^ay        r  =  a  +  ^a  ==|a. 

Hence,  if  t,  f  denote  the  times  of  vibration, 


?-©'=©' 


-  -•■^■•i 
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(3)  To  find  the  length  of  a  simple  pendulum  oscillating  in 
the  same  time  as  the  arc  of  a  given  circle,  the  axis  of  oscillation 
passing  horizontally  through  the  middle  point  of  the  arc  at 
right  angles  to  its  plane. 

Let  (7,  (fig.  189),  be  the  centre  of  the  circle,  -4  the  middle 
point  of  the  arc,  P  any  point  in  the  arc.  Draw  PM  at  right 
angles  to  AG\  let  AM^x,  AG=a,  Sm^ the  mass  of  an 
element  of  the  arc  at  P,  Z  =  the  length  of  the  required  pen- 
dulum.   Then 

%  (xSm)        2  {xBtn)  * 

a  result  which  shews  that  the  length  of  the  simple  pendulum 
depends  only  upon  the  radius  of  the  circle,  and  not  upon  the 
length  of  the  arc.     Lady's  IHary,  1841. 

(4)  If  I  and  h  be  the  distances  of  the  centres  of  oscillation 
and  gravity  of  a  mercurial  pendulum,  of  which  the  weight  is  m, 
from  the  axis  of  suspension,  and  h'  be  the  distance  of  the 
centre  of  gravity  of  a  small  quantity  of  mercury  fi  by  the 
additioil  of  which  the  pendulum  is  made  to  vibrate  seconds 
exactly,  to  determine  the  approximate  ratio  of  fitom,L  being 
the  length  of  the  seconds  pendulum,  and  r  the  radius  of  the 
cylinder  containing  the  mercury. 

The  moment  of  inertia  of  the  mercury  fi,  which  may  be 
regarded  approximately  as  a  circular  lamina  of  fluid,  about  any 
diameter,  and  therefore  about  a  diameter  parallel  to  the  axis 
from  which  the  pendulum  is  suspended,  will  be  \fJLr^,  and  there- 
fore its  moment  of  inertia  about  the  axis  of  suspension  will  be 

Also,  the  radius  of  gyration  of  the  mercury  m  about  a  line 
through  its  centre  of  gravity  parallel  to  the  axis  of  suspension 
being  k,  the  moment  of  inertia  about  the  axis  of  suspension.will 
be  m  (A"  +  i*).  Hence,  by  the  formula  for  the  Centre  of  Oscilla- 
tion, we  have  approximately 

(jih!^mh)L^fi  (A'*  +  Jr")  +m  (/t'+  /j»). 
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\ 


But  also 

we  shall  have 

hl=-h*  +  k*; 

nee 

(M'  +  wiA)  2;  =  /^  (A'*  +  ir*)  +mkl, 

-h')-iT>}  =  h{l- 

-L), 

m 

(5)  A  bent  lever,  the  lengths  of  the  arms  of  which  are  a 
and  b,  and  the  angle  between  them  6,  makes  small  oscillations 
in  its  own  plane  about  the  fulcrum :  to  find  the  length  of  the 
isochronous  simple  pendulum. 

The  required  length  «= — r- 

^  ^         (a*  +  2aWcos^  +  i*)* 

(6)  A  bent  lever,  the  arms  of  which  are  of  equal  weight, 
and  which  are  inclined  to  each  other  at  right  angles,  makes 
small  oscillations  in  its  own  plane  about  its  fulcrum :  to  find 
the  length  of  the  isochronous  simple  pendulum. 

The  length  of  the  required  pendulum  is  equal  to  two-thirds 
of  the  diameter  of  a  circle  of  which  the  arms  of  the  lever  are 
chords. 

(7)  To  ascertain  at  what  point  in  its  length  a  uniform 
straight  rod  of  small  thickness  must  be  suspended  in  order  that 
it  may  oscillate  isochronously  with  a  given  simple  pendulum. 

Let  2a  =  the  length  of  the  rod,  I  =  the  length  of  the  given 
pendulum,  h  =  the  distance  of  the  required  point  of  suspension 
from  the  rod's  centre  of  gravity.    Then 

2a 
which  shews  that  -t^  is  the  least  admissible  value  of  I, 

wo 

(8)  A  heavy  circular  arc,  of  which  the  radius  is  a,  and  which 
subtends  an  angle  2a  at  the  centre  of  the  circle,  oscillates,  in  a 

w.  s.  28 
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vertical  plane,  between  two  inclined  planes  :  to  find  the  length 
of  the  isochronous  simple  pendulum. 

The  required  length  is  equal  to  -7 


sin  a 


(9)  To  investigate  the  form  of  an  isosceles  triangle,  the 
oscillations  of  which  may  have  the  same  amplitude  and  period 
round  an  axis,  perpendicular  to  its  plane,  through  its  vertex, 
and  round  an  axis,  parallel  to  the  former,  through  the  middle 
point  of  its  base. 

The  vertical  angle  of  the  triangle  must  be  a  right  angle.  | 

(10)  A  square  oscillates  about  a  horizontal  axis  perpen-  I 
dicular  to  its  plane :  to  find  where  the  axis  must  pierce  the  \ 
square  in  order  that  the  time  of  oscillation  may  be  a  minimum. 

If  c  =  the  length  of  a  side  of  the  square,  the  locus  of  the  ' 

required  point  is  a  circle  described  about  the  centre  of  the  1 

square  with  a  radius  -j^  • 

(11)  A  square  lamina  oscillates  flat-ways  about  a  horizontal 
axis  passing  through  one  of  its  angular  points :  to  find  the 
length  of  the  isoschronous  simple  pendulum. 

The  required  length  =  ^  x  diagonal. 

(12)  A  sector  of  a  circle  oscillates  round  a  horizontal  axis  at 

right  angles  to  its  plane  through  the  centre  of  the  circle :  to  , 

find  the  angle  of  the  sector  when  the  length  of  the  isochronous  i 

simple  pendulum  is  equal  to  one  half  the  length  of  the  arc. 

If  ^  =5  the  angle  of  the  sector, 

cos  ^  =  —  J. 

(13)  A  uniform  rod  of  ^ven  length  is  bent  into  the  form  of  a  » 
cycloid,  and  oscillates  about  a  horizontal  line  joining  its  extre- 
mities :  to  find  the  length  of  the  isochronous  simple  pendulum. 

If  a  be  the  length  of  the  rod,  the  length  of  the  isochronous 
pendulum  will  be  ^a. 
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(14)  A  pendulum  consists  of  an  indefinitely  thin  rigid  rod 
OAy  and  a  globe  of  which  the  centre  is  ^ :  to  determine  the 
point  A',  in  the  line  OA,  at  which  the  centre  of  another  globe 
must  be  fixed  in  order  that  the  oscillations  of  the  system  of  the 
two  globes  may  be  executed  in  the  smallest  time  possible. 

Let  OA  =  a,  OA'  =  a' ;  also  let  r,  r\  be  the  radii,  and  m, 
irif  the  masses  of  the  globes  A^  A\    Then 

a'  =  -7  •!wi(m  +  m')a*  +  Jw' (mr*  +  mV*)|" ?• 

Euler ;   Theoria  Motus  Corporum  SoUdorum,  p.  215. 
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CHAPTER  VIII. 

MOTION  OF  RIGID  BODIES.      SMOOTH  SURFACES. 

If  a  body  be  in  motion  about  a  Principal  Axis*,  and  be  acted 
on  by  forces  which  do  not  tend  to  perturb  the  direction  of  this 
axis ;  then,  the  motion  of  the  centre  of  gravity  of  the  body 
remaining  the  same  as  if  all  the  forces  were  impressed  on  the 
mass  condensed  at  this  point,  the  Principal  Axis  will  always 
remain  parallel  to  itself  as  an  axis  of  permanent  rotation,  and 
the  angular  acceleration  about  this  axis  will  be  the  same  aB  if 
it  were  a  fixed  axis.  The  discovery  of  the  existence  of  three 
principal  axes  in  every  body  as  axes  of  permanent  rotation  is 
due  to  Professor  Segner  of  Gottingen,  by  whom  it  was  communi- 
cated to  the  world  in  a  memoir  entitled  Specimen  Theories 
Turbinum,  published  at  Halle  in  the  year  1756.  For  the  com- 
plete development  of  the  theory  of  rotation  about  permanent 
axes^  the  student  is  referred  to  Euler^s  Theoria  Motus  Corpo- 
rwm  Solidorum,  cap.  viii.,  a  work  of  the  greatest  value  for 
those  who  wish  to  acquire  profound  views  on  the  subject  of 
the  motion  of  rigid  bodies. 

If  a  body  be  revolving  at  any  instant  of  time  about  an  axis 
which  is  not  a  principal  one,  this  axis  will  not  be  one  of  perma- 
nent rotation ;  the  body  will  revolve  successively  about  a  series 
of  instantaneous  axes,  the  positions  of  which  both  in  relation  to 
the  body  and  to  absolute  space  are  different.  The  solution  of 
the  great  physical  problem  of  the  Precession  of  the  Equinoxes, 
published  by  D'Alembert*  in  the  year  1749,  unfolded  a  com- 
plete method  for  the  investigation  of  the  general  problem  of 

^  The  following  is  the  definition  of  Principal  Axes  given  by  Euler,  Theoria 
Motus  Corporum  Solidorum,  p.  175:  "Axes  principales  cujusque  corporis  sunt 
tres  illi  axes  per  ejus  centrum  InertifB  transeuntes,  quorum  respeotn  momenta 
inertisB  sunt  vel  maxima  yel  minima." 

'  Reeherehei  tur  la  PrSeession  de$  Mquinoxetf  1749. 
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rotation.  In  the  following  year  was  published  by  Euler'  a 
memoir  entitled  D^couverte  cPv/n  nouveau  principe  de  M6ca- 
wiqae,  the  object  of  which  was  to  investigate  general  formulse 
for  the  motion  of  a  body  under  the  most  general  circumstances 
of  motion  and  force.  The  equations,  however,  expressing  under 
the  most  simple  form  the  general  conditions  of  rotation,  were 
first  given  by  Euler*  in  the  year  1758,  who  availed  himself  of 
the  principles  of  simplification  afforded  by  the  recent  disco- 
veries of  Segner*  respecting  the  existence  of  the  three  Principal 
Axes  of  material  bodies.  The  consideration  of  the  general 
problem  of  rotation  was  resumed  by  D'Alembert,  and  presented 
under  its  most  general  aspect  in  the  first  volume  of  his  Opus- 
cules MathiTnatiques,  published  in  1761,  where  he  expresses 
disapprobation  of  the  title  prefixed  by  Euler  to  his  memoir  of 
1749,  in  consideration  of  his  own  investigations  on  the  Pre- 
cession of  the  Equinoxes.  The  subject  of  rotation  was  tho- 
roughly investigated  and  exemplified  by  Euler  m  his  Theoria 
Motus  Corporum  SoUdorum  et  Rigidorum,  which  appeared  in 
the  year  1767.  The  same  subject  was  afterwards  investigated 
by  Lagrange^  on  more  general  principles  of  analysis.  In  the 
year  1777  appeared  a  memoir  entitled,  A  new  Theory  of  the 
Botatory  Motion  of  Bodies  affected  by  Forces  disturbing  such 
motion,  by  Landen',  a  celebrated  English  mathematician,  in 
which  he  expresses  himself  dissatisfied  with  the  conclusions  of 
the  great  continental  philosophers  on  the  subject  of  rotation. 
The  subject  was  again  resumed  by  Landen*  a  few  years  after- 
wards, when  he  developes  more  fully  his  own  views,  and  per- 
sists in  his  opposition  to  the  doctrines  of  his  predecessors. 
There  is  a  memoir  by  Wildbore  in  the  Philosophical  Trans- 
actions  for  the  year  1790,  in  which  the  subject  is  investigated 
under  a  new  light:    the  conclusions  of  the  author  are  un- 

1  Mknoirea  de  VAcadmie  des  Sciences  de  Berlin,  1750. 
»  Ihid.  1768. 

>  Specimen  TheoruB  Twrhinam,  1755. 

«  Menwires  de  V Academic  dee  Sciences  de  Berlin,  1768 ;  Mtcanique  AnalyHque, 
Beoonde  Partie,  Section  ix. 

*  Philosophical  Transaetians,  1777. 

•  Ibid,  1785. 
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favourable  to  the  cause  of  Landen^  whose  views  are  in  fact  now 
generally  exploded.  For  further  informaticm  on  the  history  of 
the  theory  of  rotation  and  Landen*s  controversy,  the  student  is 
referred  to  a  memoir  by  Mr  Whewell,  in  the  second  volume  of 
the  Cambridge  PhUoeophical  Transaotions,  1827.  The  investi* 
gation  of  Euler^s  general  equations  of  rotatoiy  motion  has  been 
effected  with  great  elegance  and  simplicity  by  Mr  O'Brien^  in 
the  fifth  chapter  of  his  Maihem(UiCal  TracU,  Part  L 


Sbct.  1.    Bmgle  Body.    Aoda  of  iJo^o^ion  Tiot  Rotaliag. 

(1)  A  rod  PQ  (fig.  190),  of  uniform  thickness  and  density, 
having  been  placed  in  a  given  position,  such  that  one  end  is  in 
contact  with  a  smooth  horizontal  plane  OA  and  the  other  with 
a  smooth  vertical  plane  OB^  descends  in  a  vertical  plane  AOB 
by  the  action  of  gravity:  to  determine  where  the  rod  will 
detach  itself  from  the  vertical  plane. 

Let  PQ  =  a^  GQ,  0  beiug  the  centre  of  gravity  of  the  rod ; 
let  OH  he  vertical  and  equal  to  y  at  any  time  t  of  the  motion ; 
OH  is:  X,  t  QPO  B=  ^ ;  A;  B=  the  radius  of  gyration  of  the  rod 
about  0;  B^  the  reaction  of  the  vertical  plane,  which  will  be 
horizontal,  and  8  ^  that  of  the  horizontal  plane,  which  will  be 
vertical ;  m  » the  mass  of  the  rod. 

Then,  for  the  motion  of  the  rod,  we  have,  resolving  forces 
horizontally, 

'"S"^ ^^^' 

resolving  vertically, 

m^  =  8-mg  (2); 

and  taking  moments  about  G, 

m]^ "^^^Ra  sin^  — 5acos0 (3). 
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EUminating  JB  and  S  between  the  three  equations  (1)>  (2)) 
(3),  we  have 

Ar-^a-aBm^^-acoa^^^-ajrcofl^ (4). 

Now^  from  the  geometiy,  it  is  clear  that 

a=^aco8<l>f    y  =>  a  sin  ^, 
and  therefore 

and 

« 

hence  we  have 

and  therefore,  from  (4), 

(a*  +  i*)  -2^«-asrcos<^ (6): 

multiplying  by  2  -^,  and  integrating,  we  have 

but,  if  a  be  the  initial  value  of  0,  we  have,  since  ^  =  0  initially, 

0=  (7— 2a^sina; 
and  therefore        (a*  + A*)  ^  =  2agf  (sin  a— sin  ^) (7). 

Now,  at  the  instant  when  the  rod  detaches  itself  from  the 
vertical  plane,  JB^O;  hence,  by  (1)  and  the  value  of  -^ 
in  (5), 

cos^^+sm^^^O; 
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and  therefore,  by  (6)  and  (7), 

2ag  (sin  a  —  sin  ^)  cos  ^  «=  o^  cos  ^  sin  ^ ; 
whence,  since  if>  cannot  be  equal  to  ^w,  we  have 

2  sin  a  —  2  sin  ^  =  sin  ^,  sin  0  =  2  sin  a; 

which  gives  the  position  of  the  rod  at  the  moment  of  its  separa* 
tion  from  the  vertical  plane. 

This  problem  was  proposed  by  Weston,  a  disciple  of  Landen's, 
in  the  Lady's  and  GfentlemarCs  Diary  for  the  year  1757 ;  and 
solved  by  Peter  Walton,  a  contributor  to  the  Diary.  See 
Diarian  Bepository,  p.  467. 

(2)  A  uniform  rod  of  given  length  hangs- horizontally  by  two 
equal  vertical  strings  attached  to  its  ends :  if  it  be  twisted 
horizontally  through  a  very  small  angle,  so  that  its  centre  of 
gravity  remains  in  the  same  vertical  line,  to  find  the  time  of  an 
oscillation,  the  inertia. of  the  strings  being  neglected. 

Let  P,  Q,  (fig.  191),  be  the  points  from  which  the  strings 
PA,  QB,  are  suspended,  AB  being  the  position  in  which  the 
rod  will  rest ;  let  a&  be  the  position  of  the  rod  at  any  instant 
after  disturbance ;  G  the  centre  of  gravity  of  AB,  and  there- 
fore approximately  of  ab.  Let  AO  =  a=BO,  AP^b^BQ, 
z  AOa^Oy  m  =  the  mass  of  the  rod. 

Then,  for  small  osciUations,  the  tension  of  each  string  may  be 
considered  equal  to  \rng  and  Aa  equal  to  ad.  Also  the  resolved 
part  of  the  tension  of  aP  along  aA  will  be  nearly  equal  to 

and  its  moment  about  Q  will  be  nearly  equal  to 

mcfgO 

similarly  for  the  tension  of  the  string  hQ :  hence  for  the  angular 
motion  of  ab  about  O,  taking  into  account  the  tensions  of  both 
the  strings. 
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but  If=^€f:  hence 

hence  the  time  of  an  oscillation  will  be  equal  to  [  7- j  ir ; 

which  is  that  of  a  simple  pendulum,  of  which  the  len^h  is  |S, 
and  is  independent  of  the  length  of  the  rod. 

Ladjfs  and  OendemmCs  Diary,  1842,  p.  51. 

(3)  A  heterogeneous  sphere  is  placed  npon  a  perfectly 
smooth  horizontal  plane,  its  centre  of  gravity  being  slightly 
distant  from  the  vertical  through  its  geometrical  centre :  to  find 
the  time  of  the  small  oscillation  of  the  centre  of  gravity  about 
the  geometrical  centre. 

Let  AB8  (fig.  192)  be  a  vertical  section  of  the  sphere,  passing 
through  C  its  geometrical  centre  and  G  its  centre  of  gravity. 
Draw  OQ  horizontal,  intersecting  the  vertical  line  SGK^ 
tVrough  the  point  of  contact  of  the  sphere  and  the  horizontal 
piano,  in  the  point  Q ;  draw  OM  vertical  to  cut  the  horizontal 
plane  in  M\  and  let  COA  be  the  radius  through  G.  Let 
aAGM^4>^^AC8\  CG^c,  MG^y,  Wiethe  mass  of  the 
sphere,  h  =  the  radius  of  gyration  about  G,  Jt  =  the  reaction  of 
the  plane  at  S  upon  the  sphere,  which  will  exert  itself  vertically. 

.    Then  for  the  motion  of  the  sphere  we  have,  resolving  forces 
vertically, 

m^^B-mg, (1), 

and,  taking  moments  about  G^ 

^Jt»^  =  «J2c8in0 (2): 

but  y  sr  a  —  0  cos  ^,  and  therefore,  from  (1), 

^  (f  COS0 

JtC^fng  ^tnc — ^5 — : 

hence  from  (2)  we  have 

,,(P<^  .....    .  (Pcos^ 

tnkr -j^ ^ -^ meg 6m<l>  +  nur sin^     ^  -  , 
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and  therefore 

(i^  +  o'  sin"  0)  -^  +  c*  sin  ^  cos  ^  ^  =  —  cy  sin  ^ : 

multiplying  this  equation  by  2  ^ ,  and  integrating,  tee  get 

(Aj'  +  c'sin^^)  ^«2cgrcOs^^+ a: 

suppose  a  to  be  the  initial  value  of  ^ ;  then^  ^  bfiuig  ^apposed 

to  be  initiallj  leam,  wie  tenre 

O=»2(jycoea+C7, 

and  therefore 

(**  +  c'sin«^)^«2<jy(cos^-cosa) (8), 

whencOi  -T7  being  considered  negative  because  as  t  increases  d^ 

is  negative  from  the  beginning  to  the  end  of  every  complete 
oscillation, 

dt  1       (A;*+c"sin»A)* 

#        (2(^)*  (cos0-cosa)*' 

now  from  (3)  we  see  that  when  ^  a  0,  cos  ^  »  cos  a,  and  there- 
fore ^  =  ±  a,  the  positive  value  of  ^  corresponding  to  the 
beginning  and  the  negative  value  to  the  end  of  a  complete 
oscillation ;  hence^  if  T  denote  the  time  of  a  complete  oscillation, 

(icg)^]         (cos  <l>  —  cos  a) ■ 

^    1   p     (y+c*sinV)*^ 

(2^)*l  ^  '^  (cos  ^  — COS  a)* 


Assume 
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then  A  cos  ?  e?i  =5  (fe,       cf  A  =a r . 

cos^-  cos  a  =  2  (i"-Oi     8inY«4fi^  (1  -  «*)  : 
hence  we  have 

or^  neglecting  as  inconsiderable  powers  of  the  small  quantity  a 
beyond  the  second, 

1  ..  2c' 


''^& 


k  r  (   1      *^+^_iL_l 

hence  we  have,  for  the  time  of  a  complete  oscillation^ 

Euler ;  jA7ot;a  ^cto  Aoad.  Petrop.  1783 ;  p.  119. 

(4)  One  end  ^  of  a  beam  AB  (fig.  193)  is  placed  upon  a 
smooth  inclined  plane  EF:  to  find  the  motion  of  the  beam  and 
its  pressure  on  the  plane  at  any  time. 

Let  G  be  the  position  of  the  centre  of  gravity  of  the  beam  at 
any  time  t  from  the  commencement  of  the  motion^  B  =  the  reac- 
tion of  the  plane  upon  the  extremity  A,  ^BAF^  ^ ;  let  ^be  the 
initial  position  of  ^>  and  /3  the  initial  value  of  ^ ;  m  =  the  mass 
of  the  beam,  k  =»  its  radius  of  gyration  about  O,  EA  =  z,  EH=  a, 
QS^  y,  a  =  the  inclination  of  FE  to  the  horizon. 

Then  for  the  motion  of  the  beam  we  have,  resolving  forces 
parallel  to  the  plane, 

m  -^  ^mgBinct (i)'. 
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resolving  forces  at  right  angles  to  the  plane, 

.J^.B-^co... m: 

and,  taking  moments  about  0, 

?wfc*^  =  — iJa  cos  0 (3). 

From  (1)  we  get 

but  ;n  =  0  when  ^  =  0 ;  and  therefore  C7  —  0 ;  hence 

dx 

integrating,  and  observing  that  x— a co&  13  when  ^  =•  0,  we  have 

a?  =  i5rf  sin  a +  a  cos /8 (4), 

which  gives  the  position  of  the  point  H  at  any  assigned  time 
from  the  commencement  of  the  motion. 

Again,  from  (2)  and  (3),  by  the  elimination  of  R, 

a  cos  9  --S  ^  —  KT  -y^  —  a^  cos  a  cos  <f> : 

but,  by  the  geometiy,  we  see  that  y  =  a  sin  ^ :  hence 

,        ,  d*sin  d>        T9^^  i 

a  cos  9  — -^-5-^  =  — At -^  —  agrees  a  cos  9; 

and  therefore,  multiplying  by  2  t^  ,  and  integrating, 

a*[-^— j  sC^-i*  ^  — 2ajrcosasin<^: 

but,  initially,  -^  =  0  and  0  =  iS :  hence  there  is 

0  =  (7  —  2ag  cos  a  sin  fi, 

and  therefore 

dd>* 
(a*  cos*  ^  +  **)  ^  =  ^<V  c^s  a  (sin)8  —  sin  j!) (5), 

which  gives  the  angular  velocity  of  the  beam  for  every  position 
which  it  can  assume  during  its  descent. 
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From  the  geometry  it  is  evident  that 

=  |5f^sina  +  a(cos/9  — cos^),  by  (4), 

and  2^  =  a  sin  ^  : 

if  therefore  from  (5)  we  could  obtain  ^  in  terms  of  t,  we  might 
determine  the  values  of  ^  and  e  at  any  time  from  the  beginning 
of  the  motionu 

Again,  for  the  pressure  on  the  plane  at  any  time,  we  have, 
from  (3), 

*  xC  —  ^ r  —73-  • 

acos^  dr 

u  X  r        /K\   ^^*     o  sin  /8  -  sin  <^ 

but  from  (5),  ^=2a^cos«^.^,^^^. 

and  therefore,  differentiating  with  respect  to  t,  and  dividing  by 

1     cP<l>  _  2cfg  cos  a  sin  ^  (sin  )8  —  sin  <f>)        ga  cos  a     ^ 
cos^  'dip  ""  (^co? ^+Vf  a*  cos*  <^  +  A* ' 

,  P_    mAj'jT  cos  a       2ma*i^g  cos  a  sin  ^  (sin  )3  —  sin  ^) 

hence    i^_  — -^^^,  (a«  cos*  ^  +  A»)« 

which  gives  the  pressure  on  the  plane  for  any  of  the  successive 
positions  of  the  beam. 

Fuss ;  Nova  Acta  Petrop.  1795 ;  p.  70. 

(5)  A  cylinder  KLM  (fig.  194)  is  placed  with  its  axis  hori- 
zontal upon  a  smooth  inclined  plane ;  a  string  EPMKL,  one 
end  E  of  which  is  attached  to  a  fixed  point  at  a  distance  EA 
frbm  the  plane  equal  to  the  radius  of  the  cylinder,  having  been 
wound  about  the  cylinder  in  a  vertical  plane  through  the  centre 
of  gravity  0  of  the  cylinder  at  right  angles  to  its  axis :  to  find 
the  tension  of  the  string  and  the  velocity  of  decrease  of  its  angle 
of  inclination  to  the  plane  corresponding  to  any  position  of  the 
cylinder  in  its  descent;  the  length  of  the  free  string  being 
initially  equal  to  zero. 
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Let  Jf  be  the  point  of  contact  of  the  section  KLM  of  the 
cylinder,  about  which  the  string  is  wound,  with  the  inclined 
plane ;  and  P  the  point  at  which  the  free  string  EP  touches  the 
cylinder.  Produce  EP  to  meet  the  inclined  plane  at  8\  join 
OPf  0M\  at  any  time  t  from  the  commencement  of  the  motion 
let  AM^  a,  T  =  the  tension  of  the  string,  z  ESA  =  ^  =  ^  POM, 
<f)  =  the  whole  angle  through  which  the  cylinder  has  revolved 
about  its  centre  of  gravity;  also,  let  m  =  the  mass  of  the  cylinder, 
jbesits  radius  of  gyration  about  its  axis,  a^the  inclination  of 
the  plane  to  the  horizon,  and  AE=  a  =  MO. 

Then  for  the  motion  of  the  cylinder  we  have,  resolving 
forces  parallel  to  the  plane, 

m-^  s=tngrsina—  Tcos^ (1); 

and  taking  moments  about  0,  the  centre  of  gravity, 

^^=^<^ (2): 

by  the  elimination  of  2^  between  these  two  equations,  we  get 

a  -j^  ^  ag  Bvaa  -^  k?  COS  6  --^ (^)* 

Take  along  EA,  produced  if  necessary,  Ep  equal  to  EP :  then, 
if  the  cylinder  were  made  to  roll  from  E  to  p,  and  then  Ep  were 
made  to  revolve  about  E  into  the  position  EP,  the  cylinder 
would  clearly  on  the  whole  have  revolved  about  its  centre  of 
gravity  through  the  very  angle  which  actually  belongs  to  its 
real  motion  in  setting  free  the  length  EP  of  the  string.  Now, 
in  the  first  stage  of  the  hypothetical  motion,  the  cylinder  would 

obviously  move  through  an  angle  equal  to  —  or  — ,  which  is 

equal  to  cot  6\  and,  in  the  second  stage,  through  an  angle 
pE8^  ^TT  —  ^,  in  an  opposite  direction.    Hence  clearly  we  have 

<^  =  cot^-(J'7r-^=cot^  +  d-j7r (4). 

Also,  from  the  geometry,  it  is  obvious  that 

a?  =  -T— 7, (5). 

sin  5  ^  ' 
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From  (4)  and  (5)  we  have 

d4>=^^^+d0 "^dO (6), 

^         Bin' 5  8in"^  ^  ^ 

d^^.^ae (7). 

Multiplying  (3)  by  2  ^  ,  we  get 

^   dx  d?x     ^  dx     ^jj.dx       ^d^d> 

but  from  (6)  and  (7)  it  i^  clear  that 

y,  dx       d<l>  -_. 

'^^wr'^dt («)= 

hence  we  obtain 

^dxd^x     o  dx     c>7j  ^  ^4> 

integrating,  and  adding  the  arbitrary  constant  (7, 

dCK/  «,  dip  c%  '  rt 

W^     ^  *25ra?sina+  O: 

but,  initially,  ^  =  0,  ^=0,  x  —  a:  hence 

0  =  i,ga  sin  a  +  C> 

and  therefore      ^  -^Jf  -^^igAnaix^d)'. 

substituting  in  this  equation  the  values  of  x^  dtf),  dx^  given  in 
(5).  (6),  (7),  we  have 

/a'cos"^     Vco^^eXdO"     ^     .       fa         \ 

fe?-+-5E^J^"^'^^nsi^-^;' 

and  therefore    <^^  _  2jya  sin  a  (1  -  sin  g)  sin' g 

and  therefore    ^-      cos«d  (a»  +  *»co8-g)     ^^^' 

which  gives  the  angular  velocity  of  the  string  about  E  in  terms 
of  its  inclination  to  the  plane,  or  for  any  position  of  the  cylinder. 

Again,  from  (8),  we  have 

(Pi  A^x      .    ^dxdO 


448  MOTJOX  OF  RIGID  BODIES. 

and  therefore      §  =  -^g  +  tane^f 

__    a    d^<l>        a    d6^    ,     ^^v 

cPx 
substituting  this  value  of  -y^  in  (3),  we  obtain 

/   a     .  i*       /J^  d*A         .       .     a    d^ 
Vcostf     a  J  d^     ^  sin  0  df 

and  therefore,  by  (9), 

o'  +  yeo8'gJ'<^_      .  2^a»  sin  a  sin'  g  (1  -  sin  g) 

aco8<?      df^^^^'^      cos*  g  (a"  +  *»  cos'i?) 

.       a'(l+sin'g~2sin'g)  +  ycos*g 
"^^'^''  co8»g(a'  +  *»cos*g)  ' 

hence,  by  (2),  we  have  for  the  tension  of  the  string  for  any  posi- 
tion of  the  cylinder, 

^_tnJt"dV        „     .       g*  (1  +  sin'  g  -  2  sin'  g)  +  y  cos^g 

^      T  de"'^'^^ ^'"^  "^         ^sT(^'"^^A^^«ll7i        • 

Euler ;  Nova  Acta  A  cad.  Petrop.  1795 ;  p.  64. 

(6)  A  uniform  heavy  rod  OA,  (fig.  195),  which  is  at  liberty 
to  oscillate  in  a  vertical  plane  about  a  horizontal  axis  through  0, 
falls  from  a  horizontal  position:  to  determine  the  angle  included 
between  the  direction  of  the  rod  and  the  direction  of  the  pressure 
upon  the  fixed  axis,  for  any  jposition  of  the  rod. 
.  From  0  draw  Om  at  right  angles  to  OA  and  to  the  fixed 
axis;  and  produce  AO  indefinitely  to  a  point  n.  Let  It,  8, 
denote  the  resolved  parts  of  the  reaction  of  the  fixed  axis  along 
Om,  On,  for  any  position  of  the  rod.  Draw  Ox  horizontal  and 
at  right  angles  to  the  fixed  axis.  Let  OA  =a]  m^ the  mass 
of  the  rod;  z  AOx  =  0,  at  any  time  t.  Then,  for  the  motion  of 
the  rod  about  its  centre  of  gravity  O,  the  moment  of  inertia 
about  O  being  rf^md\ 

■^ma^  rf?  ~  ^^-^' 

^^^^R (1). 
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Also,  for  the  motion  about  0,  the  moment  of  inertia  about 
0  being  Jtna*, 

ma  -Tg-  =  frig .  j^d  cob  u, 
2a-^-SgcoB0 (2). 

Eliminating  ^  between  (1)  and  (2),  we  get 

B-^mgooad (3). 

Again,  equating  8  to  the  resolved  part  of  the  weight  along 
OA  and  the  centrifugal  force, 

=  mgsin0  +  ^maj^ (4). 

Again,  multiplying  (2)  by  ^- ,  and  integrating, 

a  T3  =  C/  +  3y  sm  ff  : 

d0 
but  jj  =  0,  when  ^  =  0:  hence  (7=0,  and  therefore 

a-^'^SgemO: 

hence,  from  (4),  we  get 

S^mgBia0  +  ^fnffBia9  =  imgBin0 (5). 

Let  if>  be  the  angle  which  the  whole  reaction  of  the  fixed  axis 
makes  with  the  line  On:  then 

tan^=g, 

and  therefore,  by  the  equations  (3)  and  (5), 

tandtan^  =  ^» 

which  gives  the  value  of  ^  for  any  position  of  the  rod:  ^  is 
evidently  the  angle  between  the  direction  of  the  whole  pressure 
on  the  fixed  axis  and  the  length  OA  of  the  rod, 

w.  a  29 
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A  solution  of  this  problem  was  given  in  Cbap.  VI.,  by  the 
direct  application  of  D'Alembert's  Principle. 

(7)  A  uniform  rod,  acted  on  by  gravity,  is  oscillating  in  a 
vertical  plane  about  one  extremity :  to  find  the  tendency  of  the 
vis  inertia  in  any  position  to  bend  the  rod  at  any  point,  and  to 
ascertain  the  point  at  which  this  tendency  is  a  maximum. 

Let  OA  (fig.  196]  be  the  position  of  the  rod  at  any  time  t\ 
Ox  an  indefinite  horizontal  line  through  0,  the  fixed  extremity 
of  the  rod,  in  the  vertical  plane  through  OA,  Take  G  any 
point  in  OA^  P  any  point  in  CA.  Let  0-4  =  2a,  OC^c, 
0P=  r,  JL  A0x^6,k^  the  radius  of  gyration  about  0;  m  =  the 
mass  of  the  rod. 

Then  the  force  gained  by  an  element  dr  of  the  rod  at  the 
point  P,  resolved  at  right  angles  to  OP,  will  be  equal  to 


dr(  d^e  .\ 


and  the  moment  of  this  about  C  will  be  equal  to 

cPd 


^^(r^-gcoBe){r-c)dr: 


hence  the  whole  moment  to  produce  bending  at    C  will   be 
equal  to 

£r('"j^"^'°'^)('*~'^'''' ^^^- 

But,  for  the  motion  of  the  rod,  we  have  ■' 

rniAT  -^  =  mga  cos  d, 

and  therefore,  |  a*  being  the  value  of  jfc*, 

^6     Zg       a 

Hence  the  expression  (1)  becomes 

!:5^7V-4a)(r-c)cir 

=  ^^r{3(r-c)-(4a-3o)}(r-c)«fr 
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=  !!!^{(2«_c)»-i(4a-3c)(2a-c)'} 

=  ^^^  (2a  -  c)*  {2a  -  c  -  i  (4a  -  3c)} 

mg  cos  9   ,-.        v- 
==     16^*'(2a-c)«. 

When  this  expression  is  a  maximum,  we  have 

(2a~c)"-2c(2a-c)=0, 
2a  — 3c=0,     c  =  |a, 
or  0(7=  JO  J. 

The  following  is  a  different  solution  of  the  same  problem. 

Let  Xy  Y,  (fig.  197),  be  the  transversal  and  longitudinal 
actions  and  reactions  of  any  two  portions  OC,  CA,  of  the  rod  ; 
and  let  fi  be  the  wrenching  force  at  C  estimated  as  tending  to 
elevate  00. 

Then,  for  the  motion  of  00,  taking  moments  about  0, 

and,  for  the  motion  of  CA,  taking  momenta  about  it«  centre  of 
gravity, 

2a- c     f2a-cy  cPd _        ^2a-c 
2^-H""2~;-'5?"^'^^~2~ 

But,  for  the  motion  of  the  whole  rod, 

cP0     Sg       a 

hence  the  equations  for  the  motion  of  the  two  pieces  become 

^+cjr=^?^:^(2«-c). 

and  2^-(2a-c)X-"^(%-^)>^ 


m 


Eliminating  X,  we  shall  easily  see  that 

__  mgc  (2a  —  c)*co8  6 
^  16a^  ' 

29—2 
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the  same  expression  for  the  wrench  as  we  obtained  in  the  former 
solution. 

(8)  A  uniform  beam  is  supported  symmetrically  on  two 
props :  to  find  where  they  must  be  placed  in  order  that^  when 
one  of  them  is  removed,  the  instantaneous  pressure  on  the 
other  may  be  the  same  as  the  previous  statical  pressure. 

Let  A  (fig.  198)  be  the  position  of  the  prop  which  is  not 
removed  ;  O  the  centre  of  gravity  of  the  beam.  Let  AO^h, 
k  =  the  radius  of  gyration  of  the  beam  about  O,  Ta^  the  mass 
of  the  beam,  R  =  the  reaction  of  the  prop  at  A  before  and  im- 
mediately after  the  removal  of  the  other  prop,  /=  the  instanta- 
neous angular  acceleration. 

Then,  taking  moments  about  A, 

mQ^-\-V)f^7ngh (1). 

Again,  taking  moments  about  G^ 

Tnl^f^Rh (2). 

Also,  for  the  equilibrium  of  the  beam  while  supported  by 
both  props, 

R^h^ (3)- 

From  (1),  (2),  (3),  we  see  that  h^k\  and  therefore  ik  is  the 
required  distance  between  the  two  props. 

(9)  A  hemisphere  revolves  about  a  fixed  axis,  which  coincides 
with  a  diameter  of  its  base  and  is  inclined  at  a  given  angle  to 
the  vertical,  from  a  position  of  instantaneous  rest  in  which  the 
plane  containing  the  centre  of  gravity  and  fixed  axis  was  per* 
pendicular  to  the  vertical  plane  through  that  axis :  to  find  the 
whole  pressure  on  the  axis,  when  these  two  planes  coincide. 

Let  A  CB  (fig.  199)  be  the  axis  of  revolution,  Ax  a  vertical 
line,  G  the  centre  of  gravity  of  the  hemisphere  in  any  position 
during  the  motion,  H  the  lowest  position  of  0.  Let  z  BAx  =  a, 
a  =  the  radius  of  the  sphere,  CO-c,  i.  GCH=  ^,  m  =  the  mass 
of  the  hemisphere. 

The  whole  pressure  on  the  axis,  when  G  is  at  H,  will  be 
equal  to  the  sum  of  the  pressure  due  to  gravity,  and  the  pres- 
sure due  to  centrifugal  force. 
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The  weight  of  the  hemisphere  may  be  resolved  into  mg  cos  a, 
parallel  to  BA^  which  produces  no  effect  on  the  motion,  and 
mg  sin  a,  parallel  to  CH.  The  moment  of  the  latter  component 
about  AB  is  equal  to 

fft^sina.  csind: 

hence,  mV  being  the  moment  of  inertia  of  the  hemisphere 
about  AB, 

mi*  ^^-  =  —  mgc  sin  a  sin  tf, 

and  theref<N*e,  since  j;  =  0  when  d  =  Jtt, 

de"     2gc  .  ^ 

-^  =  -^-  sm  a  cos  u, 

or,  since  c  »  fa,    and  i*  =  Ja*, 

£?»•     log  .  ^ 

-y^  =  -~  sin  a  cos  ft 

Hence  the  pressure  on  the  axis,  arising  from  centrifugal 
force,  is  equal  to 

m  -j^ .  CM  =^  wj'f^g  sin  cu 

Again,  the  pressure  arising  from  gravity  is  equivalent  to 
mg  sin  a,  at  right  angles  to  BA,  and  mg  cos  a,  parallel  to 
BA.  ^ 

Hence  the  whole  pressure  exerted  on  the  fixed  axis  at  right 
angles  to  it  is  equal  to 

.       /-  .  45\     109 
mg  sm  «  ^1  +  g^j  =-^  rng  sm  a. 

The  resultant  of  the  two  pressures  on  the  fixed  axis  is  there- 
fore equal  to 


f      .    ^  /109V  •  «   1* 
wflr.jcos'a+^-g^j  sin«aj  . 


(10)  A  chain,  ten  yards  long,  consisting  of  indefinitely  small 
equal  links,  being  laid  straight  on  a  perfectly  smooth  horizontal 
plane,  except  one  part,  a  yard  in  lengthy  which  hangs  down. 
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through  a  hole  in  the  plane,  in  a  vertical  tube :  in  what  time 
will  the  chain  entirely  quit  the  plane  ? 

The  time  required  =  2'890663  seconds  nearly. 

Lady's  and  OenUeman's  Diary,  1758 ;  Diarian 
Repository^  p.  683. 

(11)  A  cylinder  descends  down  a  plane,  the  inclination  of 
which  to  the  horizon  is  a,  unwrapping  a  fine  string  fixed  at  the 
highest  point  of  the  plane :  to  find  the  angle  through  which 
the  plane  must  be  depressed  in  order  that  a  sphere,  descending 
under  like  circumstances,  may  experience  the  same  accele* 
ration. 

The  required  angle  of  depression  is  equal  to 

14   . 


-sm^l^-^  sinaj. 


(12)  The  lower  end  of  a  uniform  rod,  inclined  at  a  given 
angle  to  the  horizon,  is  placed  upon  a  smooth  horizontal  plane : 
supposing  a  horizontal  force  to  be  continually  applied  at  its 
lower  end  such  as  to  cause  the  rod  to  descend  in  a  vertical 
plane  with  a  given  uniform  angular  velocity,  to  find  the  velo- 
city of  the  lower  end  of  the  rod  in  any  position. 

If  ©  =»  the  angular  velocity,  0  =  the  inclination  of  the  rod  at 
any  time  to  the  horizon,  and  a  =  the  initial  value  of  0 ;  the 
velocity  of  the  lower  end  will  be  equal  to 


^log 


/sin  q\ 


If  6)  =  0,  the  lower  end  will  have  traversed  a  space  equal  to 
igf  cot  a  at  the  end  of  a  time  t 

(13)  A  homogeneous  sphere  is  suspended  by  a  fine  wire 
attached  to  a  fixed  point  at  its  upper  extremity :  the  sphere  is 
then  turned  round  by  the  band  through  n  revolutions,  and  then 
let  go:  to  determine  the  motion  communicated  to  it  by  the 
untwisting  of  the  wire,  the  elasticity  of  torsion  being  supposed 
proportional  to  the  angle. 
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If  0  be  the  trigouometrical  angle  through  which,  at  the  end 
of  any  time  t,  the  sphere  has  been  twisted  from  its  position  of 
rest ;  then,  p  denoting  the  density  of  the  sphere  and  /&  a  con- 
stant, the  whole  motion  is  expressed  by  the  equation 


0  =  2mr  cos 


{(s^'j  T 


to 


(14)  A  uniform  rod  hangs  by  one  end  from  a  fixed  point, 
the  other  end  being  close  to  the  ground :  an  angular  velocity 
is  then  communicated  to  the  rod,  and,  when  it  has  revolved 
through  an  angle  of  ninety  degrees,  the  end  by  which  it 
was  hanging  is  loosed  :  to  find  the  least  initial  angular  velocity 
so  that  on  falling  to  the  ground  it  may  pitch  in  an  upright 
position. 

If  a  be  the  length  of  the  rod  and  a  the  required  angular 
velocity, 

(15)  Small  rings,  attached  to  the  angular  points  of  a  trian- 
gular lamina,  are  moveable  on  a  smooth  circular  wire  circum- 
scribing the  triangle :  to  find  the  time  of  a  small  oscillation 
when  the  wire  is  so  held  that  the  triangle  is  nearly  in  its 
position  of  stable  equilibrium. 

If  h  be  the  distance  of  the  centre  of  the  wire  from  the  centre 
of  gravity  of  the  triangle,  k  the  radius  of  gyration  of  the  tri- 
angle about  the  centre  of  the  wire,  and  a  the  inclination  of  the 
plane  of  the  lamina  to  the  vertical,  the  time  of  oscillation  is 
equal  to 

irk 

(gh  cos  a)* 

(16)'  A  uniform  rod  is  supported  by  means  of  two  fine 
strings  of  equal  lengths,  the  lower  ends  of  which  are  fastened 
to  the  ends  of  the  rod  and  the  upper  ends  to  fixed  points  in  the 
same  horizontal  line:  to  find  the  time  of  a  small  oscillation 
when  the  system  is  slightly  displaced  in  the  vertical  plane  in 
which  it  is  situated,  the  strings  not  being  slackened. 
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If  2a  be  the  length  of  the  rod,  h  that  of  each  string,  and  a 
the  inclination  of  the  strings  to  the  horizon  in  the  position  of 
equilibrium,  the  time  of  oscillation  is  equal'  to 


TT 


(ah  sin  a    1  -♦■  2  sin*  aH 
\     Sff       a  +  b  cos'  aj  * 


(17)  A  thin  uniform  rod,  one  end  of  which  is  attached  to  a 
smooth  hinge,  is  allowed  to  fall  from  a  horizontal  position :  to 
find  the  vertical  strain  on  the  hinge  when  the  horizontal  strain 
on  it  is  the  greatest. 

If  W^be  the  weight  of  the  rod,  the  required  vertical  strain  is 
equal  to  -—  W, 

o 

(18)  A  given  square  board,  two  edges  of  which  are  horizon- 
tal, is  supported  by  two  vertical  strings  attached  to  its  higher 
edge  at  given  points :  supposing  either  of  the  two  strings  to  be 
cut,  to  find  the  initial  tension  of  the  other. 

If  W  be  the  weight  of  the  board,  a  the  length  of  an  edge, 
and  b  the  distance  of  the  point  of  attachment  of  the  uncut 
string  from  the  middle  of  the  higher  edge,  the  required  ten- 
sion is  equal  to 

(19)  An  equilateral  triangle  is  suspended  from  a  point  by 
three  strings,  each  equal  to  one  of  the  sides,  attached  to  its 
angular  points :  if  one  of  the  strings  be  cut,  to  find  the  instan- 
taneous change  in  the  tensions  of  the  other  two. 

Let  r,  T\  be  the  tensions  of  either  of  the  two  strings  before 
and  just  after  the  third  string  is  cut :  then 

T  :  T  ::  26  :  43. 

(20)  A  uniform  circular  table  is  supported  by  three  equal 
and  equidistant  props  placed  at  the  circumference :  if  one 
prop  be  suddenly  removed,  to  find  the  alteration  in  the  pres- 
sure on  each  of  the  other  props  in  the  first  instant. 

The  pressure  on  each  of  the  remaining  props  is  instanta- 
neously diminished  by  one-twelfth  of  the  weight  of  the  table. 
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(21)  An  elliptic  lamina  is  supported,  with  its  plane  vertical 
and  transverse  axis  horizontal,  by  two  weightless  pins  passing 
through  its  foci :  if  one  of  the  pins  be  released,  to  determine 
the  eccentricity  of  the  ellipse  in  order  that  the  pressure  on 
the  other  may  be  initially  unaltered. 

(2\i 

(22)  A  uniform  rod  is  suspended  by  two  strings  of  equal 
lengths,  attached  to  its  extremities  and  to  two  fixed  points  in 
the  same  horizontal  plane,  the  distance  between  which  is  equal 
to  the  length  of  the  rod.  An  angular  velocity  of  such  magni- 
tude  is  communicated  to  the  rod  about  a  vertical  line  through 
its  centre  that  it  just  rises  to  the  level  of  the  fixed  points :  to 
find  the  tension  of  either  string  the  instant  after  the  communi- 
cation of  the  angular  velocity. 

The  instantaneous  tension  of  either  string  is  seven  times  as 
great  as  it  was  before  motion  commenced. 

(23)  A  heavy  rod  is  suspended  from  a  fixed  point  by  two 
inextensible  strings  without  weight,  the  strings  and  the  rod 
forming  an  equikteral  triangle :  supposing  either  of  the  strings 
to  be  cut,  to  determine  the  initial  tension  of  the  other. 

If  W  be  the  weight  of  the  rod,  the  required  tension  is 
equal  to 

V12    ^ 

(24)  A  uniform  sphere,  moveable  about  a  fixed  point  in  its 
surface,  rests  against  an  inclined  plane:  supposing  the  dia- 
meter which  passes  through  the  fixed  point  to  be  horizontal, 
to  determine  whether,  if  the  plane  be  suddenly  removed,  the 
pressure  on  the  fixed  point  will  be  increased  or  diminished. 

The  pressure  will  be  increased  or  diminished  accordingly  as 
the  inclination  of  the  plane  is  less  or  greater  than  tan~^  f  • 

(25)  A  hemisphere  oscillates  about  a  horizontal  axis  which 
coincides  with  a  diameter  of  the  base :  to  compare  the  maxi- 
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mum  pressure  on  the  axis  with  the  weight  of  the  hemisphere, 
the  base  of  the  hemisphere- at  the  commencement  of  the  motion 
being  inclined  to  the  horizon  at  an  angle  of  60^. 

The  greatest  pressure  =  |J|  x  weight  of  hemisphere. 

(26)  A  cone,  moveable  about  the  horizontal  diameter  of 
its  base,  which  is  fixed,  is  supported,  its  axis  being  horizontal, 
by  a  vertical  string  fastened  to  its  vertex :  supposing  the  string 
to  be  cut,  to  compare  the  initial  pressure  on  the  fixed  diameter 
with  the  pressure  in  the  former  case. 

If  a  be  the  vertical  angle  of  the  cone,  P  the  pressure  on  the 
horizontal  diameter  before  the  string  is  cut,  and  P'  the  pressure 
after  it  is  cut,  then 

5  —  3  cos  a 


r=p. 


5  —  cos  a 


(27)  An  angular  velocity  having  been  impressed  upon  a 
heterogeneous  sphere  about  an  axis,  perpendicular  to  the  ver- 
tical plane  which  contains  its  centre  of  gravity  G  and  its 
geometrical  centre  C,  and  passing  through  O  (fig.  192),  it  is 
then  placed  upon  a  smooth  horizontal  plane :  to  determine  the 
magnitude  of  the  impressed  angular  velocity  in  order  that  0 
may  rise  to  a  point  in  the  vertical  line  8CK  through  C,  and 
there  rest ;  the  initial  magnitude  of  the  angle  between  CQ  and 
the  vertical  radius  C8  being  given. 

Let  CO  =  c,  k=  the  radius  of  gyration  about  G,  a  =  the 
initial  value  of  the  angle  GC8,  and  ci>  =  the  required  angular 
velocity ;   then  a>  will  be  determined  by  the  equation 

(A;*  +  c*  sin*  a)  (»•  =s  2cg  (1  +  cos  a). 

Euler ;  Nova  Acta  AcacL  Petrap.  1783 ;  p.  119. 

(28)  A  unifoiin  rod,  not  acted  on  by  any  forces,  is  in  motion, 
its  ends  being  constrained  to  slide  along  two  fixed  rods  at  right 
angles  to  each  other  in  one  plane :  to  find  the  wrenching  force 
at  any  point. 

Let  AB  be  the  rod,  C  any  point  in  it,  0  the  intersection  of 
the  two  fixed  rods;    let  CH,  CK,  be  perpendiculars  from   C 
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upon  OAt  05,  respectively ;  let  ma=  the  mass  of -4  R  Then 
the  angular  velocity  to  oiAB  will  be  invariable,  and  the  wrench- 
ing force  at  C  will  be  equal  to 

^m(o\CH.CK. 

Mackenzie  and  Walton ;  Solutions  of  the  Cambridge 
Problems  for  1854. 


Section  2.    Single  Bocb/,    Awie  of  Ectation  rotating. 

The  problems  in  this  section,  the  solutions  of  which  are 
worked  out  in  full,  or  which  are  proposed  for  the  exercise 
of  the  student,  require  a  knowledge  of  theorems  the  demon- 
strations of  which  are  given  in  ordinary  treatises  on  Bigid 
Dynamics.  Every  student  is  of  course  expected  to  be  familiar 
with  the  notation  and  theorems  in  the  excellent  work  by  Mr 
Boath,  On  ihe  Dynamics  of  a  System  of  Rigid  Bodies. 

(1)  A  plane  lamina,  not  acted  on  by  any  forces,  of  uniform 
density  and  thickness,  the  boundary  of  which  is  a  curve  repre- 
sented in  polar  co-ordinates  by  the  equation 

r^a-^b  sin" 2^, 

moves  about  its  pole  as  a  fixed  point :  to  determine  the  nature 
of  the  cone  described  in  space  by  its  instantaneous  axis. 

The  moments  of  inertia  of  the  lamina  about  the  prime  radius 
vector  and  a  line  through  the  pole  perpendicular,  in  the  plane 
of  the  lamina,  to  this  radius  vector,  which  are  principal  axes  at 
the  pole,  are  equal :  hence,  by  Euler's  equations,  we  see  that, 
a>j,  a>,,  c0,,  denoting  the  angular  velocities  about  these  two  axes 
and  the  principal  axis  normal  to  the  lamina  at  their  intersection, 

hence  to^  +  to^  =  a*,     w,  =  7, 

where  a  and  /9  are  constant  quantities.    Thus,  cd  denoting  the 
angular  velocity  about  the  instantaneous  axis, 
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Let  r  be  the  radius  vector  of  Poinsot's  momental  ellipsoid, 
which  coincides  with  the  instantaneous  axis,  and  p  the  perpen- 
dicular from  the  centre  on  the  tangent  plane  to  the  ellipsoid  at 
the  extremity  of  this  radius  vector :  then 

r     (?«' 

where,  A,  A,  C,  denoting  the  momenta  of  inertia  about  the 
principal  axes, 

and  G  =  {A'  (a),*  +  o),«)  +  a»a>,»}*  =  (^  V  +  (7  V;*. 

Hence  -^  =  a  constant  quantity. 

But  the  position  of  the  perpendicular  p  is  absolutely  fixed  in 
space,  and  the  position  of  the  radius  vector  r  coincides  with  the 
instantaneous  axis^ :  hence  the  instantaneous  axis  describes  a 
right  cone  in  space. 

(2)  A  solid  of  revolution,  not  acted  on  by  any  forces,  is 
revolving  about  a  fixed  point  at  its  centre  of  gravity :  supposing 
the  instantaneous  axis  and  the  axis  of  figure  to  be  equally 
inclined  to  the  invariable  line,  to  find  the  magnitude  of  this 
inclination. 

Let  0  denote  the  moment  of  inertia  about  the  axis  of  figure, 
and  A  that  about  a  perpendicular  line  through  the  centre  of 
gravity.  Then,  the  principal  axes  at  the  fixed  point  being 
taken  as  axes  of  co-ordinates,  the  equations  to  the  instantaneous 
axis  are 

and  to  the  invariable  line 


«l 

». 

»• 

line 

X 

Aa^ 

Since  the  inclinations  of  the  invariable  line  to  the  instanta- 
neous axis  and  to  the  axis  of  figure  are  equal,  we  have,  supposing 

1  Bouth,  Dynamics  of  a  System  of  Rigid  Bodies,  Second  Edition,  p.  828. 


^ 
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the  axis  of  figure,  which  is  one  of  the  principal  axes,  to  be  the 
axis  oi  z, 


^•(»i*+«>.")=  C'(C'-2^)tt>,« (1). 

If  then  6  denote  the  inclination  of  the  invariable  line  to 
either  axis, 


cos^  = 


{4»(a>,«  +  0+^<}*' 


cos  20  -  .^Vz^(«.L±  O 


C--A 


The  relation  (1)  shews  that  the  hypothesis  is  impossible  if  C  be 
less  than  iA» 

(3)  Of  a  rigid  plane  lamina,  not  acted  on  by  any  forces,  one 
point,  about  which  it  can  turn  freely,  is  fixed  :  an  angular  velocity 
is  communicated  to  it  about  a  line  in  its  plane,  the  moment  of 
inertia  about  which  is  given :  to  determine  the  ratio  of  the 
greatest  to  the  least  angular  velocity  of  the  lamina. 

Let  A,  B,  be  the  moments  of  inertia  about  the  principal 
axes  through  the  fixed  point  in  the  plane  of  the  lamina,  C  the 
moment  of  inertia  about  the  third  principal  axis.  Then,  adopt- 
ing the  ordinary  notation, 

®  1*  ■*■  ®»*  "^  ®8*  ==<*>*» 
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Let  Q  be  the  given  moment  of  inertia,  a  being  the  inclination 
of  the  initial  axis  of  rotation  to  the  principal  axis  corresponding 
to  the  moment  A  :  let  a>'  be  the  initial  angular  velocity.     Then 

ft)'"  (A  cos*  a  +  B  Bin*  a)  =  T, 

« •  (4*  cos*  a  +  B*  sin*  a)  =  a\ 

,  T       A  +  Btaji*a 

Whence  ^,  =  ^«  +  ^tan*a  ' 

but  C  =  -4  cos*a  +  5sin*cr, 

and  therefore  tan* a  =  ^^  p  : 

consequently  -J-  ^^^^-^ (1). 

But  «,«^*  =  (X,-a)*)(\,-a,')(\-«')  (2), 

where  X,  =         '^^^~ — , 

_TiO+A)-0^ 
*~  CA 

^'^ AB 

Also  by  (1),  bearing  in  mind  that  C=sA  +  B, 

\_Q{G-A)  +  AB     Q  +  A 
T  BGQ  "■    CQ    ' 

\_Q(G-B)  +  AB    Q  +  B 
T  GAQ         ""    GQ  ' 

\      1^_A  +  B 
T^Q"    CQ    • 

Suppose  that  A  is  greater  than  B:    then,  by  the  relation 

Q^A  cos*a  +  B sin* a,  it  is  evident  that  Q  is  less  than  A  and 

greater  than  J5.     Hence,  by  the  formulae  for  \,  \,  X,,  it  is 

evident  that  \  is  the  greatest  and  that  \  is  greater  than  \. 

T 
Also,  since  G^A+B^  X^  =«  --  =  (»'■.     Hence,  initially,  «*  is 

greater  than  \ ;  and  therefore,  by  the  formula  (2),  since  <o*  -^ 
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is  essentially  positive,  o)'  cannot  be  greater  than  \  and  cannot 
become  less  than  \ :  hence  the  ratio  of  the  greatest  to  the 
least  angular  velocity  of  the  lamina  is  (A  +  Q)^  to  {A+  B)K 

(4)  The  axis  of  a  solid  of  revolution,  the  vertex  of  which  is 
fixed,  is  set  rotating  about  the  vertical  with  a  given  angular 
velocity  at  a  given  inclination  to  the  vertical,  mthout  any 
rotation  of  the  solid  about  its  axis  of  figure :  to  find  the  differ^ 
ential  equation  for  the  determination  of  the  inclination  of  the 
axis  of  figure  to  the  vertical  at  any  future  time. 

Let  a  be  the  initial  inclination  of  the  axis  of  figure  to  the 
vertical,  0  its  inclination  at  the  end  of  any  time  t:  let  ud  be  the 
moment  of  inertia  about  a  line,  through  the  vertex  0,  at  right 
angles  to  the  axis  of  figure,  and  h  the  distance  of  the  centre  of 
gravity  from  the  vertex.  Let  6>,  be  the  angular  velocity  about 
the  axis  of  figure  0C>  at  any  time,  to^  and  oi,  the  angular 
velocities  at  the  same  time  about  other  two  principal  axes, 
OAf  OB,  fixed  in  relation  to  the  solid,  at  the  vertex.  Let 
m  be  the  mass  of  the  solid,  w  the  given  initial  angular 
velocity  of  its  axis.  Let  Z  be  vertically  below  0.  The  vertical 
force  mg  is  equivalent  to  mg  cos  6  along  00  and  mgBmO  at 
right  angles  to  OC,  in  the  plane  of  ZG,  the  former  component 
having  no  effect  on  the  motion.  The  component  mg  sin  0  is 
equivalent  to  two  forces,  mg  sin  0  sin  ^  in  the  plane  oi  BOG 
and  7ng  sin  d  cos  ^  in  the  plane  of  GO  A,  the  moments  of  these 
two  forces  about  OA,  OB,  being  respectively  represented  by 

—  mgh  sin  d  sin  ^,      —  m^h  sin  ^  cos  ^ 

By  the  third  of  Euler's  equations  of  motion  we  have  -^  3=  0, 

and  therefore  a>,  is  constant :  but  it  is  initially  zero :  hence  it 
is  always  zero.    Thus  the  first  two  of  Euler's  equations  are 

A  --t/  =  — myA  sin  tf  sin^ (1), 

A  -jf^^'-fng'h  sin^  cos^ (2). 
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The  relations'  between  to^,  ©,,  w,,  0,  <l>,  ^^  since  w,  is  zero,  are 

^'^H  sin^-^sm^cos^ (3), 

6)j  =  -i-co8^+  -^ sinO  sm<f> (4), 

o-f-'+S W- 

From  (3)  and  (5)  we  have 

©J  cos^  =  ^  (sin^  sin^) (6); 

and,  from  (4)  and  (5), 

Ik),  cog^  =  ^  (sindcos^) (7). 

By  (1)  and  (6)  we  have 

A  -jA  =  —  mghto^  cos  ^^; 

and,  by  (2)  and  (7), 

A  -^  «  —  ntffhm^  cos  6 ; 
and  therefore 

"•"S' -'•■■s?'=»• 
».t'-»■^■<' («)• 

where  O  is  constant. 

From  (1),  (2),  (6),  (7),  (8),  we  see  that 

sin  0  sin  ^  [-^  cos  5  cos  ^  —  -^  sin  ^  sin  ^  j 

—  sin  0  cos  ^  ( -^  cos  5  sin  ^  +  ^  sin  0  cos  ^  j  =  C  cos  ^, 

where  C  is  constant ;  and  therefore 

d<f>  _     (7'  cos  0  ,Qv 

"^ sin«5      ^^^• 

1  Bouth :  Rigid  Dynami^St  p.  168. 
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From  (3),  (4),  (6),  (9),  we  have 

d0  .     .      (7'cosA 
^     at       ^        sm0 

««^  d^        ,   .  C  sin  A 

and  e»,==-Tr  cos^  +  — r— ^, 

jhfft       n'% 
and  therefore  a)/  +  a>,«  =  -^ +^j^ (10). 

From  (1)  and  (2)  we  have 

J^  ^  («!*  +  ©,")  =  -  mgh  sin  d  (©^  sin  ^  +  o>,  cos  ^) 

=  -  wjrA  sin  5  ^ ,  by  (3)  and  (4) ; 

whence     A  (cDj*  +  o/)  =  C"  +  2?nflrA  cos  6, 
and  therefore,  by  (10), 

"^■^sln*^^^  +2mflrAcose. 
But,  initially,  ^=  0,  and  d  =  a:  hence 

^^^  =  C"+  2m5rA  cos  a ; 
and  therefore 

but,  initially,  ^  =  o),  «  =  a :  hence,  by  (5),  the  initial  value  of 

^-  is  equal  to  -  ©  cos  a :  and  therefore,  by  (9), 

C"  cos  a       ^,         . .  , 
siira    ' 

thus  our  equation  becomes 

.4  ^  +  ^a,«  sin*  a  (^  -  ^-j-i-)  =  27m7Mco8  ^  -  cos  a), 
w.  s.  30 
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A  ;^=  zm^rA  (cosS  — cosa)  H ^-^-^ —  (cos* a  —  cos* ^) 

=  (cos  ^  — cos  a). -^zmjrA r-yg —  -(cos^  +  cosajh- 

(5)  A  circular  disc,  revolving  about  an  axis  through  its 
centre  perpendicular  to  its  plane,  which  is  inclined  at  a  given 
angle  to  the  horizon,  is  placed  upon  a  smooth  plane :  to  deter- 
mine the  motion. 

Let  a  be  the  radius  of  the  disc,  m  its  mass,  A  its  moment  of 
inertia  about  a  diameter,  B  the  reaction  of  the  smooth  plane ; 
cOj,  ©J,  a)j,  the  angular  velocities  at  any  time  t  about  principal 
axes  at  the  centre  of  the  disc ;  7  the  initial  value  of  w^,  the 
angular  velocity,  about  that  principal  axis  which  is  perpendicular 
to  the  disc.  Then,  0  being  the  inclination  of  the  disc  at  any 
time  to  the  horizon, 


B^fn{g  +  a^-^. 


Now  R  is  equivalent  to  £  sin  d  along  the  plane  of  the  disc, 
which  produces  no  effect  on  the  rotation,  and  JS  cos  6  at  right 
angles  to  the  disc :  the  latter  component  has  moments  repre- 
sented by  —  Ra  cos  0  sin  ^,  —  Ra  cos  0  cos  <f>,  about  the  prin- 
cipal axes  to  which  w^,  o),,  respectively,  relate.  Hence,  by 
Euler's  equations, 

.dd).          J                        ^  .     -  /    cPsin^       \         ,^. 
A  -1-^=  — -dWjfij,  — wacos^sm  9  («— 7^ \-ff  J (1), 

J  do)^      J                        a        .  /   ePsintf      A  .^. 

A  -1^  = -aoigWj  —  wa cos  ^  cos  9  la — ^5 — h  g) (2), 

«,  =  7. (3). 

fJ0 
Also  -^  =«  Q)j  sin  ^  4-  a>,  cos  ^ (4), 

sin5--^  =  — cDj  cos  ^  + cousin  <^ (5), 


dt 


--t-'-^f («)• 
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From  (1)  and  (2), 
A  [cos  ^ -—  —  sin  ^  -^j  =s  —  A<a^  («, cos  ^  +  qI|  sin  (f>) 

=  --^o>.^>  ty  (4): 
hence 

-4.  -IT  (ttij  cos  ^  —  a>,  sin^)  +  A  (w^  sin^  +  o>,co8^)  -^  =  —  ilo>^  -^ , 

and  therefore,  by  (4), 

A  d  ,  ,  •    J  \      A  dd  cUk         J     do 

^^(6,,cos^«.a,,sin^)  +  ^^^  =  -^a,,^, 

^(«,,coB0.a,.8in*)  +  (a,,+^)g«a 

But,  by  (5)  and  (6), 

^  s=  7  —  -^  cos  tf = 7  —  cot  5  (©,  sin  ^  —  «>j  cos  ^) : 

hence,  observing  the  relation  (3), 

-J-  (o>j  COS  ^  —  a>,  sin  ^)  +  -^  {27  —  cot  ^  («,  sin  ^  —  w^  cos  ^)}  =  0, 

sin  0d  (flOjCOS  ^  —  a>,  sin  ^) 

+  d!tf  {27 sin ^  +  cos (7 (o)^ cos ^  —  a>, sin ^)}  =0, 

sin  0  (a)j  cos  ^  —  <»,  sin  ^)  —  27  cos  5  =  (7. 

But  initially  o>^  =  0,  a>,  =3  0  :  let  0  &=  €  initially  :  then 

sin  tf.  (a)j  cos  0  —  a>,sin^)  =  27  (cos^—  cose) (7). 

Again,  from  (1),  (2),  and  (4), 

-4  (a>j*  +  G>,*)  =  const.  —  mc^  {'~Ji — )  ""  2nigra  sin  0 : 

but  A  =  —7-  :  therefore 
4 


•  +  o> "  =  const.  -  4  cos"  0  — ;  -  8^  sin  0  : 

30—2 


468  MOTION  OF  BIOID  BODIES. 

but,  initially,  a>j  =  0,  ©,=  0,  tf  « e,  —  =  0 ;  hence 

0  =  const.  —  8  2.  sin  6 : 

a 

ft 
J/Vk  ^ 

hence      ta^  +  »/  +  4  cos'  0-ta—^-  (sin  €  -  sin  ^) (8). 

From  (4)  and  (5),  squaring  and  adding, 

and  therefore,  by  (8), 

g  +  8in'd.%'  =  5£  (sine-sin^ -4  cosV^ (9). 

From  (6)  and  (7), 

sin'^.^  =  27(cos€-co8tf) (10). 

From  (9)  and  (10), 
^(l+4co8»^  =  ?^(sin€-8in^)-^^(cos€-co8^' (11). 

The  equation  (11)  determines  d  in  terms  of  t :  then  (10) 
determines  -^  in  terms  of  t :  thence  (6)  determines  ^  in  terms 
of^. 

CoR.  Let  cu/  be  very  great  compared  with  g:  then,  as  is 
evident  from  equation  (11),  the  quantity 


/cos  €  —  cos  ffy 
[      sin  5      J  ' 


being  essentially  positive,  must  be  very  small  compared  with 
sin  €  —  sin  ^ :  that  is 

(cos  e  —  cos  0y 
sin*fl.  (sine  — sin  0) 

is  a  small  quantity.    Since,  however,  the  denominator  cannot 
be  large,  the  numerator  must  be  small :  hence  ^  =  17  +  6,  where 
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17  is  a  small  quantity.    The  equation  (11)  becomes,  going  to 
the  second  order  of  small  quantities, 

-^  (1  +  4  cos"  €)  =  -^-  (^'sin  €  -  w  cos  e)  —  4^1;', 
whence  -^  (1  +  4  cos'e)  +  -  (07^  -^  sin  e)  17  +  —  cos  6  =  0, 

at  \       07*  —  flr  sm  6/     a    1+4  cos'  e  \       a^Z  —  gsmeJ 

whence,  X  and  fi  being  constants, 

,       AT  cos  6  _         f/4  07*  — orsineXK  .     ) 

or— fl^ sine  \\a    l  +  4cos"€/         '^j 

dft 

but,  initially,  17  =  0,  and  ^  =  0 :  hence  yx  =  0,  and 

^^      ycosg      ^ 
07"— ^r  sine' 

,  a  cose  (/4  07*  —  a  sin  €\ J  ) 

whence         i>  = f . —  vers  \(-    '    /^    ,■  1     k 

ay— ^sme  (\al+4cos*€/     j 

and  therefore,  z  being  the  height  of  the  centre  of  the  disc  above 
the  smooth  plane, 

«  =  a  sin  d  =  a  (sin  e  + 17  cos  e) 


=  a  sm  e  — 


07*  — ^rsine         |\a    l  +  4cos*e/     j' 


which  determines  completely  the  motion  of  the  centre  of  gravity 
of  the  disc,  and  shews  that  the  period  of  its  oscillations  is  equal 
to 

'7r{a(l  +  4cos'e)}* 

2  (07"  -  gr  sin  e)* 

(6)  A  rigid  body  is  revolving  about  a  fixed  point:  the 
angular  velocities  a>^,  ft),,  ©3,  of  the  body  about  its  principal 
axes  at  the  point  are,  respectively,  a  sin  nt,  a  cos  nt,  fi,  where  a 
and  13  are  constant  quantities:  to  determine  the  nature  of 
the  motion  in  space. 
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If  the  fixed  axes  be  so  chosen  that  ^»0  when  i=0,  the 
motion  in  space  is  determined  by  the  equations 

^««        ^-.o       ^t^o 
5^««,       -j^-A       ^-0. 

Griffin;  Solutions  of  the  Examples  on  the  Motion  of 
a  Rigid  Body,  p.  34. 

(7)  A  body  is  moveable  about  a  fixed  point:  two  of  the 
principal  moments  of  inertia  at  the  point  are  each  equal  to  A, 
G  being  the  other  principal  moment :  the  moments  of  the 
couples  of  the  impressed  forces  about  these  principal  axes  are, 
respectively,  a  sin  nt,  a  connt,  0:  supposing  the  instantaneous 
axis  to  have  coincided  initially  with  the  principal  axis  to  which 
G  belongs,  to  find  the  angular  velocities  of  the  body  about  the 
principal  axes  at  any  time. 

The  angular  velocity  o).  is  constant :  the  angular  velocities 
a>^  and  o>,  are  respectively  equal  to  . 

-J-/ v«(cos»^  — cosm^),      -7-; :  •  (sin  m^  —  sin  n^), 

A{fn-n)  ^  ^'      A(m—n)   ^  ' 

A  —  C 

where  m  =  — 5 —  «.. 

A       " 

Griffin :  Ih.  p.  39. 

(8)  A  cube,  the  centre  of  gravity  of  which  is  fixed,  is  put 
in  motion  about  any  proposed  axis :  to  determine  its  subsequent 
motion. 

It  will  continue  to  revolve  about  the  initial  axis  of  rotation. 

Griffin  :  lb.  p.  40. 

(9)  A  right  circular  cone,  the  altitude  of  which  is  equal  to 
the  diameter  of  its  base,  is  moveable  about  its  centre  of  gravity, 
which  is  fixed :  if  the  cone  be  put  in  motion  about  an  axis 
inclined  at  a  given  angle  to  its  axis  of  figure,  to  determine  the 
subsequent  motion  of  the  cone. 

The  cone  will  revolve  permaneutly  about  the  initial  axis  of 
rotation.  Griffin  :  lb.  p.  40, 
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(10)  A  motion  is  impressed  upon  a  right  circular  cone 
about  a  given  axis  through  its  centre  of  gravity :  to  find  the 
position  of  the  invariable  plane. 

Let  the  centre  of  gravity  be  the  origin  of  co-ordinates,  and 
the  axis  of  the  cone  be  the  axis  of  z :  let  I,  m,  n,  be  the  direction* 
cosines  of  the  initial  axis  of  revolution,  and  let  tan  a  represent 
the  ratio  of  the  diameter  of  the  base  to  the  altitude  of  the  cone. 
The  equation  to  the  invariable  plane  is 

Ix  +  my  +  nz  vers  a  =  0. 

Griffin :  lb.  p.  40. 

(11)  A  quiescent  circular  plate  is  moveable  about  its  centre 
of  gravity  as  a  fixed  point :  if  a  given  angular  velocity  be 
impressed  upon  it  about  a  given  axis,  to  find  the  motion  of  the 
plate. 

Let  a>  be  the  given  angular  velocity,  a  the  inclination  of  the 
initial  axis  of  rotation  to  the  plane  of  the  plate.  The  normal 
to  the  plane  of  the  plate  will  retain  a  constant  inclination  to 
a  normal  to  the  invariable  plane,  and  will  make  a  revolution  in 
space  in  a  time  equal  to 

27r 
«(l  +  3sin«a)*' 

Griffin  :  lb.  p.  41. 

(12)  A  solid  of  revolution  is  revolving  initially  about  an 
instantaneous  axis,  which  passes  through  its  centre  of  gravity, 
and  is  inclined  at  an  angle  7  to  its  axis  of  figure,  which  is 
initially  inclined  at  an  angle  a  to  an  axis  fixed  in  space  :  given 
that  A  cot  a  =  Ccoty,  where  C,  -4,  are  the  moments  of  inertia 
about  the  axis  of  figure  and  a  perpendicular  axis  through  the 
centre  of  gravity,  to  determine  the  motion  of  the  axis  of  figure. 

The  axis  of  figure  will  describe  a  circular  right  cone  about 
the  fixed  axis.  Griffin :  lb.  p.  41. 

(13)  A  solid  of  revolution,  moveable  about  its  centre  of 
gravity,  is  originally  put  in  motion  about  an  axis  the  moment 
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of  inertia  about  which  is  given :  to  determine  the  nature  of  the 
subsequent  motion. 

Let  Q  be  the  given  moment  of  inertia,  C  the  moment  of 
inertia  about  the  axis  of  figure,  and  A  that  about  an  axis, 
perpendicular  to  the  axis  of  figure,  through  the  centre  of  gravity. 
Then 

(1)  The  instantaneous  axis  will  describe  in  a  space  a 
circular  cone,  the  vertical  angle  of  which  is  greatest  when  Q  is 
a  harmonic  mean  between  A  and  G. 

(2)  The  axis  of  figure  will  describe  in  space  a  circular  cone 
the  vertical  angle  of  which  is  equal  to 


2  tan' 


{^  i3^f] 


(3)  The  instantaneous  axis  will  describe  a  circular  cone, 
relatively  to  the  axis  of  figure,  the  vertical  angle  of  which  is 
equal  to 

U-q) 

Griffin  :  i*.  p.  42. 


2ta.-^«-^\* 


(14)  A  right  circular  cone  is  moving  about  its  centre  of 
gravity  as  a  fixed  point :  supposing  the  initial  inclination  of  the 
instantaneous  axis  to  the  axis  of  figure  to  be  known,  to  find  the 
path  of  the  vertex  of  the  cone. 

Let  a  be  the  initial*  inclination  of  the  instantaneous  axis  to 
the  axis  of  figure,  /3  the  semi-angle  of  the  cone,  and  h  its  alti- 
tude. The  vertex  of  the  cone  will  describe  in  space  a  circle 
the  radius  of  which  is  equal  to 

^  A  tan  a  (4  + cot*  yS). 

(15)  A  body  is  moving  about  a  fixed  point,  two  of  the 
principal  moments  of  inertia  at  the  fixed  point  being  equal : 
supposing  the  body  to  be  acted  on  only  by  a  couple,  the  mo- 
ment of  which  is  an  explicit  function  of  the  time,  about  the 
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m 

axis  of  unequal  moment,  to  find  the  angular  velocities  about 
the  axes  at  any  time. 

Let  a  be  the  moment  of  inertia  about  one  of  the  axes,  b  that 
about  each  of  the  other  two:  let  w^,  a>,,  a)„  be  the  angular 
velocities  at  any  time  t,  a^,  a,,  a,,  being  the  initial  values  of 
these  velocities :  let  T  denote  the  moment  of  the  couple.  Then, 
a*  denoting  a*  +  a/, 

«..  =  a,  +  l£m 
5  Bin-' -» =  5  Bin-' ?i  +  (a  _  J)  a,«  +  -  r  f  V«/<». 
6sin-*-»  =  6sin-*?!»+(5-a)a,<--frr£ft». 


(16)  A  rigid  lamina,  in  the  form  of  a  loop  of  a  lemniscate, 
not  acted  on  by  any  force,  is  started  with  a  given  angular 
velocity  about  one  of  the  tangent  lines  at  its  nodal  point, 
the  nodal  point  being  fixed  :  to  find  the  ratio  of  its  greatest  to 
its  least  angular  velocity. 

The  required  ratio  is  equal  to 


( 


i-f^y. 


Sect.  3.    Several  Bodies. 

.(1)  To  a  wheel  and  axle  are  attached  weights  P  and  Q, 
(fig.  200),  which  are  not  in  equilibrium:  to  determine  their 
motion  and  the  tensions  of  the  strings  by  which  the  weights  are 
suspended. 

Through  C,  the  centre  of  the  wheel  and  axle,  draw  the  hori- 
zontal line  ACB  meeting  the  strings  in  A  and  B;  let  -40=  a, 
BO^a'\  w  =  the  ma^  of  P,  m'  =  that  of  Q,  /it  =  that  of  the 
wheel  and  axle  together ;  k  =  the  radius  of  gyration  of  the 
wheel  and  axle  about  their  common  axis;  AP=^x,  BQ^x\ 
r=  the  tension  of  -4P,  2"  =  the  tension  of  BQ\  ^  =  the  angle 
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through  which  the  wheel  and  axle  have  revolved  at  the  end  of 
the  time  t  about  their  common  axis. 

Then,  for  the  motion  of  P,  we  have 

"*  ^=^^"  ^- W' 

for  the  motion  of  Q, 

m-^^m'ff-r (2); 

and,  for  the  rotation  of  the  wheel  and  axle, 

,J^^^Ta-T'a' (3). 

But,  from  the  geometry,  it  is  clear  that 

dx^    dd       ^'__   /^. 
dt     ^dt'^      dt'^     ^  dt  ' 

hence,  from  (1)  and  (2), 

ma^^^mg-T (4), 

—  ma  --r^^^mg^T  (o). 

Substituting  the  values  of  T  and  T  from  (4)  and  (5)  in  the 
equation  (3),  we  get 

d*0 
{ma^  +  ma*  +  puk^) -^=g  (^a -  vn'a) (6); 

whence  0  is  immediately  obtained  in  terms  of  t,  the  initial 
values  of  0  and  -^  being  supposed  to  be  known. 

From  (4)  and  (6)  we  have 
and,  from  (5)  and  (6), 
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(2)  Two  equal  unifonn  rods  A  C,  BC,  (fig.  201),  having  a 
compass  joint  at  C,  are  laid  in  a  straight  line  upon  a  hori- 
zontal plane.  A  string  GDP,  to  one  end  of  which  is  attached 
a  weight  P  greater  than  that  of  either  rod,  passes  over  a  smooth 
pin  D  above  the  plane,  and  is  fastened  at  its  other  end  to  O, 
which  is  vertically  beneath  the  pin :  to  determine  the  motion 
of  P. 

Let  AG=>2a^BC,  z  OAB=0;  -B  =  the  reaction  of  the 
plane  at  each  of  the  points  A  and  B;  T=the  tension  of  the 
string;  8=^ the  mutual  action  of  the  two  rods  at  the  joint, 
which  will  evidently  take  place  in  a  horizontal  line  parallel  to 
AB;  m  =  the  mass  of  each  of  the  rods,  fi^the  mass  of  the 
weight  P.  Let  O  be  the  centre  of  gravity  of  the  rod  A  C ; 
draw  OE,  CJE,  at  right  angles  to  AB ;  let  EH^x,  OH=tf, 
k  =  the  radius  of  gyration  oi  AC  about  O, 

Then,  for  the  motion  of  the  rod  A  0,  we  have,  resolving  forces 
horizontally, 

-S=^- w; 

resolving  vertically,  J  T  being  the  force  exerted  by  the  string  on 
each  rod, 

m^  =  R  +  iT-tng. (2); 

and,  taking  moments  about  G, 

mii^  ^^ 8a Biaff-^^Tacoa O'-Ra cos  0 (3). 

Also,  for  the  motion  of  P,  the  increment  of  DP  being  double 
that  of  GHy 

2^^^f^^T. (4). 

Multiplying  the  equation  (2)  by  a  cos  0,  we  have 
ma  cos  0  (^  +  fl^)  =■  {B  +  ^T)acos  0, 
and  therefore,  adding  this  equation  to  the  equation  (3), 
^^'ifi  +  ^'^^^^i';^  +9)'=^Sasin0+  Tacos^: 
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hence,  from  (1)  and  (4), 

and  therefore,  since  x=^acos0,  and  y  ==  a  sin  0, 

^jjt^^  t       «/'      /i^sintf      .    /i^cos^X  .  „     ,       ^tPsin^ 
mk^^+ma  (cos^-^^^^ am d -^^— j  +  2;ta« cos ^ -^- 

=  ay  (/x  —  m)  cos  5, 

{ma?  +  mkT)  ^  +  2/4a"  cos  g      ,^     ^agfji-^m)  cos  d. 

Multiplying  both  sides  of  this  equation  by  2  -j- ,  and  inte- 

d0 
grating,  we  have,  since  -^  =  0  when  ^  =  0, 

{ma*  +  mlf  +  2/ia*  cos*^  ^  =  2ag  (^'-  m)  sin  ^, 

which  determines  the  angular  velocity  of  the  rods   for   any 
position. 

The  value  of  ^  and  therefore  of  ^  being  known  in  terms 

of  0,  we  may  readily  obtain  the  values  of  E,  8,  and  T,  from  the 
equations  (1),  (2),  (4),  in  terms  of  the  same  angle. 

(3)  A  tube,  moveable  in  a  horizontal  plane  about  a  vertical 
axis,  is  charged  with  any  number  of  balls  at  assigned  intervals : 
supposing  a  given  angular  velocity  to  be  communicated  to  the 
tube,  it  is  required  to  determine  the  motion  of  the  tube  and  of 
the  baUs. 

Let  a,  a',  a",..,  be  the  initial  distances  of  the  balls  from  the 
fixed  axis,  and  r,  r,  /',.••  their  distances  at  any  time  t  from  the 
commencement  of  the  motion.  Let  m,  m\  m ',.••  be  the  masses 
of  the  balls,  fi  of  the  tube;  and  let  0  be  the  angle  through 
which  the  tube  has  revolved  at  the  end  of  the  time  t  Let  It, 
Ry  R\..,  denote  the  mutual  actions  and  reactions  of  the  balls 
and  the  tube.     Then,  ijJ^  denoting  the  moment  of  inertia  of  tho 


^1 
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tube  about  the  vertical  axis,  we  have,  for  the  motion  of  the 
tube, 

fiV^^Rr  +  Rr'  +  SV'+ (1). 

Also,  for  the  motion  of  the  balls,  we  have 

-S"^?.  »s-*" (^)- 

„"^'.jrC    n,-%-ir^ (.). 


where  (a?,y),  {x\  y'),  (aj",  y '),...  are  the  rectangular  co-ordinates 
of  the  balls  at  the  time  t 

Multiplying  the  former  and  the  latter  of  the  equations  (2)  by 
y  and  x  respectively,  and  subtracting  the  latter  from  the  former 
of  the  resulting  equations,  we  get 


"»(yS-''S)--^''5 


and  therefore,  since  a?  =  r  cos  d,  y  =  r  sin  d,  the  axis  of  x  being 
supposed  to  coincide  with  the  initial  position  of  the  tube,  we 
may  readily  obtain,  by  substitution. 


les)-^^- 


In  like  manner,  from  the  equations  of  (3),  (4),...  we  may  get 


478  MOTION  OF  RIQID  BODIES. 

■ 

Hence  from  (1)  we  have 

iDtegiating,  we  get 

^^  =  (7- (mr'  +  mV +«'>"•  + )^^: 

but,  supposing  &>  to  be  the  initial  value  of  -^,  we  have 
fjJt^m^  0-  [ma^  +  m'a'*  +  m"a'^  + ...) ©: 

nencse       :ji  =  -iT-; — «  .  _/  m  . — //  //g  . —  a» (5). 

Again,  from  the  equations  (2),  we  have 

de^y  de    ' 

and  thence,  substituting  for  x  and  y  their  values  in  r  and  0, 

3?='^ (*)• 

In  the  same  way,  from  (3),  we  may  get 

^'_  '^ 
de~^  df' 

and  therefore,  eliminating  -^  between  these  two  equations, 

integrating  and  bearing  in  mind  that  both  ^  and  -^  are  initi- 

idly  equal  to  zero, 

,dr  ^    dr 
^  dt^^  dt' 

and  therefore  —  =  -7-  : 

r       r 

integrating  again  we  have,  a,  a',  being  the  initial  values  of  r,  r\ 

r      r       . ,     a' 
a     a  '  a 
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In  precisely  the  same  way  it  may  be  shewn  that 

a   '  a 


57  = } V?® (7). 


Hence  from  (5)  we  have 
From  (6)  and  (7)  we  obtain 


d^ 


'^^J^ ; T? 

W  +  fma*  +  w'a'"  +  wV'*+...jJ|' 


Multiplying  both  sides  of  this  equation  by  2  -i- ,  integrating, 

dv 
and  bearing  in  mind  that  ;jr  =  0  when  r  =  a,  we  shall  easily 

see  that 

^  =  a>«(r»-a') jy (8). 

The  equations  (7)  and  (8)  will  give  m&,  for  any  assigned 
distance  of  the  ball  m  from  the  axis  of  rotation,  the  angular 
velocity  of  the  tube  and  the  velocity  of  the  ball  m  within  it. 
If  between  (7)  and  (8)  we  eliminate  dt^  we  shall  obtain  the 
differential  equation  in  polar  co-ordinates  to  the  path  of  m  in 
the  horizontal  plane  passing  through  the  axis  of  the  tube. 
Similar  results  may  evidently  be  obtained  for  the  other  balls 
with  which  the  tube  is  charged. 

Cor.    If  /a  «s  0,  the  equations  (7)  and  (8)  become 

and  therefore,  eliminating  dt^ 

d' 
dr^     ,  .       tN  ^         jn         ^^  r 


(-^' 
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integrating*  and  remembering  that  5  =  0  when  r^Oy 

r       r 
Again,  to  determine  the  relation  between  r  and  t,  we  have 

and  therefore  -a  =  1  +  wY, 

or 

Similar  relations  holding  good  for  the  other  balls,  we  haye^ 
for  the  equations  to  their  paths, 

-_—      —  —       A. 

r     r      r 

which  shew  that  they  all  move  in  straight  lines  at  right  angles 
to  the  initial  position  of  the  tube ;  and  for  their  distances  from 
the  axis  of  rotation  at  any  time, 

"~3  ~—  ""75  ^^  — Tjm  "—  ••••••  ~"  X  *T*  ®  V  • 

o      a       a^ 

Clairaut ;  Mim,  de  VAcad.  des  Sciences  de  Paris,  1742, 
p.  48.  Daniel  Bernoulli;  Mint,  de  VAcad,  des 
Sciences  de  Berlin,  1745,  p.  54.  Euler;  OptwcwZa, 
de  motu  corporum  tubis  mobUibus  indusorum,  p.  71. 

(4)  A  heavy  particle  P  descends  down  a  smooth  inclined 
plane  BA,  (fig.  202),  forming  the  upper  surface  of  a  solid 
BA  C,  which  is  capable  of  sliding  freely  along  a  smooth  horizon- 
tal plane  OAx :  to  determine  the  motion  of  the  particle  and  of 
the  body,  both  of  which  are  supposed  to  have  initially  no 
motion. 

Let  PM  be  at  right  angles  to  Ox,  and  let  B  be  the  point  in 
the  inclined  plane  which  the  particle  occupies  initially ;  let  A 
be  supposed  to  coincide  with  0  at  the  commencement  of  the 
motion.  Let  OM=^x,  PM^y,  OA  =  s^  AB  =  a,  BP^s\ 
^  BA  C  =  a ;  and  R  =  the  action  and  reaction  of  the  plane  and 
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the  particle.    Then,  m  denoting  the  mass  of  the  particle  and  m' 
of  the  body,  we  shall  have 

m  ^  =Bco8a  —  mg (1;, 

m  33  =s  — jBsina (2), 

m' -1^  =  Bsina (3). 

But  y  =  (a  —  s)  sin  a,  a: «  «  +  (a  —  «')  cos  a:  hence,  from  (1), 

mBiua--^=sfng  —  RcoBa (4), 

and,  from  (2), 

^■TZi  -w  cos  a -73-  =  — ^sma (o\ 

dtr  dtr  ' 

Adding  together  (3)  and  (5)^  we  have 

(m  +  m')^  —  mcosa-i^  =0 (6). 

Multiplying  (3)  by  cos  %  and  (4)  by  sin  2,   we  have,  adding 
together  the  resulting  equations, 

m  cosa^  +W8m'a  -^  =  wi^sma (7). 

Multiplying  (6)  by  sin*  a,  (7)  by  cos  a,  and  adding  together  the 
resulting  equations, 

d*8 
(m  sin*  a  +  tn)  -p  » fTt^  sin  a  cos  a : 

integrating  twice  with  respect  to  t,  and  bearing  in  mind  that 

d8 
8  =  0  and  31  =  0  when  t^O,  we  obtain 
at 

m  sin  a  cos  a 


8  =  igf — ;— i J (8). 


Again,  multiplying  (7)  by  m  +  m\  (6)  by  m'  cos  a,  and  sub- 
w.  a.  31 
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tracting  the  latter  of  the  resulting  equations  from  tlie  former, 
we  have 

m  (m  sin*  a  +  m')  -^  =  mg  sin  a  (m  +  m'), 

ffs  __  jr  sin  a  (m  +  m')  ^ 
df  ^    m  sin"  a  +  w 

integrating  twice,  and  recollecting  that  s'  =  0  and  -^  =  0  when 

f  =s  0,  we  get 

(m  +  «08in« 

*^    msin'a  +  m  ^  ' 

The  equation  (8)  gives  the  position  of  the  moveable  inclined 
plane,  and  (9)  the  place  of  the  particle  on  the  plane  at  any  time.  1 

Again,  by  (3), 

P_  m'    d^8  _  mm  g  COS  a 
Sin  a  off     m  sin  a  +  «i 

which  gives  the  value  of  the  mutual  pressure  of  the  particle  and 
the  plane ;  the  value  of  which,  therefore,  is  invariable. 

John  Bernoulli ;  Gmtvm&at  Acad.  Petrop.  1730,  p.  11. 
Opera,  Tom.  ill.  p.  365.  Euler;  Optiscula,  de 
motu  corporum  tubis  m^bilibus  incluaorum,  p.  28. 

(5)  A  particle  is  placed  within  a  thin  tube  APB  (fig.  203), 
rigidly  attached  to  a  plane  vertical  lamina  ABC,  the  base  EG 
of  which  is  rectilinear  and  is  moveable  along  a  line  OBOE 
on  a  smooth  horizontal  plane :  supposing  the  particle  and 
the  lamina  to  be  initially  at  rest,  to  find  their  subsequent 
motions. 

Let  A  be  the  point  of  the  tube  at  which  the  particle  is 
placed,  and  0  the  initial  position  of  the  point  B  of  the  lamina ; 
let  0B=8\  the  arc  AP  of  the  tube  =  5';  OM=x,  PM=^y, 
where  PM  is  vertical ;  ^  =  the  inclination  to  the  horizon  of  an 
element  of  the  tube  at  P ;  m  =  the  mass  of  the  particle  and 
m'  =  the  mass  of  the  lamina ;  R  =  the  action  and  reaction  of  the 


H 
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tube  and  the  particle.     Then,  for  the  motion  of  the  particle,  P 
being  its  position  at  the  end  of  any  time  t,  we  have 

m  -^  =  — iZsin^ (1), 

m  -7^^  R  C0&  j>  —  mg (2); 

and,  for  the  motion  of  the  lamina, 

7w'^  =  Usin<^ (3). 

Again,  from  the  geometry  it  is  evident  that 

dx^ds  —  cos^ds (4), 

and  dy —  —  Bin  <f>d8' (5). 

From  (1)  and  (3)  we  have 

d'x  .      td's     ^ 

integrating,  we  get 

dx  ^     ,  ds      ^ 

where  (7  is  an  arbitrary  constant ;  and  therefore,  by  (4), 

/  f\  ds  1  ds         /y 

ds  ds' 

but,  by  the  conditions  of  the  problem,  gT=  0,  and  jI  =  0,  simul- 
taneously, and  therefore  (7  =  0:  hence 

(w+m')  ^  —  mcos^-^  =  0 (6). 

Again,  from  (2)  and  (3), 

,        ,  d's  -     ,  d^V  •    ^ 

m  cos  ^  -^  —  m  sin  ^  ^  =  mg  sin  ^, 

and  therefore,  by  (5), 

,        ,  d^s  .     .    d  f  .     ,  ds\  .     J 

m  coH<l>-j^  +msin^  -^~  ism  (p'^-]=mg Bin  <f>: 

//^v  ^s         m      d  /       .  ds'\ 

but,  from  (6).        -  ^  =  _--,  ^  ^cos  <^  ^ J  : 

31—2 
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hence  we  have 

_m' 

m 

ds' 
Multiply  both  sides  of  this  equation  by  2  -^  and  integrate ;  then 

da*  f . 

(m  sin'^  +  m*)  ^  =  2^  (m  +  m')  Isin  <j>  ds, 

f|sin<^(2s'    I 
\  ,.^  ,[ (7): 
msm'^  +  mj 

from  this  equation,  when  the  form  of  the  tube  and  therefore  the 
relation  between  4>  ^^^  *'  ^  known,  we  may  determine  the 
relation  between  s'  and  t 

Again,  for  the  determination  of  the  relation  between  s  and  t, 
we  have,  from  (6)  and  (7), 

--=( — ^— J  m  cos 6  I — .. ,  .  . — -A  : 
dt     \m-\-mJ  ^Iwsm'^  +  mj 

the  integral  JQin^ds',  which  enters  into  these  formulae,  must 

evidently  be  so  taken  as  to  vanish  when  s' »  0. 

Clairaut;  M^moirea  de  VAcad^mie  dea  Sciencea  de 
Paria,  1742,  p.  41.  Euler;  Opitacula,  de  motu 
corporum  tubia  mobUitma  incluaorum,  p.  48. 

(6)  A  smooth  groove  ALA'  (tig.  204)  is  carved  on  the  upper 
edge  of  a  verticcd  laxaina,  ACS  A',  which  is  placed  upon  a  smooth 
horizontal  plane,  along  which  it  is  able  to  slide  freely :  to  find 
the  form  of  the  groove  in  order  that  a  particle  may  oscillate 
in  it  tautochronously,  the  time  of  an  oscillation  being  given. 

Let  L  be  the  lowest  point  of  the  groove,  LM  a  vertical  line 
through  L,  meeting  a  horizontal  line  PM  through  the  place  P 
of  the  particle  at  any  time  t ;  let  PM=  x',  ML^j/,  arc  LP^a\ 
Then  by  the  equation  (7)  of  the  preceding  problem,  putting 
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nd  retaming  in  other  respects  the  same 


^'^-{2g{m 


notation^  we  have 

(— Isin^cfo'  I 

but  —  j8in^cfc'  =  fc— y, 

if  £  be  the  initial  value  of  y  :  hence 


|  =  -{25r(m 


and  therefore,  if  t  be  the  time  of  half  an  oscillation, 

ds' 


:. 


a  quantity  which,  by  the  nature  of  the  problem,  must  be  inde* 
pendent  of  k  :  hence 

da' 


^('•*#+"'')v 


must  be  of  zero  dimensions  in  ^  and  k;  and  therefore 

ds' 


^  ,  I  I  in,  -f-iz  +71?  I 


must  evidently  be  of  —  1  dimensions  in  h  and  y'x  but  it  is  clear 
that 

does  not  involve  Jfe ;  hence  this  expression  must  be  of  —  J  di- 
mensions in  y',  and  therefore,  a  being  some  constant  quantity, 


%{-%--i'^ (*'• 


dy 

,d^_± 

dr  ~  y 


711  +  Wl 
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m 


dy\  ~         y' 

dy~l    m     J   V     y'    J' 

a' 
where  2a  = , :  integrating,  we  get  for  the  eqtlation  to  the 


curve, 

X 


which  is  an  elongated  cycloid,  which  may  be  constructed  from 
the  ordinary  cycloid  by  increasing  the  distance  of  each  point  of 

the  curve  from  the  axis  in  the  ratio  of  (m  +  m')*  to  m'*. 
Again,  from  (1)  and  (2),  we  have 

TTOL 


{2g  {m  +  m')}4  ' 
whence  a'  =  -^  (m  +  m), 

and  therefore         2a  = ,  =  -^ ,    a  =  ^  • 

m  +  m       IT  ir 

Hence  (3)  may  be  written 

"=("^r-j  {[-^yn  -^'^"^^^r 

Euler ;  Opuscviat  de  motu  corporum  tubis  mobilibus 
inolusomnfiy  p.  51. 

(7)  A  particle  P  descends  down  a  smooth  inclined  plane 
CA  (fig.  205),  forming  the  upper  edge  of  a  thin  vertical 
lamina  CAE  which  is  capable  of  sliding  freely  down  a  smooth 
inclined  plane  OAEB,  with  which  its  whole  lower  edge  is  in 
contact :  to  determine  the  motion  of  the  particle  and  of  the 
lamina,  both  of  which  are  supposed  to  be  initially  at  rest,  and 
the  pressure  of  the  particle  on  the  lamina. 
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Let  0  be  the  initial  position  of  the  particle  on  the  lamina,  and 
0  the  initial  position  of  tjie  point  ^  of  the  lamina ;  let  z  BA  C^a; 
zOBF^fi,  BF  beiiig  horizontal;  0-4  =  «,  (7P=«',  jB  =  the 
required  pressure^  m  =  the  mass  of  the  particle,  m'=that  of  the 
lamina ;  t  =  tike  time  from  the  commencement  of  the  motion. 
Then 

—  1   /«  (^  4- wi")  sin  j3  +  m  cos  g  sin  (a  — )8) 
*""*^  msin"a  +  w'  ' 


f     1    ^  (w  +  m )  sin  a  cos  fl 
s  =  igr r^i —- 


n     mmgcosacosiS 

msm  a  +  w 

Euler ;  Ihid.  p.  35. 

(8)  Any  number  of  particles,  P,  P',  P",...  (fig.  206),  are 
descending  down  a  smooth  inclined  plane  BAy  forming  the  upper 
edge  of  a  thin  vertical  lamina  BA  C  capable  of  sliding  freely 
along  a  smooth  horizontal  plane  OE,  with  which  its  whole 
lower  edge  is  in  contact:  to  determine  the  motion  of  the 
particles  and  of  the  lamina,  and  the  pressures  which  the  par- 
ticles exert  upon  the  lamina. 

Let  R,  jy,  R', ...  be  the  pressures,  and  m,  m\  m", ...  the 
masses  of  the  particles  P,  P*,  P",  ...;  let  OA^S^  BP—s, 
BP==s\  BP'*  =8",...,  0  being  a  fixed  point  in  the  line  OE, 
and  B  on  the  inclined  plane  BA ;  l  BA  C  =  a ;  Jf  «=  the  mass  of 
the  lamina.    Then 

a     1    A    (w+m'  +  m"+...)sinacosa    ,   >,.  .   i, 
*^    Jf+(m  +  m+m  + )sm'a  ' 

^^(Jf  +  m+m'+wi^'-f )sina  .  ^^  ,  j. 

*^    if+(m  +  m+m  + )sm"a 

o'     1  ^{M-Vm-Vm-yni'^- )sintt  ,  ^,^  .  ^, 

^^    if  +  (?n  +  m+m  + )8m'a 

•  #■••*• 

•  •••••« 

:?  =  :?^  =  '?^-  =-  J/y  cos  a 

m ~ !»'     m"  ~ ~  M  +  (m  +  m'  +m"  +  .,.)  sin'a 


» 
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The  quantities  A^  B,  a,  &,  a\  h\  ...  are  arbitrary  constants,  to 
be  determined  from  the  initial  circumstances  of  the  motion. 

Euler ;  Ihid,  p.  40. 

(9)  If  a  chain  of  considerable  length  be  suspended  from  the 
top  of  a  tower,  its  lower  end  touching  the  earth,  and  then  let 
fall,  to  find  the  velocity  at  any  time. 

Let  X  =  the  length  and  v  ^  the  velocity  of  the  portion  of  the 
chain  which  is  at  any  time  in  motion,  a  =  the  initial  value  of  x, 
and  r  » the  radius  of  the  earth :  then 


'^  =  Vlog(|^) 


(10)  A  thin  hollow  ring,  the  plane  of  which  is  vertical,  and 
which  contains  a  bead,  is  placed  upon  a  smooth  horizontal 
plane:  to  find  the  period  of  the  bead's  osciUation,  supposing 
it  to  have  been  placed  initially  near  the  lowest  point  of  the  ring. 

If  a  be  the  radius  of  the  riog,  /t  its  mass,  and  m  the  mass  of 
the  bead,  it  will  oscillate  isochronously  with  a  perfect  pendulum 
the  length  of  which  is  equal  to 

fjLa 

Mackenzie  and  Walton;  Solutions  of  the  Cambridge 
Problems  for  1854. 

(11)  The  higher  ends,  A,  B,  of  two  equal  uniform  rods  AC^ 
BC,  are  moveable  by  little  rings  along  a  fixed  horizontal  rod : 
the  lower  ends  of  the  rods  are  connected  at  C  by  a  little  hinge : 
supposing  C  to  be  placed  initially  in  contact  with  the  fixed 
horizontal  rod,  to  find  the  pressures  on  the  horizontal  rod  and 
the  pressure  at  the  hinge  for  any  subsequent  position  of  the 
descending  rods. 

Let  6  be  the  inclination  of  either  rod  to  the  vertical  at  any 
time,  and  W  be  the  weight  of  each :  then  the  pressure  of  each 
ring  on  the  horizontal  rod  is  equal  to 

jPr(ll  +  9cos2^), 
and  that  at  the  hinge  to  §  "IT  sin  2  A 
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(12)  Two  solid  cylinders  descend  from  rest  directly  down 
the  two  faces  of  two  smooth  inclined  planes,  over  the  common 
summit  of  which  passes  a  thin  inelastic  string  which  goes 
under  and  round  the  central  transverse  sections  of  the  cylin- 
ders, to  which  the  ends  of  the  string  are  fastened :  to  find  the 
tension  of  the  string  and  to  ascertain  how  much  it  will  have 
slid  along  the  planes  at  the  end  of  any  time. 

If  W,  W\  be  the  weights  of  the  cylinders,  a,  a\  the  inclina- 
tions of  the  respective  planes,  the  required  tension  is  equal  to 

and  the  space,  through  which  the  string  has  slid  at  the  end  of  a 

time  t,  to 

-     .   IF  sin  a  —  TT'  sin  a' 
iSl^ WTW 

(13)  A  circular  tube  lies  on  a  smooth  table :  an  included 
globe,  the  diameter  of  which  is  equal  to  that  of  a  transverse 
section  of  the  tube,  is  projected  along  the  tube  with  a  given 
velocity :  to  determine  the  motion  of  the  tube  and  globe,  and 
to  ascertain  the  horizontal  pressure  exerted  by  the  globe  on 
the  tube. 

Let  a  be  the  radius  of  the  axis  of  the  tube,  m  and  m  the 
respective  masses  of  the  globe  and  tube,  and  v  the  velocity  of 
projection  of  the  globe :  then  the  centre  of  gravity  of  the  globe 
and  tube  will  move,  in  a  direction  parallel  to  the  projection  of 
the  globe,  with  a  velocity  equal  to 

mv 
m  +  m  * 

the  globe's  centre  i*evolving  round  the  said  centre  of  gravity 

with  an  angular  velocity  -  ;  and  the  required  horizontal  pres- 
sure will  be  equal  to 


a 


\?vfim 


John  Bernoulli  in  a  letter  to  Euler,  on  the  subject  of  the 
motion  of  the  globe  and  tube,  says :  "  Quod  attinet  ad  problema 
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hoc,  miror  te  tarn  magnifice  de  eo  sentire,  ut  illud  vocare  audeas 
argumentum  prorsus  novum  et  adhuc  intactum,  cum  tamen 
nihil  aliud  sit  quam  casus  particularis  theorematis  tritissimi  de 
corpore  vel  systemate  corporum  pluriuzn  gyrando  progrediente 
super  piano  horizontali,  ubi  id  semper  obtinetur  ut  commune 
centrum  gravitatis  totius  systematis  progrediatur  in  linea  recta 
et  quidem  velocitate  uniformi,  dum  interim  reliqua  puncta 
systematis  describunt  singula  aliquam  ex  cycloidibus  sive  ordi- 
nariam  sive  protractam  seu  contractam.  Haec  te  monere  volui, 
Vir  Celeb.,  ne  te  praecipites  protrudendo  in  publicum  magna 
pompa  rem  quandam  leviculam,  qusB  ansam  daret  inimicis  tuis 
(nam  et  tu  tales  habes,  pra^sertim  inter  scurras  Anglicanos  qui 
omnes  extraneos  odio  prosequuntur)  carpendi  indiscriminatim 
omnia  tua  elegantissima  inventa,  atque  hac  occasione  imj[akals 
in  te  torquendi  Ciceronis  proverbium  Laureolam  m  mtistaceo 

^  Correspondnnee  MaMmatigua  «l  WJiysiq^ie  de  quelques  c6llhre$  Giomttre* 
du  jninhw  Kilkiif  far  F«  H. Tuss,  Tome  ii..p.  Si, 
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CHAPTER  IX. 

MOTION  OF  RIGID  BODIES.      ROUGH  SURFACEa 

Sect.  1.    Single  Body, 

(1)  A  CYLINDER  descends  down  a  perfectly  rough  inclined 
plane  by  the  action  of  gravity,  its  axis  being  horizontal :  to 
determine  the  motion  of  the  cylinder  and  the  friction  at  any 
time  of  its  descent. 

Let  G  (fig.  207)  be  the  centre  of  gravity  of  the  cylinder  at 
)any  instant  of  its  descent;  OA  the  course  of  the  point  of 
cont«8t  H  of  the  circular  section  of  the  cylinder  through  G 
down  the  tlsolined  plane ;  let  OH  =  a?,  a  =  the  angle  of  inclina- 
tion of  OA  to  the  lionsoiiy  6  =  the  whole  angle  through  which 
the  cylinder  has  revolved  about  itB  witra  of  grs^sdtj  in  movii^ 
from  0  to  H;  a  =  the  radius  of  the  cylinder,  A;==its  radius  of 
gyration  about  its  axis.  Let  ^denote  the  friction  of  the  plane 
on  the  cylinder,  which,  from  the  signification  of  perfect  rough- 
ness, is  supposed  to  be  sufficient  to  prevent  sliding,  and  m  the 
mass  of  the  cylinder. 

Then  for  the  motion  of  the  cylinder  we  have,  resolving  forces 

parallel  to  OA, 

d*x 
m-^^mgsina'-F (1) ; 

and,  taking  moments  about  G, 

fnJf^^Fa (2). 

But,  since  F  is  sufficiently  great  to  secure  perfect  rolling,  it 
is  evident  that  x^aO]  and  therefore,  by  (2), 
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hence  from  (1)  we  get 

ma*  -j^  —  marg  sin  a  —  ^fnJf-rs  t 


d* 


de 

X 


or,  since  I^=^a\  3-j3-  =  25rsina; 

and  therefore,  integrating  twice,  and  supposing  ;ir "»  0  when  H 

is  at  0,  we  have 

X  =  Igf  sin  a, 

and  therefore  0=^^^—^ (3) : 

hence  we  have  also,  from  (2)  and  (3), 

-,    mJf  d^0     2mgV  sin  a     « 

(2)  A  globe  descends  from  instantaneous  rest  down  the 
surface  of  a  perfectly  rough  hemispherical  bowl,  the  centre  of 
the  globe  always  remaining  in  the  same  vertical  plane:  to 
determine  the  velocity  of  the  globe  at  any  position  of  its 
descent. 

Let  ABA'  (fig.  208)  be  the  vertical  section  of  the  bowl  made 
by  the  plane  in  which  the  centre  G  of  the  globe  is  always 
situated,  0  being  the  centre  of  the  bowl  and  OA  a  horizontal 
radius.  Let  M  be  the  point  at  which  the  globe  touches  the 
bowl  at  any  thne  of  its  motion,  B  being  the  initial  position  of 
M.  Draw  the  radii  OB,  OCM\  and  let  0'(7  be  the  drcular 
arc  described  by  the  centre  of  gravity  of  the  globe.  Let 
I  AOM=0f  t  AOB—  a,  C'C  =  8,  a«=the  radius  of  the  globe, 
r  =  the  radius  of  the  bowl,  ^  =  the  angle  which  the  globe  has 
described  about  its  centre  of  gravity  in  the  motion  from  B 
to  M,m  =  the  mass  of  the  globe ;  F^  the  friction  of  the  bowl 
upon  the  globe  at  the  point  M,  which  is  supposed  to  be 
sufiBlciently  great  to  prevent  all  sliding. 
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Then  for  tlie  motion  of  the  centre  of  gravity  of  the  globe, 
which  will  not  be  affected  by  our  supposing  all  the  impressed 
forces  to  be  applied  at  G  in  their  proper  directions, 

m^  =  — J^'+tn^r  cos^ (1); 

and,  for  the  motion  of  the  globe  about  its  centre  of  gravity, 

mlf^^Fa (2). 

From  the  points  B  and  J/,  draw  two  indefinite  straight  lines 
BkR  and  MkT^  tangents  to  the  section  of  the  hemispherical 
bowl ;  along  BB  measure  a  length  Bm  equal  to  the  circular  arc 
BM\  then,  if  we  were  to  conceive  the  globe  to  roll  from  B 
along  the  length  Bm,  and  then  Bm  to  be  applied  along  BM  bo 
as  to  coincide  with  it,  mB'  being,  as  soon  as  m  coincides  with 
Jf,  a  tangent  both  to  the  circle  AMA'  and  to  the  globe ;  it  is 
evident  that  the  globe  would  have  revolved  about  its  centre 
through  the  same  angle  as  by  its  actual  motion  of  rolling 
down  the  arc  BM.    Now  by  rolling  along  Bm  it  would  have 

revolved  about  its  centre  through  an  angle = =  -  (^— a) ; 

Ob  CL  CL 

and,  by  the  transference  of  m  to  Jlf,  it  would  have  revolved 
through  an  angle  equal  to  ^  B'kM^  ^  BOM^O-^a,  in  an 
opposite  direction.  Hence  we  see  that  the  whole  actual  angle 
through  which  the  globe  revolves  about  its  centre  in  its  actual 

motion  from  B  to  M,ia  equal  to (tf  —  a)  =  ff>. 

Hence,  putting  for  ^  its  value  in  (2),  we  have 

-^{r-a)-^^Fa (3). 

Again,  it  is  clear  from  the  geometry  that  5  =  (r  —  a)  (5  —  a), 

and  therefore,  from  (1), 

d^8 
''^{^^^)-T[t  -  —  F+mgcos0 (4). 

Eliminating  F  between  (3)  and  (4),  we  obtain 

.d^0     mJf  ,         .cP0  a 
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(l  +  -.j(r-a)-^=^cosd>. 

or,  since  If  is  equal  to  Ja*, 

cTO  ^  5gr  cos  0 

(if     7{r--a)  ^''^' 

multiplying  by  2  ^ ,  and  integrating, 

do 
but,  when  ^=s  a,  "57  is  equal  to  zero:  hence 

7(r-a)  ' 

and  therefore  ^  =  lOff  (sin  g  -  sin  «) 

rf^  7  (r  -  o)        ' 

whence  ^  =  15?  (r_a)(sin^_8ma); 

and  therefore  also,  if  «'  =  the  arc  BM, 

ds*  _,d0'_  lOrV  (sin  $  -  sin  a) 
di*         rfi*  *7(r-a) 

For  the  magnitude  of  the  friction  at  any  time,  we  have,  from  (3), 

„     mi* ,         .  d*0 

BmgJ;?  cos  0    ,     ^,  ^.      ,^. 

—  — ^^=-g ,  by  the  equation  (o). 

(3)  A  heterogeneous  sphere  rolls  along  a  perfectly  rough 
horizontal  plane,  its  rotatory  motion  taking  place  always  about 
an  instantaneous  axis  normal  to  the  vertical  plane  which  passes 
through  its  geometrical  centre  and  its  centre  of  gravity :  to 
determine  its  angular  velocity  for  any  position  in  its  path. 

Let  G  (fig.  209)  be  the  geometrical  centre  and  O  the  centre 
of  gravity  of  the  sphere  at  any  time ;  8  the  point  of  contact  of 
the  vertical  section  of  the  sphere  containing  C  and  G  with  the 
horizontal  plane;    OSE  the  rectilinear  locus  of  the  points  of 
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contact ;    COA  a  radius  of  the  sphere ;    OM,  08,  perpendicu- 
lars upon  the  plane. 

Let  i^  denote  the  friction  of  the  plane  at  any  time  upon  the 
sphere,  estimated  in  the  direction  EO,  and  R  the  vertical 
reaction  of  the  plane ;  let  m  =  the  mass  of  the  sphere ;  k  ==  the 
radius  of  gyration  about  an  axis  through  O  at  right  angles  to 
the  vertical  section  containing  C  and  (?;  OM=^x,  OM=^y, 
CS=CA^a,^AGM^^AC8=^if>,  CO  =  c. 

Then  for  the  motion  of  the  sphere  we  have,  resolving  forces 
parallel  to  OE, 

-S=-^ (1); 

resolving  forces  vertically, 

(Pv 

^-df^^-^9 (2); 

and,  taking  moments  about  the  centre  of  gravity, 

ml(?-^^Fy  -  RcBm4> (3). 

Now,  since  the  friction  is  supposed  to  be  sufficiently  rough  tp 
prevent  all  sliding,  we  have  from  the  geometry, 

aj  +  c  sin  ^  =  J  +  a<^, 

h  being  the  value  of  x  when  ^  =  0 ;  and  therefore 

dx        d<k  ,  d(h 

Again,  from  the  geometry, 

y  =  a  —  c  cos  ^, 

and  therefore 

dy         .     ,  dS  (Td)         .     .  (P6  ,  .  d<h* 

^  =  C8m^^.       -J  =  csm0^^  +  cco8^^^. 

Hence,  from  (1), 

F=^  -  m  Ua-c cos  (f>)  "T^  +  ^^^^^^r* 
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and,  from  (2), 

-B  =  «i  {-^  +  g]=^m  (c sin  4) -^  +  ccos^  ^+g]. 
SubstitutiDg  these  expressions  for  R  and  F  in  (3),  we  get 

fc*  ^« -  j(tt - CC08 ^) ^  +  c sin ^ ^ |(a- ccos ^) 

.    .  f    .    ,€P4>  ^ <^4>*  .    ^ 

—  c  sin  ^  ( c  sm  ^  ^  +  c  cos  9  ^  +  ^r  I , 

and,  by  simplification, 

(a*  +  i*  +  c*  —  2ac  cos  if>)  j^  +  etc  sin  ^  ^  =  —  c^  sin  ^ ; 

multiplying  by  2  ^  ,  and  integrating, 

(a'  +  i*  +  c"  —  2ac cos ^)  ^  —  G+  2c^ cos ^ 

Let  <  =  0  when  ^  =  0,  and  let  a  be  the  initial  angular  velocity 
about  G;  then 

(a"  +  &•+  c*  -  2ac)  ©•=  C+  2cg, 

and  therefore 
(a«  +  c»  +  Jfc*-2accos^)~^'={(a-c/  +  ifc'}a)*-2cgr(l-cos<^), 

which  gives  the  angular  velocity  about  Q  at  any  time  in  terms 
of  the  whole  angle  described. 

Euler ;  Nova  Acta  Acad.  Petrop,  1783 ;  p.  119. 

(4)  A  pendulum  of  any  figure  is  firmly  attached  to  a  solid 
circular  cylinder  as  an  axis;  this  axis  is  placed  horizontally 
within  a  hollow  circular  horizontal  cyUnder  of  larger  diameter, 
and  of  which  the  surface  is  perfectly  rough;  in  the  hollow 
cylinder  there  is  a  slit,  through  which  the  pendulum  hangs : 
supposing  the  initial  position  of  the  pendulum  to  be  very  nearly 
a  position  of  equilibrium,  to  find  the  length  of  an  isochronous 
simple  pendulum. 

Let  g  (fig.  210)  denote  the  position  of  the  centre  of  gravity 
of  the  pendulum  and  its  axis,  regarded  as  one  mass,  at  any 
instant  of  the  motion ;  let  0,  c,  denote  the  centres  of  the  circular 
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actions  of  the  hollow  and  the  solid  cylinders  made  by  a  vertical 
plane  through  ^;  produce  OA  and  eg  to  meet  at/:  let  gp  meet 
at  right  angles  the  vertical  line  OAp,  which  cuts  at  A  the  cir- 
cular section  MAN  of  the  hollow  cylinder ;  join  Oc  and  produce 
the  line  to  a,  the  point  of  contact  of  the  sections  of  the  solid 
and  the  hollow  cylinders;  if  6  be  the  point  of  contact  of  the 
section  of  the  solid  cylinder  in  its  lowest  position  with  that  of 
the  hollow  one,  the  arc  Aa  will  be  equal  to  the  arc  ea. 
Let  Op  —  x,  gp  —  y,  ce  =  b  =  ca,  AO  =  a—Oa,  <l>^zefO, 
^AOa=s0t  cg  =  Cj  zec/=l3;  m  =  the  mass  of  the  pendulum 
and  its  axis  together,  k  ^  the  radius  of  gyration  about  g  of  the 
pendulum  and  axis  regarded  sa  one  mass,  J2  =3  the  pressure  of 
the  hollow  upon  the  solid  cylinder,  F=  the  friction  of  the  hollow 
cylinder  upon  the  solid  one  in  the  direction  of  a  tangent  to  the 
arc  aN. 

Then  for  the  motion  of  the  system  we  have,  resolving  forces 
vertically, 

m  -^  =  mg  —  iZ  cos  ^  —  Fsin  0 ; 
resolving  forces  horizontally, 

w-Tf«-^siiitf  +  i'cos  0, 
and,  taking  moments  about  ^, 

m**-^  «- jRc  sin  (tf  +  ^)  + -F{c  cos  (d  +  ^)  -  J). 

Now,  0  and  ^  being  by  the  hypothesis  small  angles,  we  may 
neglect  their  second  and  higher  powers  in  the  equations,  and 
we  get 

iti  -xry  =  vug  —  xl  —  x'lj, 

mlc'^  =  -Jtc{0  +  <ft)+F{c'-h). 
w.  s.  32 
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Eliminating  B  and  i^  between  these  three  equations,  we  shall 
finally  obtain,  as  far  as  the  first  order  of  small  quantities, 

*'^  +  c<7(^  +  ^)  =  @  +  ^d)(c-i) (1). 

But,  from  the  geometry,  it  is  clear  that 

y  ss  (a  —  ()  sin  0  —  c  sin  ^  =  (a  —  b)  9  —  c^  nearly, 

and  therefore,  putting  for  brevity  a  —  J  =  e, 

hence  the  equation  (1)  becomes 

(Jf  +  c*-ci)^-c(c-i)^  +  c^^  +  J^<?  =  0 (2). 

Now,  since  there  is  no  sliding,  we  may  shew,  by  precisely  the 
same  method  as  in  the  case  of  problem  (2),  that 

4>-\'fi  being  evidently  the  whole  angle  described  by  the  solid 
cylinder  about  its  axis  in  rolling  from  a  to  ^.  Hence,  from  (2), 
we  have 

let  ff(h*  +  ce)        m^9(i>*  +  ce) 

e        ^       e  e         ^ 

then  -^  =  -j~ ,  and  the  equation  becomes 

b'  +  ce    '    -J+^^  =  0- 

Hence,  if  I  denote  the  length  of  a  perfect  pendulum  iso- 
chronous with  the  period  of  (f>,  and  therefore  of  ^,  we  shall 
have 

V  +  ce  j«  +  c(a-i) 

Euler;  Acta  Acad.  Fetrop.  1780;  P.  2;  p:  164. 
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(5)  At  the  extremities  A  and  jB  of  a  unifonn  beam  AB 
(fig.  211),  are  two  small  rings,  capable  of  sliding  along  the  hori- 
zontal and  vertical  rods  Ox,  Oy ;  the  friction  between  the  ends 
of  the  beam  and  the  rods  is  equal  to  the  normal  pressure  on 
each :  to  determine  the  motion  of  the  beam. 

Let  O  be  the  centre  of  gravity  of  the  beam ;  draw  OH  at  right 
angles  to  Ox\  let  0H=^ a?,  OH^ y,AO^a^ BG,  ^BAO  =  0 ; 
let  Ry  S,  be  the  normal  reactions  of  the  rods  Ox^  Oy,  and  there- 
fore R,  8,  the  firictions  along  xO,  Oy;  let  9?i  =  the  mass  of 
the  beam,  k  « the  radius  of  gyration  about  O, 

Then,  for  the  motion  of  the  beam, 

-f=^-^ (1). 

m^  =  8+R-ms (2), 

ml^^=(8-B)acoB0+{8+B)aam0 (3). 

Substituting  the  values  o{  8—R  and  8+R  from  (1)  and  (2) 
in  the  equation  (3),  we  get 

But  a:  =  a  cos  d,      -,-  =  —  a  sin  tf  ^ , 

.    ^       dy  /xdO 

and  y  =  a  sm  ^,       "^  "  ^  ^^^  ^  ^ » 

^  =  -asmd^  +  acosd^. 

Substituting  these  values  of  ^ ,  ^  >  ia  the  equation  (4), 
we  have 


32—2 


500  MOTION  OF  RIQID  BODIES. 

or,  changing  the  independent  variable  from  tio  0, 

...  ^i 

multiplying  both  sides  of  the  equation  by  2«'^  ,  we  obtun 


•«=2ajfe*   sin^; 


d  fy«*'* 

integrating,         ^, 

«(7+2o^Je*»^*sintfrftf (5). 


Now,  integrating  by  parts,  we  shall  get 

Je^'sin<?<W-;gr^,|^8in<>-cosd}«»*: 
hence,  from  (5), 

Since  a'  =  Si*,  we  have 

e"  ^  =  1^- { <7' +  (6  sin  d  -  cos  ^  £«}. 

Suppose  that  a,  (o,  are  simultaneous  values  o^  ^9  '371  t^en 

€«•©» «  ~|[- 1(7'  4. (6 sina  --cos  a) €«•} ; 

hence 

€W^.^6.^t«_6^{(e8in^«co8^€««-(68ina-co8a)€^}, 

which  determines  the  angular  velocity  of  the  beam  at  every 
position  in  its  descent. 
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(6)  To  determine  the  motion  of  a  cylinder,  from  a  position 
of  instantaneous  rest^  upon  a  perfectly  rough  plane  of  indefinite 
extent,  which,  having  been  initially  horizontal,  revolves  with  a 
constant  angular  velocity  about  a  fixed  horizontal  axis  within 
itself,  to  which  the  line  of  contact  of  the  cylinder  and  plane 
is  parallel,  and  with  which  it  initially  coincides. 

Let  a  vertical  plane  at  right  angles  to  the  axis  of  revolution, 
and  passing  through  the  centre  of  gravity  C  of  the  cylinder,  cut 
the  revolving  plane  at  any  instant  of  the  motion  in  the  line  OA, 
(fig.  212) ;  let  Ox  be  the  initial  position  of  OA ;  draw  CM,  CN, 
at  right  angles  to  Ox,  OA;  let  OM^x,  CM^y,  ON^r, 
CN=^  a,  t&^  the  angular  velocity  of  OA  about  0,  z  AOx=s  mt, 
k  as  the  radius  of  gyration  of  the  cylinder  about  its  axis,  B  » the 
normal  reaction  of  the  plane  in  the  direction  NC,  T^  the  tan- 
gential reaction  along  NO,  d=the  angle  through  which  the 
cylinder  has  revolved  about  its  centre  of  gravity  at  the  end  of 
the  time  ^,  m  =»  the  mass  of  the  cylinder. 

Then,  for  the  motion  of  the  cylinder,  we  have 

n»-i2f  =  5sin««— Tcosa)^ ^* 

m-^=img  — B  cos  wt  —  T  sin  at (2), 

^w-^<^ ^^)- 

Again,  the  angle  through  which  the  cylinder  would  revolve 

T 

about  0,  by  rolling  along  Ox  through  a  space  r,  would  be  ~  ,  and 
that  due  to  the  motion  of  Ox  into  the  position  OA  would  be  mt ; 
hence  -  +  »^  is  the  angle  through  which  it  has  actually  revolved 
at  the  end  of  the  time  ^ ;  or 

0=^  +  c9t (4). 

From  the  equations  (1)  and  (2),  we  have 

iPx  cPv     B  ,  ^ 

sinot^^Td  —  cos«^-j5  = acoso)^ (5): 

or  ar     m  ^  ' 
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and,  from  (1),  (2),  (3), 

cos  tat  -jT.  +  sin  tot  -j&  =  a  sin  m -75- ; 

at  a^  a  €Ur 

but,  from  (4),  we  get  ^  d?  ^  ^  ' 

•                              (Paj               ePv                      Jfc*  dV  /-.v 

hence  cos  a)i -i-y  4- sm  a)< -^^  =  gr  sin  w^ — i-i7S (6). 

From  the  geometry  it  is  clear  that 

a;=:rcosa>^  +  asino>f,    y  =  rsin6>^  — acosa>{: 

differentiating  these  expressions  twice  with  respect  to  t,  we 
shall  get 

#  

-73  «costti^  jA-^  2©sincii)^  -3-  — ©Vcosw^  — ewD^sinwi 

dv  dr  dt  ' 

d^y      .        cPr     rt  cZr       4     . 

^=s  sm  w  ^  +  2a)  cos  o><  -^  —  wV  sm  mt  +  a«  cos  tot : 

substituting  these  expressions  for  -^ ,  ~^*^  *^®  equations  (5) 
and  (6),  we  obtain 

2a)^  +  aa)*=5rcos(»«-^ (7), 

and  — s —  -^  —  (oV  =  ^sina>^ (8). 

Since  a*  =  2^*,  the  equation  (8)  becomes 

^-|a)V  =  §5rsina)^: 

the  integral  of  this  equation  is 

r  =  - |^,sina>^+  (7€-'«+  C'r-\ 
bar 

where  »' =  (!)*<»,  and  (7,  O',  are  arbitrary  constants.  If  we 
determine  C  and  C  from  the  conditions  that  r  =  0,  j7  =  0, 
initiaUy,  we  shall  have 

r  =  - 1^  sin  a)<  +  -1/.  (c-'^-  r«'0, 
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which  determines  the  position  of  the  cylinder  at  any  time  before 
it  detaches  itself  from  the  revolving  plane.  Differentiating  with 
respect  to  t, 

hence^  from  (7),  we  obtain 

—  =  flf  COS  ft><  —  oo)*  +  4acosft>^  — f-  (e"''  +  c'^'O 
m  o 

=  l^r  COS  ©«  -  a6>"  - -|^  (€^«  +  c'^'O, 

0 

which  gives  the  value  of  li  at  any  time  during  the  motion  of 
the  cylinder  upon  the  plane.  When  £  =  0,  or  when  the  cylinder 
leaves  the  plane, 

9g  cos  <ot  =  5aft)'  +  2g  (€-'<  +  e^'^), 
an  equation  which  fixes  the  epoch  of  the  separation. 

(7)  A  sphere  is  projected  directly  down  an  inclined  plane 
with  a  motion  both  of  translation  and  of  rotation :  the  motion 
of  rotation  is  the  same  in  point  of  direction  as  that  which  would 
correspond  to  perfect  downward  rolling,  but  greater  in  magni- 
tude :  to  determine  the  motion  of  the  sphere,  having  given  the 
coefficients  both  of  statical  and  dynamical  friction  between  the 
sphere  and  the  inclined  plane. 

Let  OA  (fig.  213)  be  the  inclined  plane,  (7  the  position  of  the 
sphere's  centre,  and  M  its  point  of  contact  with  OA  at  the  end 
of  a  time  t  from  the  beginning  of  the  motion.  Let  /xsthe 
coefficient  of  dynamical  friction  between  the  sphere  and  the 
plane,  a  =  the  radius  of  the  sphere,  OM^s,  ^  =  the  angle 
through  which  the  sphere  has  revolved  at  the  end  of  the  time  t 
about  its  centre  of  gravity,  R  =  the  normal  reaction  of  the  plane, 
m  =  the  mass  of  the  sphere,  a  ==  the  inclination  of  the  plane  to 
the  horizon. 

Then,  for  the  motion  of  the  sphere,  we  have 

m^^mgsiaa  +  fjkR. (1), 

mJ^^^^/xaB (2): 
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but,  since  C  has  no  motion  at  right  angles  to  the  plane,  we  have 
alfio  J2  =  m^  cos  a :  hence,  from  (1), 

^  =  ^r  (sin  a  +  A*  cos  a) (3), 

and,  from  (2), 

i^-^^-fAogcosa (4). 

Int^rating  the  equation  (3)  with  respect  to  t,  and  denoting 
the  initial  value  of  -^  by  c,  we  get 

^=^i(8rna  +  ficosa)  +  c (5) : 

simiktrly  from  (4),  o>  denoting  the  initial  value  of  ^ , 

^  =  ai-^^<cosa (6). 

As  soon  as,  by  thfi  increase  of  t,  -j  becomes  equal  to  a  ^ , 

the  motion  will  change  its  character,  and  our  present  equations 
will  cease  to  be  applicable.    This  event  will  take  pliEuse  when 

jE^(8ina  +  AiCOS  a)  +  c  =  ao)  —  ^L    cos.g» 

lig  (a*  +  V)  cos  a  +  A:^^  sin  a 

Let  t'  denote  this  particular  value  of  t  Fbr  all'  values  of  t 
not  greater  than  i,  we  have  from  (5)  and  (6),  s  and  ^  being 
considered  to  be  initially  zero, 

«==i5r<*(sina  +  /i  cosa)  +  c*, 

^«<»<^-^^cosar 

the  values  of  $  and  ^  at  the  end  of  the  first  period  of  the  motion 
will  be  obtained  from  these  expressions  by  substituting  t'  in 
place  of  t 
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When  -^  becomes  equal  to  a  ^  ^  there  evidently  exists  at 

that  instant  no  sliding  between  the  plane  and  the  sphere ;  and 
therefore,  before  dynamical  friction  can  again  come  into  play, 
the  statical  friction  between  the  sphere  and  the  plane  must  be 
overcome.  First,  let  us  suppose  that  the  statical  friction  is 
sufficiently  great  to  secure  perfect  rolling ;  and  let  F  denote  the 
tangential  reaction  of  the  plane  against  the  descent  of  the 
sphere.    The  equations  of  motion  will  be, 

m-^  ^mgrnxa--  F (1), 

^^'"^F (2). 

Also,  there  being  no  sliding,  it  is  clear  that 


hence  from  (2)  there  is 


mlf^^d^F, 


and  therefore,  from  (1),. 

(aVA05^«aV»i^a (8); 

and  therefore,  also, 

(a*  +  ft^ -^  =  ogrsin  a (4). 

Integrating,  we  get  from  (3)  and  (4), 

A^c^rrina        , 

d4>_agBma         ,, 

where  c',  €»,  are  the  values  of  -n,    ^^y  at  the  end  of  the  first 

at     cU 

stage  of  the  motion,  the  time  being  now  reckoned  fix)m  the 

commencement  of  the  second  period :  c  is  clearly  equal  to  am. 
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Integrating  again,  we  get 

jaVsing  , 

*        a'  +  A«     +c«+«, 

* — 5^Ty^ +*'+*• 

tf'^  ^'^  being  the  values  of  ^,  9,  at  the  end  of  the  first  period. 

Also  -F= -j^  =  — rT-Ti-  ,  • 

which  is  the  value  of  the  statical  friction  necessary  to  secure 
perfect  rolling  in  the  second  stage  of  the  motion. 

If  the  statical  friction  be  less  than  this,  dynamical  {riction 
will  arise,  and  will  evidently  exert  itself  up  the  plane.  Hence, 
for  the  motion, 

d*« 

^=^(sina-/ACosa) (A), 

** -^  = /*agr  cos  a (B). 

It  may  be  easily  ascertained  that  the  coefficient  of  ^  in  the 

(Pa  .  , 

expression   for    -^  is  positive :  for  the  coefficient  of  friction 

necessary  for  perfect  rolling 

^F  F  i*tana^ 

jB  ""  mg  cos  a      a'  +  A?  ' 

anjl^  sij^C^  fiis  less  than  this  by  hypothesis,  we  have 

a  t    ^  .  , ,  tan  a,  and  therefore  u  i  tan  or,  u  cos  a  ^  sin  a. 

From  (A)  and  (B)  we  have 

■-f  =  fft  (sin  a  —  ft  cos  a)  +c', 

■^  =  ^-ij    cos  a  +  w . 
at       kr 

It  may  be  readily  seen  that  ^  "  ^  ^  never  becomes  zero  in 
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the  second  stage  of  the  motion,  but  is  always  positive;  for, 
hearing  in  mind  that  c'  —  aa, 

da       dA         f  .  a*        \ 

cf  +  Vf    V 


hence  the  sphere  will  always  rotate  too  slowly,  in  comparison 
with  the  velocity  of  translation,  to  correspond  to  perfect  rolling. 

If  s  denote  the  space  through  which  the  sphere  descends 
along  the  plane  in  the  second  stage  of  the  motion,  in  conse- 
quence of  sliding, 

s'^lgf  [sin a  —  ficoaa  — jj — j  • 

Euler;  Acta  Acad.  Petrop.  P.  n.  p.  131 ;  1781. 

(8)  A  sphere,  revolving  about  a  horizontal  diameter,  is  placed 
upon  an  imperfectly  rough  plane,  parallel  to  the  diameter  and 
inclined  to  the  horizon  at  an  angle  tan*^  fi,  where  fi  is  the  co- 
efficient of  dynamical  friction,  the  direction  of  the  sphere's 
rotation  being  opposite  to  that  which  would  correspond  to  per- 
fect downward  rolling :  to  determine  the  motion  of  the  sphere. 

The  notation  remaining  the  same  as  in  the  preceding  problem, 
we  shall  have,  for  the  motion  of  the  sphere, 

d^8  jy 

mk^  -j^  =  —  fiaB : 

but  E  =  mg  cos  a :  hence  we  have 

^  =  5r(sina  — ftcosa)  =  0,  by  hypothesis; 

,  <P^        fuigcoaa 

^""^  d?  JF~- 


508  MOTION  OF  RIGID  BODIES. 

Integrating  with  respect  to  t,  we  get 

da 
where   (7,   G\  are  arbitrary  constants :  but,  initially,   ;§  =  ^i 

-j~  =  o) ;  and  therefore  (7  =  0,  (/'  =  «:  hence 

ds     ^     dd>  iiagt 

In  the  preceding  investigation  we  have  supposed  the  friction 
of  the  plane  upon  the  sphere  to  act  upwards :  this  will  cease  to 

be  the  case  when  -57  +  a  -^ ,  or,  since  tt  =  0,  when  ^  becomes 

€bt  at  cU  €U 

zero.    Hence  we  see  that,  for  a  time  equal  to 

flag  cos  a' 

the  centre  of  the  sphere  will  remain  stationary,  and  that  at  the 
end  of  this  time  the  angular  velocity  of  the  sphere  will  become 
zero. 

Before  proceeding  to  investigate  the  nature  of  the  motion 
after  the  end  of  the  stationary  period  of  the  centre  of  the 
sphere,  it  will  be  necessary  to  determine  the  amount  of  upward 
friction  requisite  to  cause  the  sphere  subsequently  to  assume  a 
motion  of  perfect  rolling.  The  coefficient  of  friction  requisite 
for  this  purpose,  (see  the  preceding  problem,)  is  equal  to 

X^tana 
a'  +  A;"' 

But  fjk  is  equal  to  tan  a,  and  therefore  exceeds  the  requisite 
magnitude.  The  sphere  wiU  therefore  proceed  subsequently  to 
roll  down  the  plane  without  sliding ;  and  the  space  described 
by  its  centre,  at  the  end  of  a  time  t  from  the  termination  of 
its  stationary  interval,  will  be  equal  to 

^g'grf*  sin  a 


ROUGH  SURFACES.  609 

which,  since  V  » |a*,  is  equal  to  -^f  sin  a.    Also,  putting  for  V 

its  value,  the  stationary  interval  will  have  for  its  value  = — ; 

og  sin  a 

Euler ;  Acta  Acad,  Petrop.  P.  ii.  p.  131 ;  1781. 

(9)  A  homogeneous  sphere,  attracted  towards  a  given  centre 
of  force  varying  directly  as  the  distance,  is  projected  with  a 
given  velocity  along  a  plane  passing  4^hrough  that  centre,  friction 
being  such  as  to  prevent  all  sliding:  to  determine  the  path 
detoibed  by  the  sphere. 

Let  0,  (fig.  214),  the  centre  of  foiu^e,  be  taken  as  the  origin 
of  co-ordinates,  and  let  Ox,  Oy,  which  are  at  right  angles  to 
each  other  and  in  the  plane  along  which  the  sphere  rolls,  be 
taken  as  the  co-ordinate  axes.  Let  G  be  the  centre  of  the 
sphere  at  any  time  of  its  motion,  P  its  point  of  contact  with  the 
plane  xOy;  join  CO,  OP,  and  draw  PJf  parallel  to  yO;  draw 
also  Oz  at  right  angles  to  the  plane  xOy.  Let  OC^r,  CP  «  c, 
OJIf  =  a?,  PM^  y,^=^  the  mass  -of  the  sphere,  /u  ==  the  attraction 
of  the  central  force  upon  a  unit  of  mass  collected  at  a  point 
at  a  unit  of  distance ;  let  X,  Y,  denote  the  friction  of  the  plane 
on  the  sphere,  estimated  parallel  to  Oxy  Oy\  let  f»g,4o^,  be  the 
angular  velocities  of  the  sphere  at  any  time  about  diameters 
parallel  to  Ox,  Oy^  estimated  in  the  directions  indicated  by  the 
arrows  in  the  planes  yOz^  zOx;  let  issthe  radius  of  gyration 
of  the  sphere  about  a  diameter. 

It  may  be  readily  ascertained  that  the  attraction  on  the  whole 
sphere  will  be  equal  to  a  force  /u/ir  in  the  direction  CO,  and  the 
resolved  parts  of  this  force  parallel  to  Ox,  Oy  are  evidently 
^  limx,  —  fimy.    Hence,  for  the  motion  of  the  sphere,  we  have 

m^^X-fimx (1), 

m^^Y^fimy (2), 

«iA»^-  =  cy (S), 

-^^--<^ w- 
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But,  Biiice  tbe  friction  is  sufficiently  great  to  prevent  all  sliding, 
it  is  clear  that 

dx  dy 

hence,  from  (3)  and  (4),  we  get 

and  therefore,  from  (1)  and  (2), 

c'  +  fe*  d'x  _ 


d'  +  i^d'y 


or,  since  It^  =  |c', 


d'x        5u         cPy        5u 

de        1^'     df        7  ^' 

the  integrals  of  these  equations  are 

a;  =  -4sin(Xi-f  e), 
y  =  -4'  sin  (Xe  +  c'), 

A^  A\  €,  e',  being  arbitrary  constants,  and  \  denoting  {-^J  • 

dx    dv 
Let  a,  b,  be  the  initial  values  of  x,  y,  and  a,  /8,  of  ^ ,  -# ;  then 

a:  =  a  cos  (\t)  +  -  sin  (Xi), 
y  =  J  cos  Qd)  +  7  sin  (X^). 

At 

From  the  last  two  equations  we  have, 

fix  — ay  =  {aff  —  ba)  cos  (Xi), 
and  \  {bx  —  ay)  =  —  {afi  —  6a)  sin  {\t). 

Squaring  the  last  two  equations  and  adding,  we  obtain,  for  the 
equation  to  the  path  of  the  sphere, 

(/8a;  -  ay)"  +  X' (6a?  -  ay)"  =  (a)8  -  6a)*. 

Thus  we  see  that  the  sphere  will  describe  an  ellipse  the  centre 
of  which  coincides  with  the  origin  of  co-ordinates. 
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(10)  A  sphere,  the  centre  of  which  is  moving  with  a  given 
velocity,  and  which  is  spinning  with  a  given  angular  velocity 
round  a  horizontal  diameter  inclined  at  a  given  angle  to  the 
direction  of  motion  of  the  centre,  is  placed  on  an  imperfectly 
rough  horizontal  tahle :  to  determine  the  subsequent  motion  of 
the  centre. 

Let  two  rectangular  axes  Ox,  Oy,  be  taken  in  the  plane  of 
the  table.  Let  x,  y,  be  at  any  time  the  co-ordinates  of  the 
projection  of  the  centre  of  the  sphere  on  the  table,  and  let 
a>«,  a>y,  be  the  angular  velocities  of  the  sphere  about  axes 
through  its  centre  parallel  to  Oxy  Oy,  Let  /x  be  the  coefficient 
of  friction  between  the  sphere  and  the  table,  and  0  the  incli- 
nation of  the  friction  at  any  time  to  the  axis  of  x.  Let  a  be 
the  radius  of  the  sphere. 

Then  for  the  motion  of  the  sphere  we  have 

i»T--«-' •'• «. 

-^a^'^figcosO (2), 

-^  =  -/iflrcos^ (3), 

^  =  -/^(;rsinft (4). 


The  velocity  of  the  point  of  contact  of  the  sphere>  resolved 

dx 
di 


parallel  to  Ox,  is  equal  to  -tt  — ewny,  and,  resolved  parallel  to 


Oy,  to  -^  +  cuog.    Hence 

dv 
tantf=£ (5). 

Let  the  co-ordinate  axes  be  so  chosen  that  the  axis  of  x  is 
parallel  to  the  axis  of  the  sphere's  initial  rotation :  let  a>  be  the 
initial  angular  velocity  of  the   sphere;    Fcoscr,    Fsina,  the 
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components  of  the  initial  velocity  of  its  centre.  Also  let  the 
origin  of  co-ordinates  coincide  with  the  initial  point  of  contact 
of  the  sphere  with  the  table. 

From  (1)  and  (4),  we  have 

2    dcDgCPjf 


and  therefore 

~aa>«»|a<»—  rsina  +  ^ (6). 

From  (2)  and  (8), 


2  .  -'      +^ 


and  therefore 


2    d(ft)y  _     cPa 


^ato^^Vco&a^-jr (7). 


6      -^         ^^^*      dt 

From  (1),  (2),  (5),  (6),  (7),  we  see  iJiat 

d€»g d©  

y  2 — "^7 —  > 

-  aw,  +  Fsin  a  —  ^  a«»     ■=  a«>,  —  Fcos  a 
and  therefore^  X  being  a  constant, 

* 

-tMD,+  Fsina  — va«  =  X[^a4»^—  Fcosaj 
Since,  initially,  o>«=Q»,  and  Q>y  =  0,  we  have 

Fcosa  (•=  am^  +  Fsin  a  —  ^  ««) 

■=  (Fcosa  — -^  €W)yj  (a<»+  Fsina), 

and  therefore 

Fcos  a  d«,  +  ( Fsina  +  ao>)  do)^  =  0, 

and  thence,  by  (1)  and  (2), 

.      ^      Fsin  a  4  ao> 

tan  (7  =  — ss , 

Fcosx 
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ivhicli  shews  that  0  is  constant :  hence,  by  (1)  and  (2), 

a?=  F<  cos  a  —  5 /Mflfi*  cos  ^, 

^  =  Fi5  sin  a  —  5  ^gf  sin  6 ; 


whence 


.a^sin  d«<-^co6  6  ^  Fisin  (5.-r-  a) 


and  a? sin  a  —  y  cos  a=  ^  figfsm  {d  —  a), 

and  therefore  >the  equation  to  the  projection  on  the  table  of 
the  path  of  the  centre  of  the  sphere  is 

2F' 
{x  sin  ^  —  y  cos^)*  = siji  {0j-  a)  •  (a?  sin  a — y  cos  a), 

which  is  therefore  a  j)4rajbpla. 

If  60  =B 0,  then  d  =  a,  and  the  ecjuatioxi  becpmes  x sina  ==ycos a: 

if  F=  0,  then  ^  =  -q  >  and  the  equation  becomes  a?  =  0. 


(11)  A  sphere  is  laid  ypon  ^  roygh  inclined  plane :  to  de- 
termine whether  it  will  slide  or  not 

2 

It  will  slide  if  the  coefficient  of  friction  be  less  than  =  tan  a, 

where  a  is  the  inclination  of  the  plane ;  and  not  otherwise. 

(12)  A  rough  uniform  rod  is  placed  on  a  table  at  right 
angles  to  its  edge,  beyond  which  more  than  half  the  rod  pro- 
jects: to  ascertain  whether,  during  the  ensuing  motion,  the 
rod  will  slide  at  the  edge. 

If  2a  be  the  length  of  the  rod,  b  the  initial  distance  of  its 
centre  of  gravity  from  the  edge,  and  fi  the  coefficient  of  friction, 
it  will  begin  to  slide  when  it  has  turned  through  an  angle  the 
tangent  of  which  is  equal  to 

(13)  A  wheel,  the  centre  of  gravity  of  which  is  at  a  dis- 
tance c  from  its  centre,  and  of  which  the  radius  is  a,  rolb  on 

w.  s.  33 
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a  perfectly  rough  horizontal  plane :  to  find  the  velocity  of  the 
centre,  when  the  centre  of  gravity  is  vertically  below  it,  in  order 
that,  when  it  is  vertically  above  the  centre,  the  normal  pressure 
on  the  plane  may  be  zero:  to  determine  also  the  friction  in 
these  two  positions  of  the  centre  of  gravity,  and  the  normal  pres- 
sure when  the  centre  of  gravity  is  vertically  below  the  centre. 

Let  h  denote  the  radius  of  gyration  about  the  centre  of 
gravity,  v  the  required  velocity  of  the  centre ;  i'^  the  friction, 
when  the  centre  of  gravity  is  lowest,  and  F,  when  it  is 
highest ;  R  the  normsd  pressure  when  the  centre  of  gravity  is 
lowest:  then 

For  a  complete  discussion  of  the  Rolling  motion  of  a  cylinder 
on  a  rough  plane  and  other  interesting  problems,  the  student  is 
referred  to  a  memoir  by  the  Rev.  Henry  Moseley,  in  the  Phih- 
Bophical  TransacHons  of  London;  Part  2,  for  1851. 

(14)  A  sphere  is  projected  obliquely  up  a  perfectly  rough 
inclined  plane :  to  find  the  equation  to  the  path  of  the  point  of 
contact  between  the  sphere  and  plane. 

Let  a  —  the  inclination  of  the  plane  to  the  horizon,  F=  the 
velocity  of  projection,  l3  =  the  inclination  of  the  direction  of 
projection  to  the  horizontal  line  Ox  in  the  inclined  plane 
through  the  point  0  of  projection ;  let  Oy  be  drawn  up  the 
inclined  plane  at  right  angles  to  Ox. 

Then  the  equation  to  the  path  of  the  point  of  contact  will  be 

.      ^      5     ^a:*sina 
y  «^  a?  tan  ^  -  :p. .  ^ — ^ . 

14    K*cos  p 

(15)  A  sphere  is  held  in  contact  with  the  inner  surface  of  a 
perfectly  rough  vertical  cylinder :  it  is  then  projected  horizon- 
tally in  a  direction  parallel  to  the  tangent  plane  at  the  point  of 
contact :  to  detennin6«-the  motion  of  the  sphere. 
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Let  c  be  the  distance  between  the  centre  of  the  sphere  and 
the  axis  of  the  cylinder^  and  v  the  initial  velocity  of  the  centre 
of  the  sphere :  then,  at  the  end  of  any  time  t,  the  plane  through 
the  axis  of  the  cylinder  and  the  centre  of  the  sphere  will  have 

revolved  through  an  angle  equal  to  — ,  and  the  centre  of  the 

c 

sphere  will  have  descended  through  a  vertical  Bpace  equal  to 

v"  \cyi4/  * 

(16)  A  perfectly  rough  heavy  sphere  is  pl^ed  in  contact 
with  a  perfectly  rough  vertical  plane,  which  is  made  to  revolve 
with  a  uniform  angular  velocity  about  a  vertical  axis  in  its  own 
plane  :.to  determine  the  motion  of  the  sphere. 

Let  a  be  the  radius  of  the  sphere ;  c  the  initial  distance  and 
r  the  dista^ce,  after  any  tipiie  t,  of  its  poi^t  of  contact  with  the 
plane  from  the  axis  of  revolution ;  q>  the  angular  velocity  of  the 
plane ;  z  the  descent  of  the  centre  of  the  sphere  during  the  time 
t:  then 

Sr-(cVj)«'"^+('-V|')'"""^' 

^  =  -^  sm"  "7=  • 
fti*        Vl4 

Routh;  Eigid  Dynamics^  p.  414. 


Sect.  2.     Severed  Bodies. 

(1)  A  cylinder  rolls  directly  down  a  perfectly  rough  inclined 
plane,  while  a  string  coUs  round  it  which  unwinds  from  an  equal 
parallel  cylinder  revolving  about  its  axis,  which  is  fixed,  the  posi- 
tion of  the  latter  cylinder  being  such  that  the  string  is  parallel 
to  the  plane :  to  find  the  acceleration  of  descent,  the  tension  of 
the  string,  and  the  friction  of  the  inclined  plane. 

Let  0  (fig.  215)  be  the  centre  of  gravity  of  the  descending 
cylinder  at  any  time  of  its  motion  down  the  plane  BA^  M  being 
its  point  of  contact  with  the  plane;  let  C  be  the  centre  of 

33—2 
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gravity  of  the  other  cylinder;  join  CO.  Let  CO  =  x  at  any 
time  t]  a^ the  radius  of  each  of  the  cylinders,  a » the  inclina- 
tion of  the  plane  BA  to  the  horizon,  Ts  the  tension  of  the 
uncoiled  string,  F^  the  friction  of  the  inclined  plane  exerted 
upon  the  cylinder  0  at  Jf  in  the  direction  MB ;  m  » the  mass 
of  each  of  the  cylinders,  and  k  » the  radius  of  gyration  of  each 
about  its  axis ;  let  6,  6\  denote  the  angles  through  which  the 
cylinders  0,  C,  have  revolved  about  their  axes  at  the  end  of 
the  time  f. 
Then,  for  the  motion  of  the  cylinder  0,  we  have 

m^  =  »i^sina-^-r. (1), 

mk*^  =  iF-  T)a (2)  ; 

and,  for  the  motion  of  the  cylinder  C, 

mlf^^Ta (3). 

Multiplying  the  equations  (1)  and  (3)  by  a  and  2  respectively, 
and  adding  the  resulting  equations  to  the  equation  (2),  we  get 

but,  from  the  geometry,  it  is  evident  that 

^  de"  df'       ""  d^'^    dt' 

d}x 
hence  we  have         (a*  +  5i*)  -^  =  o?g  sin  % 

d^x 
or,  since  2k*  =  a",  ^  =  ^g  sin  a. 

Again,  from  (3), 

_    mk^d*0'     2mA' cPa;        d^x     « 

Lastly,  from  (2),     F^T-^-  — -^^  T^'\ ma -^ 

d^x 
^T-\-\m~j-^^  \mg  sin  a  +  \mg  sin  a 

=  J  m^r  sin  or. 
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(2)  To  one  end  of  a  string,  which  passes  through  a  small  fixed 
ring,  is  attached  a  weight :  the  other  end  of  the  string  is  fixed 
to  a  point  of  a  cylinder  about  a  circular  section  of  which, 
through  its  centre,  the  string  is  wound  and  to  the  axis  of  which 
the  whole  string  is  perpendicular:  the  cylinder  is  supported 
upon  a  rough  horizontal  plane,  its  diameter  being  equal  to  the 
altitude  of  the  ring  above  the  plane :  to  determine  the  motion 
of  the  weight  and  of  the  cylinder,  which  are  supposed  to  be 
initially  in  a  state  of  instantaneous  rest. 

Let  B  (fig.  216)  be  the  position  of  the  ring ;  NRP  the  free 
portion  of  the  string  meeting  at  the  point  0  the  locus  OMA  of 
the  point  M  at  which  the  circular  section  of  the  cylinder  touches 
the  plane  at  any  time ;  C  the  position  at  any  time  of  the  centre 
of  gravity  of  the  cylinder.  Let  a  =  the  radius  of  the  cylinder, 
OP=y,  OM==x,  ^  =  the  angle  through  which  the  cylinder  has 
revolved  about  its  axis  at  the  end  of  the  time  t,  F=  the  action 
of  the  plane  on  the  cylinder  estimated  in  the  direction  A  0, 
m  =  the  mass  of  the  cylinder,  A;  ==  its  radius  of  gyration  about 
its  axis,  m' » the  mass  of  P,  T  =  the  tension  of  the  string. 

Then,  for  the  motion  of  the  weight,  we  have 

m'^  =  m'ff^T. (1); 

and  for  the  motion  of  the  cylinder,  both  in  respect  to  transla- 
tion and  to  rotation, 

mJ  =  -.2'-^ (^)' 

mJc'^^Ta-Fa (3). 

air 

Now,  since  the  horizontal  plane  along  which  the  cylinder 
moves  may  be  either  perfectly  or  imperfectly  rough,  we  shall 
have  to  consider  two  cases  of  the  motion.  We  will  first 
suppose  the  plane  to  be  perfectly  i-ough,  that  is,  to  be  suf- 
ficiently rough  to  prevent  all  sliding. 
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Since  the  cylinder  rolls  without  sliding,  it  is  evident  that 
c?jj  =  —  od^ ;  and  therefore,  by  (3), 

-mA;*^=ra*-i^a« (4): 

also,  from  (2), 

-tria«^»  Ta*  +  Fa^ (5), 

and  therefore,  adding  together  the  last  two  equations, 

-m(o«+*^^)'  =  2ra« (6); 

and  therefore,  by  (1), 

but,  if  I  denote  the  original  length  of  the  free  string,  it  is  clear 
that 

-        .       rf"a;  ,  cPy        d^4>        JPx       d^y        ^cTx 
x  +  y^l  +  a<l>.-     W*-rf==^d?^-rf?'     1^-^^de' 

hence  we  have 

{Wa*  +  w (a' +  i*)}  2^«-2iii'aV (7): 

dx 
integrating)  and  bearing  in  mind  thait  -»;  »  0  when  t^sQ, 

dm 

integrating  again,  and  taking  c  for  the  initial  value  of  as^ 

rrtcfqf 
4m V  +  wi  (a*  +  k") 

We  may  easily  shew  also  that 

^"^     ^■*"4/MV-rm(a«+i»)' 

and  therefore,  since  a(l>  =  x  +  y  ^l,  that 

m'agf 


^     4wV  +  m  (a'  + 1^) 
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Also,  from  (4f)  and  (5), 

and  consequently,  from  (7), 

♦mV  +  mCa'  +  A-*)* 
Also,  from  (6),  we  have 

"       2a'        eft* 
__     mmg  (a*  +  i*) 

We  will  now  proceed  to  the  consideration  of  the  case  when 
the  friction  of  the  plane  is  not  sufficient  to  prevent  sliding :  and 
since  the  value  which  we  obtained  for  F,  the  friction  necessary 
to  prevent  sliding,  is  positive,  therefore  this  force  would  act 
during  the  whole  motion  in  the  direction  A  0,  which  shews  that, 
if  the  action  of  the  plane  on  the  cylinder  be  not  sufficient  to 
secure  perfect  rolling,  the  dynamical  friction  will  be  exerted  in 
the  direction  AO.  Let  fi  denote  the  coefficient  of  dynamical 
friction ;  then,  putting  fimg  instead  of  F  in  the  equations  (2) 
and  (3),  we  have 

m  ^  =  -T-  fimg, 

mil?  -J?  =  Ta  -  fimag : 

from  these  two  equations,  together  with  the  equation  (1),  and 
the  appropriate  geometrical  relations,  we  may  easily  shew  that 


05  =  c  -  igf 


m'  (2ficf  +  k?)  +  mui? 
mlc'  +  rn  (a'  +  A*) 


j/^l'-c  +  ige ^4,^.^.(^.  +  4.) 

^      /ia*  +  (1  - /t)  A" 

mlr  +  m  (a  +Ar)        ^ 
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In  a  memoir  by  Fuss,  from  which  this  problem  has  been  ex- 
tracted, is  discussed  the  more  general  case  when  the  cylinder 
descends  down  an  inclined  plane,  and  the  ring  is  replaced  by  a 
pully  of  considerable  inertia. 

Fuss ;  Nova  Acta  Acad.  Petrop.  1787,  p.  176. 

(3)  A  cylinder  rolls,  without  sliding,  down  a  moveable 
inclined  plane,  which  rests  on  a  perfectly  smooth  horizontal 
surface :  to  determine  the*  nvotion  of  the  plane  and  of  the 
cylinder. 

The  axis  of  the  cylinder  is  suppo^d  to  be  horizontal,  and  a 
vertical  plane,  at  right  angles  to  the  axiis,  to  contain  the  centre 
of  gravity  C  (fig.  217)  of  the  cylinder  and  the  centre  of  gravity 
of  the  inclined  plane :  let  Ox  be  the  intersection  of  this  vertical 
plane  with  the  smooth  surface  whieh  supports  the  inclined  plane 
AB.  Draw  CM  at  right  angles  to  Ox,  Let  R  be  the  mutual 
normal  action  and  reaction  of  tlEie  cylinder  and  inclined  plane, 
F  the  action  of  the  plane  on  the  cylinder  along  AB ;  let  w=  the 
mass  of  the  cylinder,  mlf  =  its  moment  of  inertia  about  its  axis ; 
m  =  the  mass  of  the  inclined  plane ;  OM  =  x,  CM = y,  OA  =  x' ; 
0  ~  the  angle  through  which  the  cylinder  has  revolved  about  its 
axis  at  the  end  of  the  time  t;  a=^  the  inclination  of  AB  to  Ox, 
a  =  the  radius  of  the  cylinder. 

Then,  for  the  motion  of  the  cylinder,  we  have 

w-^^  =  —  jS  sin  a  +  i^cos  a (I), 

m-^=:Bcosa  +  Fsiiia  —  7ng (2), 

«tA*^=.J^a.... (3); 

and,  for  the  motion  of  the  inclined  plane, 

m'  n^^Bsina  —  Fcosa (4). 

From  the  equations  (1)  and  (4),  we  get 

*"$+"*' S-=^ (^^- 
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Again,  from  the  geometry,  we  see  that 

y  cos  a  =  a  -h  (a?  —  aj')  sin  a : 

hence  cosa -- =  sma  (^^^ --^  j  , 

and  therefore,  hy  (5), 

m  cosa  ^  =  (m  +  m)sma^^ (6). 

Also,  since  no  sliding  takes  place  between  the  cylinder  and 
the  plane,  it  is  clear  that 

dx     dx  dO 

J  .1       -  drd     d^aS     d^x 

and  therefore  ^^^^^'df^^'^df' 

hence,  by  the  aid  of  (5),  we  have 

macosa-^=s  — (m-f  w)  ^a (7). 

Again,  from  (1)  and  (2), 

cTx  .      d'v     „ 

m  cosa  — ;  +m  sm  a  -j^.^F-mguin  a, 

Cvv  CUT 

and  therefore,  by  (3), 

a  cos  a -j^  +a  sm  a  -jir  —  Ar  -rs  —  aa  sm  a : 
atr  cLt         dv 

substituting  in  this  equation  the  expresnons  for  -j^  s^d  -^-^ 

given  in  (6)  and  (7),  we  obtain 

fix 
{mVcos'a+  (m  +  rn!)  (a'sin'a  +  K)]  -ni  —  —  fnd^g  sin  a  cos  a : 

d?x 
the  value  of -i-,  is  therefore  constant  during  l!fae  whole  motion ; 

the  values  of  -^^ '  ;^  >  7^  »  ^^^J  ^^^  ^  readily  obtained  by 
the  aid  of  the  equations  (5),  (6),  (7),  and  will  be  constant 
during  the  whole  motion*    Knowing  the  values  of  ^,  -^  , 
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/S^'    ///*" '  ^^  °^*y  immediately  obtain  the  values  of  a:,  y,  0,  a:', 

doR    due 
in  terms  of  t,  if  the  initial  values  of  a?,  a:',  -^ ,  --7- ,  be  given. 

The  values  of  JS  and  F  may  also  be  readily  obtained  from  the 
equations  (1),  (2),  (3),  (4). 

(4)  A  bullet  is  fired  with  a  given  velocity  into  a  body  in  a 
direction  passing  through  the  centre  of  gravity  of  the  body;  the 
body  is  initially  at  rest  and  is  capable  of  free  motion^  not  being 
under  the  action  of  any  forces :  to  determine  tbe  veJbcitifis  o£ 
the  bullet  and  of  the  body  when  the  bullet  has  traversed  any 
space  within  the  body,  the  resistance  of  the  body  to  the  motion 
of  the  bullet  being  supposed  to  be  a  constant  force. 

Let  Tc  denote  the  constant  retarding  force,  m  the  mass  of  the 
bullet,  II  of  the  body,  yS  the  initial  velocity  of  the  bullet ;  then, 
if  u  and  t;  denote  the  velocities  of  the  bullet  and  of  the  body 
when  the  bullet  has  traversed  a  space  x  within  the  body, 

m/8    .      /i4       f^     2fc 


tt  = 


V=s 


f»)8 


+  -^j/?"--(m+/.)4*, 
m  +  /lA  (        mfjk  ^       r-/    J  f 

m  +  /A  (        m/x  ^        '^^    J 


Camus;  M^m.  de  VAoad.  des  Scie^ices  de  Paris,  1738,  p.  147* 

(5)  A  rough  cylinder,  the  centre  of  gravity  of  which  is  not 
in  its  axis,  is  placed,  in  a  position  nearly  coinciding  with  one 
of  stable  equilibrium,  on  a  board  resting  on  a  smooth  hori- 
zontal plane :  to  find  the  length  of  the  simple  pendulum  which 
vibrates  isochronously  with  the  oscillations  of  the  system. 

If  c  be  the  shortest  distance  of  the  centre  of  gravity  of  the 
board  firom  the  surface  of  the  cylinder,  k  the  radius  of  gyration 
of  the  cylinder  about  a  line,  parallel  to  its  axis,  through  its 
centre  of  gravity,  and  m,  m',  the  masses  of  the  cylinder  and 
board,  then  the  length  I  of  the  pendulum  is  given  by  the 
equation 

i»  +  m 


(    523    ) 


CHAPTER  X. 

DYNAMICAL  PBINCIPLES. 

Sect.  1.     Vi8  Viva. 

TuE  term  Vis  Viva  was  first  introduced  into  the  language  of 
Mechanics  by  Leibnitz^  in  a  memoir  published  in  the  Acta 
Eruditorvm  for  the  year  1695,  entitled  Specimen  dynamicum 
pro  admirandis  naturae  legibus  circa  corporum  vires  et  mutuaa 
actiones  detegendis  et  ad  suae  causae  revocandis:  it  was  intended 
by  its  author  to  signify  the  force  of  a  body  in  actual  motion, 
called  otherwise  its  Yis  Motrix  or  Moving  Force,  as  distin- 
guished from  the  statical  pressure  of  a  body,  which  has  merely 
a  tendency  to  motion,  against  a  fixed  obstacle;  the  statical 
force  of  a  body  he  designated  by  the  appellation  of  Vis  Mortua, 
Leibnitz  contended,  in  opposition  to  the  received  doctrine  of 
the  Cartesians^  that  the  proper  measure  of  the  Vis  Viva  or 
Moving  Force  of  a  body,  is  the  product  of  its  mass  into  the 
square  of  its  velocity,  the  measure  adopted  by  the  disciples 
of  Descartes  having  been  the  same  as  that  of  the  Quantity  of 
Motion,  namely,  the  product  of  the  mass  and  the  first  power  of 
the  velocity.  This  contrariety  of  opituon  in  respect  to  the 
estimation  of  Moving  Force,  gave  rise  to  one  of  the  most 
memorable  controversies  in  the  annals  of  philosophy;  almost 
all  the  mathematicians  of  Europe  ultimately  arranging  them- 
selves as  partizans,  either  of  the  Cartesian  or  of  the  Leibnitziau 
doctrine.  Among  the  adherents  of  Leibnitz  may  be  mentioned 
John  and  Daniel  Bernoulli,  Poleni,  Wolff,  'sGravesande,  Camus, 
Muschenbroek,  Papin,  Hermann,  Bulfinger,  Koenig,  and  even- 
tually Madame  du  Ch4telet ;  while  in  the  opposite  ranks  may 
be  named  Maclaurin,  Clarke,  Stirling,  Desaguliers,  Catalan, 
Robins,  Mairan,  and  Voltaire.     The  Vis  Motrix,  or,  as  Leibnitz 
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expressed  it,  the  Vis  Viva  of  a  moving  body  was  regarded  as 
a  power  inherent  in  the  body,  by  which  it  is  able  to  encounter 
a  certain  amount  of  resistance  before  losing  the  whole  of  its 
velocity:   the  question  reduced  itself,  therefore,  to  the  deter- 
mination of  an  appropriate  measure  of  this  amount  of  resistance, 
to  which  the  Moving  Force  was  supposed  to  be  proportional 
Leibnitz  regarded  the  product  of  the  mass  of  the  body  and  the 
space  through  which  it  must  move,  under  the  action  of  a  given 
retarding  force,  to  lose  the  whole  of  its  velocity,  as  the  correct 
measure  of  the  whole  resistance  expended  in  the  destruction  of 
its  motion,  and  therefore  as  a  proper  representative  of  the  Vis 
Motrix  or  Vis  Viva  of  the  body.    Now,  by  the  theory  of  uniform 
acceleration,  mv"  =  2rn/i,  m  being  the  maBSS  of  the  body,  and  8 
the  space  which  it  must  describe,  under  the  action  of  a  constant 
retarding  force  /,  to  lose  the  whole  of  its  velocity  v :  hence  it  is 
evident  that,  according  to  the  doctrine  of  Leibnitz,  mr^  will  re- 
present the  body^s  Vis  Viva.    On  the  other  hand,,  the  Cartesians 
estimated  the  whole  resistance  necessaiy  for  the  destruction  of 
the  body's  velocity  by  the  product  of  the  mass  of  the  body  and 
the  whole  time  of  the  action  of  the  given  retarding  force ;  and 
therefore,  by  the  formula  mv  =  mft,  it  would  follow  that  mv  is 
the  proper  measure  of  the  Vis  Motrix,  or,  in  the  language  of 
Leibnitz,  of  the  Vis  Viva  of  the  body.    The  memorable  contro- 
versy of  the  Vis  Viva,  after  raging  for  the  space  of  about  thirty 
years,  was  finally  set  to  rest  by  the  luminous  observations  of 
D'Alembert  in  the  preface  to  his  Dynamique^  who  declared  the 
whole  dispute  to  be  a  mere  question  of  terms,  and  as  having  no 
possible  connection  with  the  fundamental  principles  of  Mecha- 
nics.    Since  the  publication  of  D'Alembert's  work,  the  term 
Vis  Viva  has  been  used  to  signify  merely  the  algebraical  pro- 
duct of  the  mass  of  a  moving  body  and  the  square  of  its  velocity, 
while  the  words  Moving  Force  have  been  universally  employed, 
agreeably  to  the  definition  given  by  Newton  in  the  Principia, 
in  the  signification  of  the  product  of  the  mass  of  a  body  and  the 
accelerating  force  to  which  it  is  conceived  to  be  subject,  no 
physical  theory  whatever  in  regard  to  the  absolute  nature  of 
force  being  supposed  to  be  involved  in  these  definitions.    For 
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additional  infonnation  respecting  the  controyersy  of  the  Vis 
Viva,  the  reader  is  referred  to  Montucla's  Histoire  des  Mathi- 
matiques,  Tom.  ni. ;  Hutton*s  Mathematical  Dictionary  nnder 
the  word  *  Force' ;  and  Whewell's  History  of  the  Inductive 
Sciences* 

The  Principle  of  the  Conservation  of  Vis  Viva  is  compre- 
hended in  the  following  proposition:  If  a  system  of  particles, 
any  number  of  which  are  rigidly  connected  together,  rrwoe  from 
one  position  to  another,  either  wUh  or  without  constraint,  under 
the  action  of  finite  accelerating  forcee,  external  or  internal ;  the 
change  of  the  vis  viva  of  the  whole  system  mil  be  independent  of 
tiie  auctions  of  the  particles  arising  from  their  mutual  connections, 
and  will  he  equal  to  the  sum  of  the  changes  which  would  be  expe^ 
rienced  by  the  vires  vivce  of  the  particles,  were  each  to  move  uncon- 
nectecUyfrom  its  original  to  its  new  position  through  a  thin  smooth 
fixed  tube,  under  the  action  of  the  very  accelerating  forces  to  which 
it  is  subject  in  the  actual  state  of  the  motion.  This  Principle 
immediately  furnishes  us  with  a  first  integral  of  the  differential 
equations  of  motion,  which  is  frequently  of  great  use ;  espe- 
cially if  the  co-ordinates  of  the  position  of  the  moving  system 
involve  only  one  independent  variable,  as  in  the  problem  of  the 
Centre  of  Oscillation,  when  the  Principle  is  sufficient  for  the 
complete  determination  of  the  motion. 

The  Principle  employed  by  Huyghens*  as  the  basis  of  his 
investigations  on  the  problem  of  the  Centre  of  Oscillation,  con- 
stitutes under  an  indirect  form  a  particular  instance  of  the 
Principle  of  the  Conservation  of  Vis  Viva.  John  Bernoulli*, 
however,  was  the  first  who  enunciated  the  theory  of  the  Con- 
servation of  Vis  Viva,  a  name  which  he  gave  to  the  Principle, 
as  a  general  law  of  nature,  from  which  he  deduced  that  of 


1  Si  pendolnm  e  ploribiiB  ponderibtiB  oompoBitmn,  atque  e  qidete  dimissnm, 
partem  qnamcTinqae  osoillationis  integrsB  confeoerit,  atqne  inde  porro  intelli- 
gantor  pondera  ejoa  singula,  relioto  oommoni  vinonlo,  celeritates  acquisiias  Bur- 
gum  oonvdrtere,  ac  qaonsqne  poBsnnt  ascendere ;  hoc  facto,  centnmi  graTitatis 
ex  onmiboB  compositffi,  ad  eandem  altitudinem  reversnm  erit,  qnam  ante  incep- 
tarn  OBoillationem  obtinebat.    Horolog.  Oscillator,  p.  126. 

'  Opera  t  passim. 
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Huyghena  as  a  particular  case,  Daniel  Bernoulli^  afterwards 
extended  the  application  of  the  Principle  to  the  motion  of 
bodies  subject  to  mutual  attraction,  or  solicited  towards  fixed 
centres  by  forces  varying  as  any  functions  of  the  distances. 
A  demonstration  of  the  Principle  in  particular  cases  was  first 
given  by  D'Alembert'  by  the  aid  of  his  general  Principle  of 
Dynamics,  the  same  method  of  proof  being,  it  was  evident, 
of  general  application. 

If  m  be  the  mass  and  v  the  velocity  of  a  particle  of  a  material 
system,  2  (wv*),  called  by  Leibnitz  the  Vis  Viva  of  the  system, 
was  termed  its  Energy  by  Young".  Rankine*  designated  the 
expression  ^2  (mv')  by  the  term  Actual  Energy,  in  order  to 
distinguish  it  from  Potential  Eneigy,  a  term  invented  by  him 
to  denote  the  amount  of  work  which  the  mutual  forces  of  the 
system  perform  during  its  passage  from  any  initial  configuration 
to  the  configuration  at  any  subsequent  instant.  What  Kankine 
has  termed  Actual  Energy  has  been  called  by  Thomson* 
Dynamical  Energy,  and  by  Thomson^  and  Tait*  Kinetic  Energy. 
What  Hankine  has  called  Potential  Energy  had  been  named 
the  Sum  of  the  Tensions  by  Helmholtz'  and  Statical  Energy  by 
Thomson.  The  terms  Kinetic  and  Potential  Energy  are  now 
usually  adopted.  On  the  subject  of  Energetics  the  student  is 
referred  also  to  Tyndall's  Heat  considered  as  a  Mode  of  Motion ; 
Balfour  Stewart's  Elementary  Treatise  on  Heat;  Maxwell's 
Theory  of  Heai;  and  Tait's  Thermodynamics, 

(I)  A  uniform  rod  AB  (fig.  218)  moves  in  a  vertical  plane, 
within  a  hemisphere:  to  determine  its  angular  velocity  in 
any  of  its  positions,  its  initial  position  being  one  of  instanta- 
neous rest. 


Mimoire»  de  VAcadSmie  det  Sciences  de  Berlin,  1748. 

Traiti  de  J>ynamique,  Seeonde  Partie,  ohap.  iv.  p.  252. 

Lectures  on  Natural  PhUosophy,  1807 ;  Vol.  x.  p.  78 ;  Vol.  n.  p.  52. 

Edinburgh  New  Philosophieal  Journal,  1855,  Vol.  ii.  p.  120. 

Edinburgh  New  Philosopkical  Journal^  1855,  VoL  i.  p.  90. 

Treatise  on  Natural  Philosophy,  Vol.  i.  p.  16S. 

Berlin,  1847.     Translated  in  Taylor'B  Scientific  Memoirs,  Feb.  1853. 
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Let  0  be  the  centre  of  the  sphere ;  O  the  middle  point  of 
AB,  which  will  be  its  centre  of  gravity ;  OH  a  perpendicular 
from  Q  upon  the  horizontal  radius  through  0,  which  is  in  the 
plane  of  the  rod's  motion ;  let  00  ^c,  AO  =  a=^BO,  i  =  the 
radius  of  gyration  about  6;  OH=x,  QH^y,  and  ^  =  the 
angle  of  inclination  of  AB  to  the  horizon  at  any  time  t  Then> 
by  the  Principle  of  the  Conservation  of  Vis  Viva,  m  being  the 
mass  of  the  rod^ 


m 


{%^%*>'w)'<'*'"^-- 


let  h  be  the  initial  value  of  y ;  then,  since  -j-  ,  -^ ,  -j- ,  are 

at      at      at 

initially  zero,  we  ha^we  0  =  (7+  2mgh : 

But  from  the  geometry  it  is  plain  that 

a;  — csin^,        y  =  c  cos  ^, 

,  dx  add  dy  •    /id0 

whence  -j7  =  cco8  0  -^i,        -/  =  —  c  sm  ^  ^-  : 

at  at  at  dt 

we  have,  therefore, 

(c"  +  ^')  j^  =  2cgr  (cos  0  —  cos  a), 

a  being  the  initial  value  of  0 :  hence,  putting  for  Jfc*  its  value 
J  a*,  we  have,  for  the  augular  velocity  of  the  rod  in  any  of  its 
positions^ 

(2)  A  rod  PQ  (fig.  219)  is  kept  in  a  vertical  position  by 
means  of  two  small  rings  A  and  A' ;  its  lower  end  P  is  sup- 
ported on  an  inclined  plane  BC,  which  is  at  liberty  to  move 
freely  on  a  horizontal  plane :  to  determine  the  motion  of  the 
rod  and  the  plane. 

Produce  QP  to  meet  the  horizontal  plane  at  the  point  0;  let 
OP-y,    OB^x,  at  any  time  of  the  motion;   A^the  initial 
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value  of  y,  a=sthe  inclination  of  the  inclined  plane  to  the 
vertical,  m  « the  mass  of  the  rod,  m  =  the  mass  of  the  inclined 
plane. 

Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva^ 

but,  supposing  the  rod  and  the  plane  to  be  initially  in  a  state  of 

instantaneous  rest, 

0=  C-2mgh: 

hence  ^'^  "^  "^^  ~J^~^^^ (*  —  y) • 

but,  from  the  geometry. 


hence  we  have 


dx  dy 

«  =  ytan«,     ^=tana^: 

(m'  tan* «  +  w*)  ^  "=  Sm^r  (A  -y). 


(m'  tan»  a + m)*       -^  .  =  -  (2mff)*  <ft, 

(A-y)*  ■ 

the  negative  sign  being  taken,  because  y  decreases  as  t  in* 

creases :  therefore,  by  integration, 

2  (m'  tan'a  +  m)*  (A  -y)*  =  (7+  (2fn^)* « : 
but  y=sA  when  f  =  0;  and  therefore  (7=0:  hence 

2  (m'  tan*  a  +  wi )  (A — y)  =  TWflrf*, 
and  therefore,  at  any  instant  of  the  motion, 

^  m  +  m'  tan*  a ' 

and 

•  ^  img^isin  a 

aj  =  A  tana ^  .     ,  ^ — s — 

m  +m  tan"  a 

(3)  -42?  (fig.  220)  is  a  uniform  beam,  capable  of  moving 
freely  about  a  hinge  A  ;  the  extremity  B  rests  upon  an  inclined 
plane  CE,  which  forms  the  upper  surface  of  a  body  ECJD ;  the 
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■ 

body  rests  with  a  flat  base  upon  a  smooth  horizontal  plane 
passing  through  A,  the  vertical  plane  which  contains  AB  being 
supposed  to  cut  the  plane  surface  of  the  body  CED  at  right 
angles,  and  to  pass  through  its  centre  of  gravity :  to  determine 
the  motion  of  the  beam  and  the  body. 

Let  0  be  the  centre  of  gravity  of  AB ;  draw  OH  at  right 
angles  to  the  straight  line  A  CD ;  let  m,  m\  denote  the  masses 
of  the  beam  and  of  the  body ;  let  AS^x,  0H=  y,  z  BAC=  0^ 
L  ECD  =  a,  AO=^x',  k  =  the  radius  of  gyration  oi  AB  about  Q. 
Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 

but  from  the  geometry  we  see  that 

x^aco^O.     v^asind,      x' ^— —  sinfa  — tf) (1): 

'     "^  '  sma 

hence  we  have 

fi»(a«  +  A0^  +  ^^m'co8«(a-^^=(7-2mflrasind, 

[m  (a*+ 1?)  sin*  a  +  4m'a*  cos*  (a-  ^1  ^  «  sin*  a  (0-  2mga  sin  0) ; 

let  fi  be  the  value  of  6  when  ;^  =® ;  then 

0  s=sin"a  ((7—  2m^a  sin^), 

and  therefore  we  get 

jfft 

[m  (a'+ A*)  sin*a+47ii'a*  cos"  (a  ^6)]  -^  =  2magr  sin*a  (sin  /8  —  sin^, 

which  gives  the  value  of  -^  for  any  assigned  value  of  6\  whence, 

by  the  aid  of  the  equations  (1),  we  may  obtain  the  values  of 

dx     dy     dx    A  .  .        i>  t     1 

df'  ^/  *   "5/"'       *^y  jwsition  of  the  beam. 

(4)  A  uniform  lever  A  CB,  (fig.  221),  of  which  the  arms  AO 
and  BO  are  at  right  angles  to  each  other,  is  in  equilibrium 
when  AC  is  inclined  at  a  given  angle  to  the  horizon  :  if  ^C7  be 
raised  to  a  horizontal  position,  C  being  fixed,  to  find  the  angle 
through  which  it  will  fall. 

w.  a  34 
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Let  CA  » 2a,  CB  =  %a\  m  =  the  mass  of  AG,  w! ^  the  mass 
5f  BO]  let  0^  ff,  be  the  inclinations  of  CA,  CB,  to  the  horizon, 
at  any  time  of  the  motion. 

Then  the  vis  viva  of  the  lever  will  be  equal  to 

2mag  sin  d  +  im'ag  sin  ^  +  (7 : 

but,  when  5  ==  0  and  therefore  ff  ^\ir,  the  vis  viva  is  equal  to 

zero ;  hence 

0  =  2mV5f  +  (7: 

hence  the  vis  viva  for  any  position  of  the  lever  is  equal  to 

imiag  sin  6  +  2m! a! g  sin  0'  —  2m  a  g. 

Now,  when  the  value  of  9  is  a  maximum,  the  vis  viva  will  again 

become  zero ;  hence,  for  the  required  value  of  0, 

ma  sin  0  +  mc^  Bin  0'  =im'a' (1). 

Let  fi,  P,  be  the  values  of  5,  ff,  for  the  equilibrium  of  the 

lever;  then 

mxi  cos  )9  =  m'a  cos  P : 

hence  from  (1)  there  is 

cos  ff  sin  ^  +  cos  /9  sin  ^  =s  cos  fi, 

or,  since  ^8'=  Jtt  —  ^8,     ^  ==  Jir  —  tf, 

sin  /9  sin  ^  +  cos  )8  cos  ^  =  cos  fi,    cos  (^  —  )8)  =  cos  /8 ; 

and  therefore  0  =  2/3,  the  angle  through  which  CA  falls. 

(5)  To  determine  the  motion  of  a  pendulum,  the  axis  of 
which  is  a  cylinder  resting  upon  two  perfectly  rough  planes 
which  coincide  with  the  same  horizontal  plane,  the  cylindrical 
axis  being  thus  capable  of  rolling  along  the  planes. 

Let  G  (fig.  222)  be  the  centre  of  a  circular  section  of  the 
cylindrical  axis  made  by  a  plane  containing  the  centre  of  gravity 
of  the  pendulum ;  C  may  be  regarded  as  the  centre  of  gravity 
of  the  axis.  Let  0  be  the  centre  of  gravity  of  the  pendulum 
and  cylinder  together,  and  mi?  their  moment  of  inertia  about  a 
horizontal  line  through  0  parallel  to  the  axis,  m  denoting  the 
sum  of  their  masses.  Let  GH  be  drawn  at  right  angles  to  the 
horizontal  plane  along  which  the  axis  rolls ;  let  0  be  the  point 
of  contact  of  the  section  G  of  the  axis  with  this  plane  at  any  time 
of  the  motion,  A  being  the  position  of  0  corresponding  to  the 
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equaibrium  of  the  system.  Let  (70  =  0,  CO -ay  iOCK^<l>, 
CK  being  the  vertical  line,  AH^  a?,  GH=^  y. 

Then  the  vis  viva  of  the  system  at  the  time  t  due  to  the  mo- 

(dixf     €?t/*\ 
-7-j  +  -^ ) ,  and  the  vis  viva  due  to  rotation 

about  O  will  be  m^-^:  hence  the  whole  vis  viva  of  the 

av 

system  will  be  equal  to 

also  the  sum  of  the  products  of  the  mass  of  each  molecule  of  the 
system  into  the  vertical  space  through  which  it  has  descended, 
will  be  equal  to  my  together  with  some  constant  quantity  de- 
pending upon  the  initial  drcumstances  of  the  system.  Hence, 
by  the  Principle  of  Conservation  of  Vis  Viva^ 

but  from  the  geometry  it  is  evident  that 

a;  =  a  sin  ^  —  e^,    y  =  a  cos  ^  —  c, 

and  therefore 

dx     /  .V  d4>       dy  ,  dd> 

hence  we  have 

ddf 

(a"  +  c*  +  **-2accos^)  ^  =  C'  +  25r(acos^-c): 

let  a  be  the  maximum  value  of  ^ ;  then 

0  =  C  +  2flr  (a  cos  a  -  c), 
and  therefore 

(a*  +  c"  +  *•  —  2«c  cos  ^)  -^  =  2^a  (cos  ^  —  COS  «), 

which  gives  the  angular  velocity  of  the  pendulum  for  every 
position  which  it  assumes  during  its  motion. 

For  the  period  of  a  semi-oscillation  we  have 

r=     1       /•V  +  o'  +  y-2ac<^»)*^. (1), 

{2ag)*]^         (co8^-co8a;i 

34—2 
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This  integration  cannot  be  effected  except,  which  we  will  sup- 
pose to  be  the  case,  the  amplitude  of  the  pendulum's  oscillation 
is  very  small. 

Assume  then        sin  ^  =  ^^       sin  ^  =  2  ; 
whence  cos  ^  =•  1  -  2  sin*  |  =  1  -  2**, 

cosa  =  l-2sin«|=l-2J», 

^  ^-sm"^"  (1  -C08"^)»  "  (1  -  8*)*' 

Hence,  from  (1), 

*"  (2agf]  ^  (26'  -  2fl^4  "  (1  -  «»)* ' 

and  therefore,  putting  (a  —  (;)•  +  ifc*  =  A', 


('^)*1 


but,  «  being  a  small  quantity,  we  have,  neglecting  small  quanti- 
ties of  orders  higher  than  the  second, 

and  therefore 


hence 


(1  -  ,'j/  =H^+-w-*J  °^^y= 

^    irh         vV  (4ac  4-  ft*) . 
~  2  (0^7)*  8ft  {ag)i      ' 
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and  therefore  the  period  of  a  complete  oscillation  is  equal  to 

irh       7ry(4ac  +  y) 
{ag)i         4^h{ag)i 
Euler  has  discussed  this  problem,  starting  with  the  general 
equations  of  motion,  and  investigated  the  pressure  on  the  plane 
at  any  time,  as  well  as  the  horizontal  action  of  the  plane  upon 
the  cylinder  which  shall  be  sufficient  to  prevent  sliding. 

Euler ;  Nova  Acta  AoacL  Petrop,  1788 ;  p.  145. 

(6)  Two  equal  particles  are  attached  to  the  extremities 
Ay  A\  (fig.  223),  of  a  straight  lever,  without  weight,  of  which 
G  is  the  fulcrum,  and  of  which  the  arms  GA,  GA\  are  equal 
to  each  other :  at  a  fixed  point  0,  vertically  above  C,  there  is 
a  centre  of  force  varying  inversely  as  the  cube  of  the  distance : 
CO  is  equal  to  either  arm  of  the  lever :  supposing  the  lever  to 
be  placed  in  a  given  position,  to  determine  after  what  time 
it  will  become  vertical. 

Let  GO  =  a ;  OA  =  r  and  OA'  =  /,  at  any  time  of  the  motion ; 
^ACO  =  0;  m  =  the  mass  of  each  of  the  particles,  ;^=:the 
attraction  of  the  central  force  upon  a  unit  of  matter  collected 
at  a  point  at  a  unit  of  distance ;  a  =  the  initial  value  of  6. 

Then  the  vis  viva  of  the  two  particles  together  will  be,  at  any 

time  t,  ^ma*  -j^ :  hence 

Cur 

and  therefore 

2o  -75-  =  3  +  -T.  +  C . 
or     r     r 

Now  from  the  geometry  we  have 

»'=2a''(l-co3^),     r**  =  20"  (1  +  cos  ^  : 

hence  2a«  ^  =  £-,  (j^^  +  iTcos  e)  +  ^' 

-f^—L-  +C'- 

but  when  ^  =  c,  tt  =  0 :  hence 

a  sm^  a 
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and  therefore 

Q  «^^—      A*      Bin*  g  —  sin*  0  ^ 
3?'^o*8in*ci        sin'tf 

hence,  -^  being  negative  because  6  decreases  with  the  increase 
of  t. 


sma 


/2\4  ,        singrfg       ^ 
W  "^Csin^a-sin*^*"" 
/2\i  >        rfcosg        ^    ift 
W  ^  (cos»^-cos*a)*     sin  a" 
integrating  we  get 

-)  a* log  {cos tf  +  (cos* tf - cos^ a)i}  = -;^ —  +  C: 


©' 


sina 


but  da=a  when  <  =  0:  hence  (7=[-)  a'logcosa;  and  there- 
fore 

/2\4  cos  g  +  (cos*  0  -  CDs'  g)*  _    t 

\jij        ^  cos  a  ""  sin  a 

When  AG  A'  becomes  vertical,  0^0,  and  therefore  the  re- 
quired value  of  ^  is  equal  to 

/2\*  t  •      f     1+sina     /2\J  ,  .      -     ^     w  +  2a 
(-1  a"sinaIog **  l"" J  «  smalogtan — ^ — • 

(7)  BFQ  (%,  224)  is  a  body  of  any  form,  of  which  G  is  the 
centre  of  gravity ;  an  inextensible  string,  attached  to  a  fixed 
point  E,  is  wound  about  the  circumference  of  a  circle  ALH, 
having  G  for  its  centre,  and  representing  an  axle :  EA  is  ver- 
tical :  to  determine  the  velocity  of  G  when  the  body  has  de- 
scended from  rest  through  a  given  altitude,  under  the  action  of 
gravity,  by  the  uncoiling  of  the  string. 

Let  a  be  the  radius  of  the  axle,  k  the  radius  of  gyration  of 
the  body  about  C7;  v  the  velocity  acquired  by  C,  after  descend- 
ing through  a  space  x>    Then 
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This  problem  is  one  of  the  'Theoremata  Selecta/  given  by 
John  Bernoulli,  'pro  conservations  virium  vivarwm  demons 
stranda  et  experimerUis  canfirmanda* 

Comment,  Acad.  Petrop.  1727,  p.  200.     Opera^  Tom.  iil 
p.  127. 

(8)  A  particle  A  (fig.  225)  descends  down  the  curve  CKA, 
drawing  a  particle  B  up  the  curve  CLB  by  means  of  a  string 
passing  over  the  point  Oi  to  determine  the  velocities  of  the 
particles  after  moving  from  rest  through  any  corresponding 
spaces. 

Let  m,  m\  be  the  masses  of  Ay  B,  respectively ;  v,  v\  their 
velocities  after  moving  through  vertical  spaces  equal  to  Jf,  y'; 
then,  ds,  ds',  denoting  elements  of  the  two  curves, 

d^  ds* 

John  Bernoulli ;  Act.  Erudit  Lips.  1733.  Mai  p.  210 ; 
Opera,  Tom.  iil  p.  257.  Hermann ;  Memoires  de 
St.  P^ersbotirg,  Tom.  n.  D'Alembert ;  TraitS  de 
Dynamique,  p.  123 ;  Seconde  Edition. 

(9)  Two  equal  spheres,  starting  simultaneously  from  rest, 

descend  down  two  equally  inclined  planes,  the  one  plane  quite 

smooth,  the  other  perfectly  rough  :  to  find  the  ratio  of  the  vis 

viva  of  the  former  to  that  of  the  latter  sphere  at  the  end  of  any 

tima 

7 
The  required  ratio  is  ■= . 

(10)  A  imiform  straight  plank  rests  with  its  middle  point 
upon  a  rough  horizontal  cylinder,  their  directions  being  perpen- 
dicular to  each  other :  supposing  the  plank  to  be  slightly  dis- 
placed, so  as  to  remain  always  in  contact  with  the  cylinder 
without  sliding,  to  determine  the  period  of  an  oscillation. 

If  2a  =  the  length  of  the  plank,  and  r  =  the  radius  of  the 
circle,  the  time  of  an  oscillation  is  equal  to 

ira 
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(11)  Two  equal  weights  P,  P,  are  tied  to  the  ends  of  a  fine 
string  which  passes  over  two  ptillies  without  mass  in  a  hori- 
zontal line :  supposing  a  weight  W,  less  than  2P,  to  be  fixed  to 
the  middle  point  of  the  horizontal  portion  of  the  string,  to 
determine  how  far  it  will  descend. 

If  a » the  distance  between  the  two  pullies,  W  will  fall 
through  a  space  equal  to 

2PWa 
4P'- JF" 

(12)  A  solid  cylinder  is  freely  moveable  about  its  axis,  which 
is  fixed  horizontally,  and  weights  W,  Wj  are  hung  at  the  ends 
of  a  string  wound  round  it  and  attached  to  it  at  some  point  so 
as  to  prevent  slipping :  after  W  has  descended  from  rest  for  t 
seconds,  it  is  suddenly  cut  off,  and  the  system  comes  to  rest  in 
t  seconds  more :  to  find  the  weight  of  the  cylinder. 

The  weight  of  the  cylinder  is  equal  to 

(13)  A  thin  uniform  smooth  tube  is  balancing  horizontally 
about  its  middle  point,  which  is  fixed :  a  uniform  rod,  such  as 
just  to  fit  the  bore  of  the  tube,  is  placed  end  to  end  in  a  line 
with  the  tube,  and  then  shot  into  it  with  such  a  horizontal 
velocity  that  its  middle  point  shall  only  just  reach  that  of  the 
tube :  supposing  the  velocity  of  projection  to  be  known,  to  find 
the  angular  velocity  of  the  tube  and  rod  at  the  moment  of  the 
coincidence  of  their  middle  points. 

If  V  be  the  velocity  of  the  rod's  projection,  m  the  mass  of  the 
rod,  m'  that  of  the  tube,  2a,  2a ,  their  respective  lengths,  and  a» 
the  required  angular  velocity ;  then 


a>»  = 


ma^  +  nia^ 


(14)  A  circular  wire  ring,  carrying  a  small  bead,  lies  on  a 
smooth  horizontal  table:  one  end  of  an  elastic  thread,  the 
natural  length  of  which  is  less  than  the  diameter  of  the  ring,  is 
attached  to  the  bead  and  the  other  to  a  point  in  the  wire :  the 
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bead  is  placed  initially  so  that  the  thread  coincides  very  nearly 
with  a  diameter  of  the  ring :  to  find  the  vis  viva  of  the  system 
when  the  string  has  contracted  to  its  natural  length. 

If  0  be  the  diameter  of  the  ring,  a  the  natural  length  of  the 
thread,  and  yi»  the  modulus  of  elasticity,  the  required  vis  viva  is 
equal  to 

a  ^        ' 

Sect.  2.     Fw  Viva  and  the  Conservation  of  the  Motion  of  the 

Centre  of  Gravity. 

The  Principle  of  the  Conservation  of  the  Motion  of  the  Centre 
of  Gravity,  under  its  most  general  form,  asserts  that,  the  motion 
of  the  centre  of  gravity  of  a  free  system  of  bodies,  disposed 
reUxtively  to  each  other  in  any  conceivable  manner,  is  the  same 
as  if  the  bodies  were  aU  waited  at  their  centre  of  gravity,  and 
each  of  them  were  animxited  by  the  sams  accelenUing  forces 
as  in  its  actual  state.  The  discovery  of  the  Principle  is  due 
to  Newton  \  by  whom  it  received  a  demonsti-ation  in  the 
particular  case  where  the  system  is  subject  to  no  external 
force,  when  the  centre  of  gravity  will  either  remain  at  rest  or 
move  in  a  straight  line  with  a  uniform  velocity.  D'Alembert* 
afterwards  extended  the  Principle  to  the  case  where  each  body 
is  supposed  to  be  solicited  by  a  constant  accelerating  force, 
acting  in  parallel  lines,  or  directed  towards  a  fixed  point  and 
varying  as  the  distance.  Finally,  Lagrange'  expressed  the 
Principle  under  its  most  general  form  for  every  law  of  force  to 
which  the  bodies  can  be  subject. 

(1)  A  smooth  groove  KAL  (fig.  226)  is  carved  in  a  vertical 
plane  in  the  body  KBCL,  which  is  placed  upon  a  smooth  hori- 
zontal plane,  along  which  it  is  able  to  slide  freely :  to  find  the 
form  of  the  groove  in  order  that  a  particle,  placed  within  it, 
may  oscillate  in  it  tautochronously,  the  time  of  an  oscillation 
being  given. 

^  Prineipia;  Axwmata  sive  Leges  Motust  Cor.  4. 
'  Traiti  de  Dynamique^  Seconde  Partie,  Chap.  n. 
'  M^canique  Analytique,  Tom.  i.  p.  257,  Ac. 


538  DTNAMIOAL  PBINGIPLES. 

Let  P  be  the  place  of  the  particle  in  the  groove  at  any  time ; 
draw  PN  vertically  to  meet  the  horizontal  plane  at  N^  which 
will  lie  in  the  line  OE  formed  by  the  intersection  of  a  vertical 
plane  through  the  groove  with  the  horizontal  plane.  Let  A  be 
the  lowest  point  of  the  groove;  draw  AM  hotwutaily,  AJi^ 
vertically.  Let  0  be  a  fixed  point  in  0E\  let  OA'  =^x\  ON^x^^ 
PN=^y^t  AM=^x,  PM=y;  let  k^,  k,  he  the  initial  values  of 
Vxi  y\  ^^^  m  =  the  mass  of  the  particle,  m'  =  the  mass  of  the 
body. 

Then,  by  the  Principle  of  the  Conservation  of  the  Motion  of 
the  Centre  of  Gravity,  since  no  forces  act  upon  the  particle  and 
body  parallel  to  OE, 

,dx         dx.     ^  ... 

"*^+"^-ote=<^ <^)- 

Also,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 

But,  from  the  geometry,  it  is  evident  that 

ctcj  __  dx'     dx  ,^v 

"ar~  w*"  ^ ^'*^' 

and  K-y,=h-y,      ^  =  | (4). 

From  (1)  and  (3)  we  have 

dx^  _     m'    dx         dx  _        m     dx  ,-v 

n^'^iiiTmdt'    a     i^r+^'5^ ^^^• 

Hence,  from  (2),  (4),  (5),  we  see  that 

and  therefore,  if  r  denote  the  time  of  a  semi-oscillation, 

/     ni     dx*     -\4 
\m  +  m*  dy*        ) 


(*  -  y)* 


dy (6). 


This  value  of  r  must  be  independent  of  h  in  order  that  the 
particle  may  oscillate  tautochronously,  and  therefore  we  must 
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have,  it  being  necessary  that  the  coefficient  of  c2y  be  of  — 1 
dimensions  in  y  and  k. 


U+m'dt^'*"V  "ht ^' 


df        /        y 
where  a  is  a  constant  quantity :  hence 

dx  ^/m  +  m'\i  fa  —  y\i 

dy-vmrj  \rfj  ^ 

taxd  therefore^  by  integration. 


X 


.(!^)*{(«y-j^  +j.verB-'|} (8). 


But,  from  (6)  and  (7), 


and  therefore  from  (8)  we  get,  for  the  equation  to  the  groove, 

Cilairaut ;  Mimoirea  de  TAcadSmie  des  Sciences  de  Ihria, 
1742,  p.  41.  Euler ;  Opuscula,  de  moiu  corporum 
tubis  mobilibtu  indusorum^  p.  48. 

(2)  In  a  smooth  circular  tube  are  placed  two  equal  particles, 
which  are  connected  together  by  an  elastic  string,  the  natural 
length  of  which  is  two-Uiirds  of  the  length  of  the  circumference : 
the  string  is  stretched  until  the  particles  are  in  contact  and  the 
tube  is  placed  upon  a  smooth  horizontal  table  and  left  to  itself: 
to  determine  the  ratio  of  the  kinetic  energy  of  the  two  particles 
to  the  work  done  in  stretching  the  string,  when  the  string  re- 
sumes its  natural  length. 

Let  m  be  the  mass  of  either  particle,  m'  that  of  the  tube. 
Let  Oa  be  the  line  of  motion  of  the  centre  of  the  tube,  0  being 
a  fixed  point :  let  0  be  the  position  of  the  centre  of  the  tube  at 
the  end  of  any  time  t,  P  being  the  corresponding  position  of 
either  particle.    Let  00 ^x,  zPOx^d,  CP^cu    Then,  by 
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the  Principle  of  the  Conservation  of  the  Motion  of  the  Centre 
of  Gravity, 

dx 

.                                      dt     2masind  ^. 

whence  ^=  3^-:^— r (1). 

dt 
Again,  by  the  Principle  of  the  Conservation  of  Vis  Viva^ 
2w|T^(j!  +  acos^l  +2mW  (asin^l  '\-m:^^A^a{' Td0. 

The  kinetic  energy  of  the  two  particles,  that  is,  half  their  vis 
viva,  is  equal  to 


m 


JT-(aj  +  acos^[  '\-mi-j  asm6\  . 


Hence  the  ratio  of  the  kinetic  energy  of  the  two  particles  to 
the  work  done  in  stretching  the  string,  viz.  2a  i  TdO,  is 
equal  to 

2m  \-j  (oj  +  a  cos  ^)  [  +  2m  f  j^  a  sin  0j 

■■IH^ 

2m]-^(aj  +  acos^)|-  +2wf-jrasin^J 

which,  by  (1),  is  equal  to 

2m .  (am  sin  g)*  +  2m .  {a  cos  0  (2m  -f  m')}' 

2m {am  sin 0)*  +  2m.{a cos 0  (2m -t- m' j }  +  m' .  (2ma sin 0y 

27r 
and  therefore,  since  ^  =  -o-i  is  equal  to 

2  (m*  4-  mm'  +  m'*) 


d  _  _._  ^V  .     r  dj? 


(27n  +  wT)  (2m'  +  m) 


(3)    A  rigid  quiescent  wire,  in  the  form  of  a  semicircle,  is 
suspended  from  its  ends  by  little  rings,  moveable  along  a  hori- 
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zontal  rod :  if  a  bead,  moveable  along  the  wire,  be  placed  at 
one  of  its  higher  ends,  to  find  the  velocity  of  the  bead,  relatively 
to  the  wire,  at  any  point  of  its  descent 

If  m,  fi,  be  the  respective  masses  of  the  wire  and  bead,  a  the 
radius  of  the  circle,  0  the  inclination  of  the  bead's  distance 
from  the  centre  of  the  circle  to  the  horizon,  and  v  the  required 
velocity, 

,  _  2ga  (m  +  fi)  sin  9 
~"     m  +  fi  cos*  6 

(4)  To  the  highest  extremity  of  a  uniform  rod  is  attached  a 
ring,  moveable  along  a  smooth  fixed  horizontal  rod :  to  the  for- 
mer rod,  resting  initially  in  a  vertical  position,  an  angular  velocity 
is  communicated  in  the  vertical  plane  containing  the  fixed  rod : 
to  find  its  angular  velocity  in  any  subsequent  position. 

Let  2a  be  the  length  of  the  moveable  rod,  eo  its  initial 
angular  velocity,  a/  its  angular  velocity  when  inclined  to  the 
vertical  at  any  angle  0 :  then 

a©*  — 12grBin*? 

'"""oCl  +  Ssin"^)  ' 

(5)  A  thin  spherical  shell,  the  radius  of  which  is  a,  rests 
upon  a  smooth  horizontal  plane :  a  particle,  of  the  same  mass  as 
the  shell,  is  placed  at  the  lowest  point  of  its  internal  surface, 
which  is  smooth :  to  determine  to  what  height  the  particle  will 
ascend,  supposing  the  shell  to  be  projected  with  a  horizontal 
velocity  2  {gay. 

The  particle  will  ascend  just  as  high  as  the  centre  of  the 
shell,  and  then  descend. 

(6)  A  narrow  tube,  in  the  form  of  a  common  helix,  is  wound 
round  an  upright  cylinder,  initially  at  rest,  which  is  pierced  by 
two  smooth  fixed  rods,  parallel  to  each  other  and  horizontal : 
supposing  a  molecule  to  be  placed  within  the  tube,  at  a  point 
of  which  the  distance  from  the  axis  of  the  cylinder  is  parallel 
to  the  rods,  prove  that,  m,  m\  being  the  masses  of  the  molecule 
and  cylinder,  the  velocities  which  the  cylinder  has  acquired,  at 
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the  saccessive  arrivals  of  the  molecule  at  points  most  distant 
from  the  plane  in  which  the  axis  of  the  cylinder  moves,  will 
have  their  greatest  values  when  the  inclination  of  the  helix  to 
the  horizon  is  equal  to 


tan' 


\m  +  m'/ 


Sect.  3.     Vis  Viva  wnd  the  Conservation  of  Areas. 

The  Principle  of  the  Conservation  of  Areas  asserts,  that  if  a 
system  of  particles  he  subject  only  to  mutual  actions,  the  sum  of 
the  products  of  the  mass  of  every  particle  into  the  projection  (on 
any  proposed  plane)  of  the  area  described  by  its  radius  vector 
round  any  assigned  point,  is  proportional  to  the  time.  The  same 
principle  holds  good  also  if  the  system  be  subject  to  external 
forces,  provided  that  they  be  such  that  the  algebraical  sum  of 
their  moments  about  a  line  through  the  assigned  point  at  right 
angles  to  the  proposed  plane  be  zero.  This  principle,  which  is 
in  fact  a  generalization  of  Newton's  theorem  respecting  the 
areas  described  by  a  single  body  about  a  centre  of  force,  was 
discovered,  about  the  same  time,  by  Euler^  Daniel  Bernoulli', 
and  D'Arcy  * ;  the  enunciation  of  the  Principle  given  by  Euler 
and  BemouUi  being  expressed  under  a  form  somewhat  different 
from  that  given  by  D'Arcy,  under  which  it  is  now  generally 
expressed.  The  discovery  of  the  Principle  was  suggested  to 
these  three  mathematicians  by  the  consideration  of  the  problem 
of  the  motion  of  several  bodies  within  a  tube  of  given  form, 
moving  about  a  fixed  point. 

(1)  P,  n,  (fig.  227),  are  two  material  particles  attached  to 
an  inflexible  straight  line  POTl,  moveable  in  a  horizontal  plane 
about  a  fixed  point  0 ;  the  particle  11  is  fixed  to  the  inflexible 
line,  while  the  particle  P  is  capable  of  sliding  along  it :  to  de* 
termine  the  path  described  by  P,  corresponding  to  any  initial 
velocities  of  the  particles. 

^  Opwcula,  de  motu  eorporum  tubU  mobilibut  incUuonan,  p.  iS,  1746. 
*  Mimoiret  de  VAeadSmie  des  Sciences  de  Berlin,  1745,  p.  54. 
>  Mimoires  de  VAeadimie  dee  Sdeneea  de  Pwrit,  1747,  p.  348. 
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Let  OE  be  an  immoveable  straight  line  passing  through  0  ; 
let  PO^r,  HO^a,  m^tho  mass  of  P,  fi^the  mass  of  11, 
zPOE^d.  Then,  by  the  Principle  of  the  Conservation  of 
Areas,  since  the  only  force  to  which  the  moving  system  is 
subject  is  the  reaction  of  the  fixed  point  0,  we  have 

(„/+^.)g=Cf , (1), 

where  C  is  Bome  constant  quantity. 
Again,  by  the  Principle  of  the  Conserration  of  Vis  Viva, 

«g  +  (m^  +  ^«)f-C' (2). 

C  being  a  constant  quantity. 
Eliminating  dt  between  (1)  and  (2),  we  obtain 

di^      (C  ) 

^M'^IC^  (^^  +  Ma")-lJ(inr»+/Aa'), 

which  is  the  differential  equation  to  P*s  path. 

In  order  to  determine  0  and  G\  suppose  that  b,  to,  th  ore  the 

initial  values  of  r,  -^ ,  -j- ,  respectively.    Then,  from  (1), 

{mb*  +  fio^  a>  ^  C, 
which  determines  C;  and,  from  (2), 

mu"  +  (m6*  +  fia^  cd*  =  C\ 
which  determines  C. 

Clairaut ;  JU^m.  de  11  Acad,  des  Sciences  de  Paris,  1742, 
p.  22.  D'Arcy :  M4m,  de  TAcad,  dee  Sciences  de 
Paris,  1747,  p.  351.  D'Alembert ;  Traits  de  Dy- 
namique,  p.  104,  seconde  edit. 
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(2)  A  straight  rod  PQ,  (fig.  228),  subject  to  the  condition  of 
always  passing  through  a  small  fixed  ring  at  O,  is  in  motion 
on  a  horizontal  plane :  to  deteimine  the  path  of  its  centre  of 
gravity  O. 

At  any  time  t  of  the  motion,  let  00  =  r,  z  OOE  =  0,  OE 
being  a  fixed  line  in  the  plane.  Let  m  be  the  mass  of  an 
element  of  the  rod  at  any  distance  p  from  0,  and  let  ft  be  the 
mass  of  the  whole  rod. 

Then,  by  the  Principle  of  the  Conservation  of  Areas,  the  only 
force  which  acts  on  the  rod  being  the  reaction  of  the  ring, 

k  being  the  radius  of  gyration  of  the  rod  about  its  centre  of 
gravity,  and  C  a  constant  quantity. 

Again,  by  the  Principle  of  the  Conservation  of  Vis  Yiva^  the 
ring  being  considered  perfecUy  smooth, 

-''^+''C+»lf (J). 

C  being  a  constant  quantity. 
Eliminating  dt  between  (1)  and  (2),  we  bare 


de" 


+  7'+*«=^(r'+ife»)«. 


dr     dO 
Suppose  that  a,  u,  o>,  are  the  initial  values  of  r,  -7- ,   -^ , 

respectively ;  then,  by  (1)  and  (2), 
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hence  the  equation  (3)  becomes 

which  is  the  di£Ferential  equation  to  the  path  of  O. 

Clairaut ;  M^oires  de  VAcad.  des  Sciences  de  Paris, 
1742,  p.  38—41. 

(3)  Two  equal  particles  P,  P,  (fig.  229),  are  attached  to  the 
extremities  of  a  rod  FP,  the  middle  point  0  of  which  is 
fixed  :  to  determine  the  motion  of  the  particles  corresponding 
to  any  initial  circumstances,  supposing  the  mass  of  the  rod  to 
be  so  small  that  it  may  be  neglected. 

Through  the  point  0  draw  a  straight  line  AOB ;  with  0  as 
a  centre  and  radius  equal  to  OP,  describe  the  two  indefinite 
circular  arcs  APk,  Al,  the  latter  of  which  is  supposed  to  lie 
within  an  assigned  plane.  Let  OP  —  a,iA  OP  =  ^,  ^  hAl  =  0 ; 
m  =  the  mass  of  each  of  the  particles.  Then,  t  denoting  the 
corresponding  time,  we  shall  have,  by  the  Principle  of  the  Con- 
servation of  Vis  Viva,  whether  the  particles  be  subject  to  the 
action  of  gravity  or  not, 

'dif>*      ,  ^.d0\ 


w(f+si.v^-a 


(7,  c,  being  constant  quantities. 
Again,  by  the  Principle  of  the  Conservation  of  Areas,  we  have 

2ma'  sin'  ^  ;77  =  C', , 

or  sin»</»^  =  c, (2), 

(7j,  Cj,  being  constants. 

w.  s.  35 
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Eliminating  -r  between  the  equations  (1)  and  (2)  we  get 

df  ^  sin'^     ^' 
and  therefore         sin  ^d^^ic  sin*^  —  c/)*  dt, 

(c  "C^  —  c  cos*  ^)*  d^  =  —  d  cos  ^ : 

integrating,  and  adding  an  arbitrary  constant  c^, 

1       .,  c*cosd)  ,«v 

<+C,  =  -tC0S*- ^ (3), 

cos<^  =  ^ — j,^^cos{c  (<  +  Cj)} (4). 

Suppose  that  when  ^  =  0,  ^  =  )8,  -^  =  <»,    7^  =  «>' ;  then 

c  as  ©'*  +  ©'  sin*)8,  from  (1) ; 
c,  =  o)  sin*/8,  from  (2) ; 

and  therefore,  from  (3), 

1  (o)'"+©*sin*i8)4cosi8 

•     (o)'"  +  «•  sin"  i8)*         (o)'*  +  6)»  sin«  /9  cos'/S)* 

The  value  of  cos  ^  being  given  by  (4),  we  may  then,  by  the 
aid  of  (2),  get  an  expression  for  0  in  terms  of  t. 

(4)  A  spherical  shell,  the  interior  radius  of  which  is  the 
n^  of  the  exterior,  is  filled  with  fluid  the  density  of  which  is  the 
same  as  that  of  the  shell :  to  compare  the  space,  through  which 
it  would  roll  from  rest  in  a  given  time  down  a  perfectly  rough 
inclined  plane,  with  that  which  would  be  described  by  a  solid 
sphere  of  the  same  size  and  weight  rolling  down  the  same 
plane. 

Let  m,  m',  denote  the  masses  of  the  shell  and  fluid  respec- 
tively ;  a,  a',  the  exterior  and  interior  radii ;  k,  k\  the  radii  of 
gyration  of  the  shell  and  fluid  about  a  diameter  of  the  sphere ; 
a  the  inclination  of  the  plane  to  the  horizon  ;  0,  0^,  the  angles 
through  which  the  shell  and  fluid  have  revolved  about  their 
common  centre  of  gravity  since  the  beginning  of  the  motion ; 
X  the  space  described  by  the  centre  of  the  sphere. 
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Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva, 

but,  since  the  resultant  of  all  the  forces  which  act  on  the  fluid- 
sphere  passes  through  its  centre  of  gravity,  we  have,  by  the 
Principle  of  the  Conservation  of  Areaa^  the  fluid  having  no 
initial  motion, 

at 
hence,  from  these  two  equations, 

^\W^      d?/"*"^  ^  =  C'+2(m  +  mOflrxsina: 

but,  since  the  shell  rolls,  we  have  x=^aB:  hence,  putting 
m  +  m'  =  /A, 

difierentiating  with  respect  to  t,  and  dividing  lt>7  ^  -;n  > 

cPx 
(fta"  +  mi")  ^=/iaV  sin  a (1). 

Now,        mi'  =  f /wi* -fwi'a'*  =  f  (^•-  m'a") : 
but  m'  =  ^  and  a'=-:  hence 

Substituting  this  value  of  nilf  in  (1),  we  obtain 

(7n*-2)  -^  =  Sn'^r  sin  a : 

Cm? 

integrating,  and  bearing  in  mind  that  x  =  0,  ;tt  «  0,  when  <  =  0, 

we  get 

(7n*  -  2)  a;  =  {  n^gf  sin  a. 

35—2 
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In  the  case  of  the  solid  sphere,  we  shall  obtain  in  a  similar 
manner, 

7a3'  =  f^f  sincr, 

a;'  denoting  the  space  through  which  it  has  rolled  along  the 
plane  at  the  end  of  the  time  t 

Hence  finally  we  get        -,  =  7-5^— s " 

If  71  =  2,  we  have  -;  =  t^  1  • 

of     111 

Lady*s  and  Gentleman's  Diary,  1842,  p.  51. 

(5)  The  particle  m  (fig.  230)  is  connected  with  the  particles 
m!  and  m"  by  means  of  two  fine  inextensible  strings  mOm\ 
mOm',  passing  through  a  small  smooth  ring  at  0 ;  «i,  m',  m", 
all  lie  on  a  smooth  horizontal  plane  passing  through  0:  to 
determine  the  tensions  of  the  two  strings  and  the  motions  of 
the  particles,  supposing  the  particles  to  have  received  any 
initial  impulses  such  as,  at  least  at  the  commencement  of  the 
motion,  to  keep  the  strings  at  full  stretch. 

Draw  through  0  a  straight  line  OA  in  the  plane  of  the 
motions;  let  Om-r,  Om=r,  Om'==r\  ^mOA—O,  ^mOA^ff, 
^7n!'0A-ff\  at  any  time  t\  r'  =  the  tension  of  the  string 
mOm\  and  T'^  =  that  of  the  string  mOm\ 

Theu,  since  the  only  forces  which  act  upon  the  particles  pass 
through  0,  we  have,  by  a  formula  in  the  theory  of  Central 
Forces, 


de 

,dff' 

""  dt' 

r        1 

m" 

d'r" 
df 

"^  de- 

rpif 

d'r 

de 

dO' 

"*■  de  ■ 

mt   ,    rpti 

m 

(!)• 


But,  the  strings  being  supposed  to  be  kept  at  full  stretch,  we 
have 

r  +  r'^c\     r  +  r"^c", (2); 
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where  c,  c",  denote  the  lengths  of  the  strings  mOra'y  mOm" ; 
and  therefore 


=  0: 


df^  df 
hence,  by  the  first  and  third  of  the  formulae  (1), 

r_   r  +  T'^  d0^    ,de^ 

tn  771  cte*  d^  '"* 

and,  by  the  second  and  third, 

m'  m  df  d^ 


(3); 


(4). 


Again,  since  the  only  forces  which  act  upon  the  three  particles 
pass  through  the  point  0,  we  have,  by  the  Principle  of  the 
Conservation  of  Areas, 

dff*      „  .^. 

(5); 


-  dO  /•  d9      J 


."a 


dt 


=  ^", 


where  6,  e',  6",  are  invariable  quantities :  hence,  from  (3)  and 
(4),  we  have 

7    •  ~         —  Ij  "T"  Zji  > 


m 

rpn 

— + 


m  r 


z** 


m 


from  these  two  equations  we  may  readily  ascertain  that 


(m  +  m+m  )^=-^  + "^ti ^, 

^  '       m  r  r  r 


....(6), 


which  give  the  values  of  the  tensions  of  the  two  strings  mOm\ 
mOni\  and  of  the  double  string  Om,  It  is  important  to  observe 
that  these  values  for  the  tensions  hold  good  only  so  long  as  both 
the  strings  are  at  full  stretch ;  if  either  of  the  strings  become 
slack  at  any  epoch  of  the  motion,  these  formulaB  will  no  longer 


/ 
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apply ;  this  will  be  evident  when  it  is  considered  that  in  ob- 
taining them  we  made  use  of  the  equations  (2)  which  are 
grounded  on  the  supposition  that  the  strings  are  at  full  stretch. 
The  formula  themselves  will  indicate  the  epoch  at  which  their 
inapplicabilitj  may  commence  by  giving  a  zero  value  for  either 
r  or  T". 

Again,  by  the  Principle  of  Vis  Viva, 

where  0  is  some  constant  quantity :  hence,  observing  that,  by 
the  equations  (2),  ;^  =  ~  ti  =  'jp  >  we  get 

,  cW*  ,      /  ,^  du         „  „,  du        .  ,        n\  dr      ^ 

and  therefore,  by  the  equations  (5), 


m 


me 


m'e'*  .  m' V  .  ,     .     ,  .     ,,v  rfr»  e 


+  (^  +  W  +  ^")  =G (7), 


and  thence,  by  the  equations  (2),  putting  m-^-fti  -^rvi'  ^ ft, 

r»  +(7^I70*'*'(c"-r/'*"r*  de-""^ ^^^' 

which  is  the  differential  equation  to  the  path  of  m.  Similarly 
may  be  obtained  the  differential  equations  to  the  paths  of  ni 
and  m".  These  equations  will  evidently  cease  to  define  the 
paths  of  the  particles  if  at  any  time  either  of  the  strings  become 
slack,  or  either  T  or  T*  become  zero.  If  either  of  the  strings 
become  slack  at  any  time,  then  we  shall  have  to  investigate  the 
motions  of  the  two  particles  whose  connecting  string  is  not 
slack,  the  particle  which  belongs  to  the  loose  string  moving 
along  for  a  time  without  constraint.  From  the  equation  (7)  it 
is  evident  that  none  of  the  quantities  r,  /,  r",  can  ever  become 
zero ;  or  that  the  particles,  so  long  as  the  strings  are  tight,  will 
none  of  them  arrive  at  the  point  0. 
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m 

Suppose  that  co,  o)',  to\  a,  /9,  are  the  initial  values  of  -^  , 

-IT ,   -17- »    ^»    ;^  >  *li®^>  from  the  equations  (o), 

c  =  aV      e'  =  (c'-  a)V,      e"=  {c"^affo") 
which  give  the  values  of  e,  e',  e" :  and  then,  from  (8), 

(7  =  maV  +  m'(c'-a)»a>'«  +  m"(c"-a)V'*+/ti8«. 

If,  instead  of  attaching  two  particles  m\  m\  to  m,  we  had 
attached  any  number  of  them,  the  problem  would  have  been 
essentially  of  no  greater  difficulty. 

Eiccati ;  Commen;t.  JBonon.  Tom.  v.  P.  i.  p.  150 ;  anno  1767. 

(6)  The  bob  of  a  pendulum  is  a  hollow  sphere,  smooth 
internally,  which  is  filled  with  a  fluid  or  with  a  solid  sphere, 
fixed  to  the  bob,  of  the  same  density  as  the  fluid :  to  find  the 
length  of  the  equivalent  simple  pendulum,  (1)  when  the  cavity 
is  filled  with  the  solid,  (2)  when  it  is  filled  with  the  fluid,  the 
rod  and  cavity  being  supposed  to  be  rigid  and  without  weight. 

Let  mk?  =  the  moment  of  inertia  of  the  solid  or  fluid  sphere 
about  a  diameter,  a  =  the  distance  of  the  centre  of  the  sphere 
from  the  point  of  suspension,  r  =  the  radius  of  the  sphere> 
d=i  the  inclination  of  the  rod  to  the  vertical  at  any  time  t,  and 
a>  =  the  angular  velocity  of  the  sphere  about  a  diameter  parallel 
to  the  axis  of  suspension. 

Then,  by  the  Principle  of  the  Conservation  of  Vis  Viva,  we 
have 

ma^  -j^  +  mffcf  =  2mga  cos  ^  -f  (7. 

Now,  in  the  case  of  the  solid  sphere,  od^^-tt,  and  therefore 

d0^ 

[a?  +  A;*)  -^  =  2ag  (cos  ^  —  cos  /8), 

ff  being  the  value  of  0  when  -n  —  0. 
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In  the  case  of  the  fluid  ephere,  by  the  Principle  of  the  Con- 
servation of  Areas,  o)  =  a  constant,  and  therefore 

a*  -^  =  2ag  (cos  0  —  cos  fi). 

Hence,  in  the  former  case,  the  length  of  the  equivalent  pen- 
dulum is  equal  to 

a*  +  ifc'  2r* 

a  5a 

and,  in  the  latter,  to  a. 

(7)  A  rod  is  fixed  at  one  end,  about  which  it  can  move  freely 
in  any  direction:  when  it  is  inclined  to  the  horizon  without 
motion  at  a  given  angle,  a  given  horizontal  velocity  is  com- 
municated to  its  other  end :  to  determine  the  velocity  and 
direction  of  motion  of  the  free  end  at  the  moment  when  the 
rod  becomes  horizontal. 

Let  2a  be  the  length  of  the  rod,  a  its  initial  inclination  to 
the  horizon,  Kthe  initial  velocity  of  the  free  end.  Let  u  and  v 
be  the  horizontal  and  vertical  components  of  the  free  end  at 
the  moment  when  the  rod  becomes  horizontal. 

Since  the  angular  velocities  of  the  particles  of  the  rod,  about 
a  ^vertical  through  the  fixed  end,  in  its  initial  and  final  state 
are  respectively 

V  u^ 

2a  cos  a '      2a' 

and  since  the  initial  and  final  distances  of  any  particle  from  the 
vertical  are  as  cos  a  to  1,  we  have,  by  the  Principle  of  the  Con- 
servation of  Areas, 

o cos'  a  =  5- , 

2a  cos  a  2a 

whence 

us  Fcosa (1). 

Again,  the  initial  vis  viva,  m  being  the  mass  of  the  rod,  is 
equal  to 
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Similarly  the  vis  viva,  in  the  final  state  of  the  rod,  which  is 
dae  to  the  horizontal  motion  of  the  end  of  the  rod,  is  equal 

to  Q  mvr. 

The  vis  viya,  in  the  final  state  of  the  rod,  which  is  due  to 
the  vertical  motion  of  the  end  of  the  rod,  is  equal  to 


rmdr  frvV     1      , 


Hence,  in  the  final  state  of  the  rod,  the  whole  vis  viva  is 
equal  to 

But,  by  the  Principle  of  Vis  Viva,  the  vis  viva  generated  during 
the  motion  is  equal  to  2mga  sin  a :  hence 

o  o 

and  therefore,  by  (1), 

t;*«Psin"a+6flrasina (2). 

The  equations  (1)  and  (2)  determine  the  velocity  and  direc* 
tion  of  the  motion  of  the  free  end  of  the  rod  when  horizontal. 

(8)  A  uniform  rod  is  moving  in  a  horizontal  plane,  its  ends 
being  attached  by  little  rings  to  a  fixed  smooth  circular  wire 
the  diameter  of  which  is  three  times  the  length  of  the  rod :  the 
rod  lengthens  till  it  is  half  as  long  again  as  at  first :  to  compare 
the  work  done  by  the  internal  forces  of  the  rod  with  the  work 
done  in  starting  the  rod. 

Let  m  be  the  mass  of  the  rod,  2a  its  original  length ;  let  «,  i»^, 
be  its  initial  and  final  angular  velocities;  p,Pi,  its  initial  and 
final  distances  from  the  centre  of  the  circle  ]Jc,k^,  its  initial  and 
final  radii  of  gyration  about  its  centre  of  gravity. 

The  initial  vis  viva  of  the  rod  is  equal  to 
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the  final  vis  viva  of  the  rod  is  equal  to 

But,  by  the  Principle  of  the  Conservation  of  Areas,  since  the 
external  forces  acting  on  the  rod  pass  through  the  centre  of  the 
circle 


25         IS  «u,     10 


Now,  the  work  done  in  any  time  being  equal  to  half  the  vis 
viva  generated  in  that  time,  the  ratio  of  the  work  done  by  the 
internal  forces  of  the  rod  to  the  work  done  in  starting  the  rod 
is  equal  to 

15      .    .    25      i  ^ 

■^maroD^—  -^  ma  or 

25  r; 

-^  mar  ay 

_  9a),'  -  lOo)* 
10ft)" 

9xlO'-10x9' 
10x9" 

_10_       1 
""9  9* 

(9)  A  particle  is  projected  horizontally  along  the  internal 
surface  of  a  fixed  hemisphere,  the  axis  of  which  is  vertical  and 
vertex  downwards :  having  given  the  point  of  projection,  to  de- 
termine the  velocity  in  order  that  the  particle  may  ascend 
exactly  to  the  rim  of  the  hemisphere. 

If  a  =  the  radius  of  the  sphere,  and  fi  =  the  inclination  to  the 
vertical  of  the  particle's  initial  distance  from  the  sphere's  centre, 
the  required  velocity  is  equal  to 

/  2ag  \i 
Vcos  fi)  * 
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(10)  A  smooth  surface  is  generated  by  the  revolution  of  the 
curve  Q^y  =  &  about  the  axis  of  y,  which  is  vertical  and  be- 
low the  origin :  a  particle  is  projected  along  the  surface  with  a 
velocity  due  to  the  depth  below  the  horizontal  plane  through 
the  origin :  to  determine  the  course  subsequently  pursued  by 
the  particle. 

If  h  be  twice  the  area  conserved  round  the  axis  of  y,  the 
path  of  the  particle  will  intersect  all  the  meridians  of  the  sur- 
face at  an  angle  ^  given  by  the  equation 

(11)  Two  particles  P,  P,  (fig.  231),  are  connected  together 
by  a  rigid  rod  without  inertia,  which  passes  through  a  small 
smooth  ring  at  0 ;  the  rod  rests  upon  a  horizontal  plane :  sup- 
posing any  impulse  whatever  to  have  been  communicated  to 
the  particles,  to  find  the  paths  which  they  will  describe. 

Let  0-Ebe  a  fixed  line  in  the  plane  of  the  motion ;  let  0P=  r, 

PP  =  Z ;  let  a,  a',  be  the  initial  values  of  OP,  OP ;  *n,  m',  the 

masses  of  P,  P' ;  let  z  FOE  =  ^ ;  let  cd,  /8,  be  the  initial  values  of 

dO     dv 

-TT,   -^ .     Then  the  differential  equation  to  P's  path  will  be 

{mr»  +  m' (Z-r)'}  {il  [mr^^- w' (Z-r)*] -  1}  =  (m  +  mO^, 

wnere  ^  —  ;     y~,     ?  ?«"«    i  » 

{mcr  +  m  a^f  car  * 

and  similarly  for  the  path  of  P, 

Clairaut ;  Mim,  Acad.  Paris,  1742,  p.  38.    D'Arcy ; 
lb.  1747,  p.  352. 

(12)  A  cone  is  revolving  round  its  axis  with  a  given  angular 
velocity,  when  the  length  of  the  axis  begins  to  be  diminished 
uniformly,  and  the  vertical  angle  to  be  increased  so  that  the 

I  volume  of  the  cone  remains  unchanged :  to  determine  the  an- 

gular velocity  of  the  cone  at  the  end  of  any  time  and  the 
number  of  revolutions  it  will  make  before  the  motion  ceases. 
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Let  CD = the  initial  angular  velocity,  A —  the  initial  length,  and 
V  =the  velocity  of  decrease  of  the  axis  of  the  cone ;  then  the 
angular  velocity,  at  the  end  of  a  time  t,  will  be  equal  to 

and  the  required  number  of  revolutions  is  equal  to 

(13)  An  indefinitely  great  number  of  indefinitely  thin  cy- 
lindrical shells,  just  fitting  one  another,  are  revolving  with 
different  angular  velocities,  but  in  the  same  angular  direction, 
about  their  common  axis;  the  angular  velocity  of  each  shell 
being  proportional  to  a  positive  power  of  its  radius.  If  the 
system  of  shells  be  suddenly  united  into  a  solid  cylinder,  to  find 
the  angular  velocity  of  the  cylinder  about  its  axis. 

Let  CD  be  the  original  angular  velocity  of  the  outermost  shell, 
and  n  the  said  power:  then  the  required  angular  velocity  is 
equal  to 

4a> 

w+  4 

Ferrers  and  Jackson ;   Solutions  of  the  Cambridge 
Problems,  1848  to  1851 ;  p.  308. 

(14)  A  series  of  rough  concentric  spherical  shells  fit  closely 
one  within  another :  rotations  of  given  magnitude  being  im- 
pressed upon  them  about  given  diameters,  no  extraneous  force 
acting  on  the  system,  to  find  the  ultimate  state  of  the  motion. 

Let  Ox,  Oy,  Oz,  be  axes  of  co-ordinates  the  directions  of 
which  are  fixed  in  space,  0  being  the  centre  of  each  shell  Let 
A  be  the  moment  of  inertia  of  a  shell  about  a  diameter  and 
to  its  initial  angular  velocity,  the  direction-cosines  of  its  initial 
axis  of  rotation  being  I,  m,  n.  Then  ultimately  the  whole 
system  will  revolve  as  a  solid  sphere  about  an  axis  the  equations 
to  which  are 

X  y       _      ^ 

S  {Aa)l)     2  {Atom)      2  (Aton) 
GriflSn;  Solutions  of  the  Examples  on  the  Motion  of 
a  Rigid  Body,  p.  70. 
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(15)  The  line  joiDing  the  centres  of  two  equal  fixed  rings  is 
perpendicular  to  both  their  planes :  two  small  rings,  the  masses 
of  which  are  m,  m',  which  exert  on  each  other  at  a  distance  r 
a  mutual  attraction  mmf(r),  are  placed  slightly  out  of  a 
position  of  stable  equilibrium :  to  find  the  time  of  a  small 
oscillation. 

If  c  be  the  distance  between  the  centres  of  the  fixed  rings, 
the  required  time  is  equal  to 


(16)  A  uniform  rod  can  turn  freely  about  one  extremity: 
in  its  initial  position  it  is  horizontal,  and  is  projected  hori- 
zontally with  a  given  angular  velocity  :  to  find  the  least  angle 
it  will  make  with  the  vertical  during  its  motion. 

Let  2a  be  the  length  of  the  rod,  and  a>  the  initial  angular 
velocity ;  then  0,  the  required  inclination,  may  be  found  from 
the  equation 

2ao)'  cos  d  =  3^  sin*^. 

(17)  One  extremity  of  a  string  is  attached  to  a  ring  (sup- 
posed to  have  no  weight)  which  slides  along  a  vertical  axis, 
and  the  other  is  attached  to  a  particle  of  equal  mass  which 
moves  on  a  horizontal  plane  :  the  particle  is  projected  in  a  di- 
rection perpendicular  to  the  plane  which  passes  through  the 
string  and  axis  :  to  find  the  position  of  the  string  when  it  has 
revolved  through  a  horizontal  angle  of  90^ 

The  string  will  be  horizontal,  whatever  be  the  initial  velocity 
of  the  particle  or  position  of  the  ring. 

(18)  A  uniform  rod  is  moving  on  a  horizontal  table  about 
one  extremity,  and  driving  before  it  a  particle  of  mass  equal  to 
its  own,  which  starts  from  rest  from  a  point  indefinitely  near 
to  the  fixed  extremity  :  to  find  the  inclination  of  the  rod  to  the 
direction  of  motion  of  the  particle,  when  the  particle  has  de- 
scribed any  proposed  distance  along  the  rod. 
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Let  k  be  the  radius  of  gyration  of  the  rod  about  its  flzecl 
extremity,  and  r  the  space  described  by  the  particle  along  the 
rod  at  any  time.     Then  the  required  angle  is  equal  to 

k 


tan 


-I 


(r»  +  ^} 


t 


(19)  A  screw  of  Archimedes  is  capable  of  turning  freely 
round  its  axis,  which  is  fixed  in  a  vertical  position;  a  heavy 
particle  is  placed  at  the  top  of  the  tube  and  runs  down  through 
it :  to  determine  the  whole  angular  velocity  communicated  to 
the  screw. 

Let  h  =  the  height  of  the  screw,  a  =  the  radius  of  the  cylinder, 
a  =  the  angle  which  an  indefinitely  small  element  of  the  screw 
makes  with  the  vertical,  6)  =  the  required  angular  velocity; 
then,  m,  m\  representing  the  masses  of  the  screw  and  particle 
respectively, 

,__  2m'^  ffh&in^a 


ft)  = 


a*  {m •{- m)  {m  +  m  cos*a) 


(20)  A  square  formed  of  four  similar  uniform  rods,  jointed 
freely  at  their  extremities,  is  laid  upon  a  smooth  horizontal 
table,  one  of  its  angular  points  being  fixed:  if  given  angular 
velocities  in  the  plane  of  the  table  be  communicated  to  the  two 
sides  terminating  at  the  fixed  point,  to  determine  the  greatest 
value  of  the  angle  contained  between  them  during  the  subse- 
quent motiouw 

If  ft),  ft)',  be  the  given  angular  velocities  and  6  the  required 

angle^ 

o^        6  (ft)  —  0)')" 
cos 2^  =  - ^  ^  «^    /,  • 
6  ft)  +0) 

Frost ;  Quarterly  Journal  of  Pure  and  Applied 
Matiiematics,  Vol.  3,  p.  82. 

(21)  Four  equal  particles,  exercising  no  attraction  on  each 
other,  move  in  an  ellipse  about  a  centre  of  force  at  the  centre : 
at  the  commencement  of  the  motion  they  were  situated  at  the 
extremities  of  the  major  and  minor  axes  :  if  at  any  time  they 
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become  suddenly  connected  "with  each  other  so  as  to  form  a 
rigid  system,  to  find  the  angular  velocity  of  the  system  about 
the  centre  of  the  ellipse. 

If  /i  denote  the  absolute  force,  and  2a,  2b,  the  major  and 
minor  axes,  the  system  will  move  about  the  centre  with  a 
constant  angular  velocity  equal  to 

2dbfi^ 

O'Brien  and  Ellis  ;  Solutions  of  the  Senate-House 
Problems  for  1844. 

(22)  AB,  A  C,  are  two  equal  rods,  capable  of  motion  about 
a  fixed  point  A :  BC  is  a  rod  the  length  of  which  is  at  first 
equal  to  the  sum  of  the  lengths  of  the  two  former  rods,  and  it 
joins  loosely  their  extremities,  so  as  to  be  close  to  -4. :  in  this 
state  an  angular  velocity  is  given  to  the  rods  about  a  vertical 
axis  through  A :  the  rod  BO  then  contracts,  its  centre  rising 
vertically  until  ABG  becomes  an  equilateral  triangle :  to  find 
the  work  done  in  the  contraction  of  BO. 

The  required  work  done  is  equal  to  three  times  the  work 
done  in  giving  the  original  rotation  together  with  the  work 
which  would  be  done  in  raising  BO  and  one  of  the  rods  AB, 
AO,io  the  height  of  the  triangle. 


(    560    ) 


CHAPTER  XL 

COEXISTENCE  OF  SMALL  OSCILLATIONS 

Conceive  that  a  particle  or  a  system  of  particles,  subject  to  cer- 
tain fixed  laws  of  geometrical  connection  or  constraint,  be  slightly 
but  generally  deranged  from  a  position  of  stable  equilibrium, 
the  invariable  elements  of  the  geometry  being  supposed  to  be 
free  from  particular  relations.  Then,  if  in  the  geometrical  equa- 
tions there  be  n  independent  variables,  the  motion  of  each 
member  of  the  system  may  be  represented  by  the  composition 
of  n  primary  oscillations  of  different  periods,  the  periods  of  the 
n  oscillations  of  any  two  members  of  the  system  being  co- 
existent, while  their  amplitudes  will  generally  be  different. 
When  the  periods  of  the  n  elementary  oscillations  are  com- 
mensurable,  the  whole  system  wiU  return  to  its  original  state 
after  an  interval  equal  to  the  least  common  multiple  of  these 
periods;  as  in  the  case  of  vibrating  cords  and  vibrating  surfaces. 
This  general  property  of  sympathetic  vibrations  has  been  en- 
titled the  Principle  of  the  Coexistence  of  amaU  OscUlations  or 
Vibrations. 

Should  the  original  derangement  of  the  system  from  its  posi- 
tion of  equilibrium,  instead  of  being  perfectly  general,  be  effected 
by  peculiar  adaptation,  we  may  reduce  the  n  elementary  oscilla- 
tions to  any  smaller  number  we  may  please. 

If  the  fixed  geometrical  elements  of  the  system  be  not,  as  we 
have  supposed,  free  from  particular  relations,  and  if  it  receive  a 
perfectly  general  derangement,  there  will  as  before  arise  in  the 
system  altogether  n  classes  of  oscillations ;  under  these  circum- 
stances however  a  peculiarity  occasionally  presents  itself,  viz. 
that,  although  as  we  have  supposed  the  original  derangement 
be  quite  general,  yet  into  the  motion  of  no  single  member  of 
the  system  will  all  the  elementary  oscillations  enter ;  this  case 


COEXISTENCE  OF  SMALL  OSCTLLATIONS.  B61 

will  then  constitute  a  failure  of  the  Principle  of  the  Coexistence 
of  small  Oscillations. 

The  Principle  of  Coexistent  Oscillations  was  first  laid  down 
by  Daniel  Bernoulli,  who  has  written  several  memoirs  on  the 
subject  in  the  St.  Petersburgh  Transactions  See  particularly 
Nov.  Comment.  Petrop,  Vol.  xix.  p.  281.  The  student  is  re- 
ferred also  to  Lagrange,  M^ccmique  Analytique,  Tom.  L  p.  347, 
and  to  Poisson,  Traiti  de  M4canique,  Tom.  ii.  p.  426,  where  he 
will  find  investigations  of  the  Principle  based  on  the  first  prin- 
ciples of  Mechanics. 

(1)  To  determine  the  nature  of  the  oscillations  of  ^  particle 
within  the  surface  of  an  ellipsoid,  one  of  the  axes  of  which  is 
vertical,  in  the  neighbourhood  of  the  lower  extremity  of  the 
vertical  axis. 

Let  2a,  25,  denote  the  lengths  of  the  two  horizontal  axes  of 
the  ellipsoid,  2o  representing  the  length  of  the  vertical  one ; 
and  let  the  co-ordinate  axes  be  so  chosen  that,  the  origin 
coinciding  with  the  lower  end  of  the  vertical  axis  of  the  ellip- 
soid, the  axes  of  x  and  y  may  be  parallel  to  the  horizontal  axes 
of  the  ellipsoid,  and  the  axis  of  z  coincide  with  the  ellipsoid's 
vertical  axis. 

Then,  by  D'Alembert's  Principle  combined  with  the  Principle 
of  Virtual  Velocities,  we  have  for  the  motion  of  the  particle, 

S«'^S^^(S-/)^-« •; <«■ 

where  x^  y,  z,  denote  the  co-ordinates  of  the  particle  at  any 
time  t,  and  Sx,  8y,  Bz,  the  increments  of  x,  y,  z,  in  passing  to 
any  point  of  the  surface  infinitesimally  distant  from  the 
position  of  the  particle. 

Again,  by  the  equation  to  the  ellipsoid,  we  hav^ 

and  therefore,  neglecting  powers  of  small  quantities  beyond  the 
second, 

w.  s.  36 
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hence,  from  (1),  neglecting  the  products  and  powers,  beyond  the 
firsts  of  small  quantities  in  the  coefficients  of  Sx,  %,  we  get 

and  thsKlcm     (^*$')^*(^+f»)^-'>- 

Equating  to  zero  the  coefficients  of  &&,  Sy,  which  are  indepen- 
dent of  each  other,  we  get 

$+?-• («). 

^^h-o (»)• 

The  integral  of  the  equation  (2)  is 
and  that  of  (3)  is 

where  fi,  %  e,  i,  are  arbitrary  constants,  which  may  be  deter- 

dos     dti 
mined  from  the  initial  values  o^  ^>  y>  ;^  >   ;^  •    ^^  ^^^7  ^ 

observed  that  the  oscillation  of  the  particle  depends  upon  two 
simple  oscillations,  of  which -. ,  — ^ ,  are  the  periods ;  the 

(<yr  (097 

number  of  independent  simple  oscillations  being  the  same  as 
the  number  of  independent  variables  in  the  geometrical  equa- 
tion to  which  the  position  of  the  particle  is  subject. 

Poisson ;  TraitS  de  M4caniqv£,  Tom.  n.  p.  439. 

(2)  A  uniform  rod  AB  (fig.  232)^  which  is  connected  by  a 
string  OA  with  a  fixed  point  0,  having  been  slightly  displaced 
from'  its  position  of  equilibrium  in  a  vertical  plane  through  0\ 
to  investigate  the  nature  of  its  small  oscillations. 


•  i* 
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Dratr  vertically  the  ind^fitiite  straight  line  Ox ;  take  P  any 
point  in  AB,  draW  PJf  at  right  angles  to  Ox,  and  prodace  BA 
to  meet  Ox  at  (7.  Let  j4S«2a,  OM^x,  PM^y,  AP^s, 
OA^l,  ^AOx^e,  J^BOx^if}. 

Then  for  the  motion  of  the  rod  we  have,  by  D*Alembert's 
Principle  combined  with  the  Principle  of  Virtual  Velocities, 

/:{*(s-»)««hr{*$^-=»- ™- 

where  dx,  dy,  denote  the  small  spaces  described  by  the  element 
ds  of  the  rod  in  the  time  dt,  parallel  to  the  co-ordinate  axes ; 
fia?,  Sy,  denoting  the  resolved  parts  of  its  virtual  velocity. 

Now,  from  the  geometry,  we  have 

a;  =  Zcos 0  +  « cos  ^,    y  =  Zsin ^  +  8  sin ^ ; 

and  therefore,  our  object  being  to  transform  the  equation  (1) 
into  an  equation  involving  d,  ^,  instead  of  x,  y,  and  to  retain 
small  quantities  only  as  far  as  the  first  order  in  the  coefficients 
of  S0,  ^,  of  the  new  equation,  we  have  approximately 

df    ^'        de     ^de^    df 

hence,  substituting  these  values  of  a?,  y, in  the  equation  (1), 

we  have 

j^{gd8{WS0  +  8it>B<t>)]+p^ds(l^^  +  s^yi^^ 
Equating  to  zero  the  coefficient  of  S$,  we  get 

and  therefore  ^~3?^^'^'^9^  ^^ (^)> 

and,  equating  to  zero  the  coefficient  of  hj>,  we  obtain 

d^O          d'S 
and  therefore  ^d^'^^^  /&  +^^  =  ^ (3)* 

36—2 
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In  order  to  integrate  the  equations  (2)  and  (S),  assume 

tf«asin|(2)^  +  €|,    ^  =  /38in|^y«  +  €l; 

substituting  these  expressions  for  d  in  (2),  and  dividing  by 
sin|r2j  «  +  €Kweget 

-.^«^  +  a=:0,      or  afi^a(p''l).i (4); 

P       P 

and  substituting  in  (3),  we  get»  in  the  same  way, 

-^-^+'^  =  ^'      or^(3/,-4a)=3fei (5). 

Eliminating  a  and  jS  between  the  two  equations  (4)  and  (5), 
we  obtain 

S£ri?«  Ji-,      or  3/>«-(4a  +  30/)  +  aZ=O. 

Let  the  two  values  of  p  deducible  from  this  quadratic  be 
denoted  by  m,  m' :  then  the  motion  of  the  rod  will  be  com- 
pletely determined  by  the  equations 

^-«sin|g)S  +  e}-»-«'sia{(^y*+e'} (6). 

*=^^{(S**+4-'^«^{(5)''+4 •^- 

In  these  two  equations  there  are  six  arbitrary  constants,  a,  a\ 
fif  P>  ^>  ^ ;  they  are  not  however  all  of  them  independent  of 
each  other ;  in  fact,  by  (4),  since  a  and  d  correspond  respec-* 
tively  to  the  values  m  and  rd  of  the  quantity  p,  we  have 

hence,  from  (7),  we  see  that 

^  =  ?(«-Z)8in{(g*«  +  .}  +  ^(m'-08in|(5y*  +  4..(8). 

The  four  constants  a,  a',  6,  c',  involved  in  the  two  equations 
(7)  and  (8),  may  be  determined  if  the  initial  circumstances  of 

the  rod,  or  the  initial  values  of  ^,  --jr ,  ^,  ^ ,  be  given. 
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If  a'  s  0,  iS"  s  0,  then  we  have 

« 

and  the  oscillations  of  0  and  ^  will  evidently  be  regular  and 
isochronous,  the  time  of  vibration  being  equal  to  tt  (— j  • 

If  df  P,  be  not  equal  to  zero,  the  oscillations  of  0  and  ^  will 
be  compounded  of  two  simple  and  isochronous  vibrations. 

Suppose  that  at  two  different  times  ^,  i!\  the  values  of  0  and 
of  -g  are  the  same.    This  will  manifestly  be  the  case  if 

\  \',  being  any  integers :  hence 

and  therefore  Xm*  ^  XW*, 

or  m,  m\  must  be  to  each  other  as  two  square  numbers. 

It  will  be  observed  that,  in  agreement  with  the  general  theory 
of  the  Coexistence  of  small  Oscillations,  the  number  of  inde- 
pendent oscillations  of  0  and  ^  is  two,  which  is  the  same  as  the 
number  of  the  independent  geometrical  variables. 

The  following  is  another  method  of  solving  this  problem. 

Let  O  (fig.  233)  be  the  position  of  the  centre  of  gravity  of 
the  rod  at  any  time  t ;  draw  OH  at  right  angles  to  the  vertical 
line  Ox;  letni»the  mass  of  the  rod|m£*s:its  moment  of  inertia 
about  G,  T— the  tension  of  the  string  -40,  OH^x,  OH^y. 
Then,  the  rest  of  the  notation  being  the  same  as  before,  we 
havCi  for  the  motion  of  the  rod, 

in^^mg''TcoB0 (1), 
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m^^^Tsme (2), 

mJ!?^  =  -ar8m(*-^ ^^^• 

EliminatiDg  T  between  (1)  and  (2),  and  omitting  small  quan- 
tities of  higher  orders  than  the  first,  we  have 

^■^Se-O (4); 

and,  eliminating  T  between  (1)  and  (3),  we  get  in  the  same 
manner 

**^  +  aj7(^-<»)  =  0.. (5). 

But  y 3s:asin^+Z8in0=sa^  +  M,  nearly: 

hence  (4)  becomes 

and,  putting  for  i^  its  value  |a'  in  (5),  we  have 

The  last  two  equations  are  equivalent  to  the  equations  (2) 
and  (3)  in  the  former  investigation* 

Daniel  Bernoulli ;  Navi  CommerU.  Petrcp.  ITIS,  Tom.  xvuh 
p.  247.    Euler ;  lb.  p.  268. 

(3)  A  pendulum  of  any  form  is  firmly  attached  to  a  solid 
circular  cylinder  as  an  axis ;  this  axis  is  supported  in  a  hori- 
zontal position  at  its  two  extremities,  which  rest  within  two 
hollow  circulstf  cylinders,  placed  horissontally,  of  the  same  di- 
mensions :  to  investigate  the  small  oscillations  of  the  pendulum 
corresponding  to  any  initial  state  of  displacement  and  motion, 
the  surfiEu^es  in  contact  being  considered  perfectly  smooth. 

Let  G  (fig.  234)  be  the  centre  of  gravity  of  the  pendulum  and 
its  axis,  regarded  as  one  mass,  at  any  time  of  the  motion ;  let 
the  plane  of  the  paper  represent  the  vertical  plane  through  Of 
which  cuts  the  axis  of  the  solid  cylinder  at  right  angles  at  the 
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point  (7.  Let  the  circular  arc  MAN  be  the  ooumion  intenection 
of  the  two  concave  cylinders  with  the  plane  of  the  paper,  when 
produced  to  meet  it.  From  0,  the  centre  of  the  arc  liAJf^ 
draw  OAx  vertically ;  draw  QH  at  right  angles  to  Ox\  produce 
QG  to  meet  Ox  in  K\  join  0C>  and  produce  it  to  a>  which  will 
be  the  point  of  contact  between  MAN  and  the  circular  section  of 
the  solid  cylinder  made  by  the  plane  of  the  paper.  Let  OH^x, 
an^y,  AO^a,  Ca^b,  aAK0'^4>,  j^COx^B,  CQ^c; 
m  8  the  mass  of  the  pendulum  and  its  axis  together ;  k  » their 
radius  of  gyration  about  O;  R^  the  seaction  of  the  hollow 
cylinders  against  the  axis  of  the  pendulum. 

Then,  for  the  motion  of  the  pendulum,  we  have 

«it^"»fn^— JBcostf W» 

m^  =  -J2sintf (2), 

m*»^  =  -lfosin{^-^ (8). 

From  (1)  and  (2)  we  get,  as  &r  as  small  quantities  of  the  first 
order, 

^+S9'0 (4); 

and,  from  (1)  and  (3),  to  the  same  degree  of  approximation, 

l^^+cffii>-ff)'0 (6). 

Now,  from  the  geometry, 

y  as  (a  —  i^)  sin  tf +  csin  ^ 
^(fl^h)$  +  o^       nearly: 
hence  from  (4)  we  obtain 

(a_6)^  +  C^+^(j„0 (6). 

Aaaume    (?  =  a  sin  |(Q*«  +  e| ,      ^=/9rin|f^^  «  +  e|: 
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thea  firom  (5)  we  may  get 

fi{cr-k?)=^acr (7), 

aud,  from  (6),  0/8  =  a  {r  -  (a  -  6)}, 

and  therefore,  eliminating  a  and  fi, 

Let  the  two  roots  of  this  quadratic  in  r  be  denoted  by  m  and 
m  ;  then,  for  the  general  values  of  0  and  <(>,  we  have 

<?  =  aBm|g)*«  +  e}+a'8in{(|>)*«  +  ej (8). 

^ =;8  sin  {(£)*«  +  «}  +  /S'sin  |(|,)*«  +  e'\ (9). 

From  (7)  we  have,  fi,  13^,  being  the  values  of  /9,  and  a,  a\ 
those  of  a,  corresponding  to  the  values  m,  m\  of  r, 


actn  _       dCfn 


hence,  from  (9),  we  have 

{n  tl^e  ^quation^  (8)  and  (10)  there  are  four  arbitrary  con- 
stants, a,  a\  €,  €,  which  may  be  determined  if  the  initial  values 

If  a'  =  0,  )tf  =  0,  we  have 

^  =  «Bin{g)**+.}.     ^=ySBin{(|)S  +  .}; 

and  the  oscillations  of  6  and  ^  will  be  regular  and  isochronous, 
the  time  of  vibration  being  w  [ — J  • 

If  a  Ikud  /S"  have  finite  values,  the  oscillations  of  d  and  ^  will 
be  compounded  of  two  simple  isochronous  oscillations. 

liuler;  Ada  Abed*  Petrop.  1780,  P.  U.  p.  133. 
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(4)  A  String  AEFB  (fig.  235)  is  attached  to  two  fixed  points 
Aj  B,  in  the  same  horizontal  line.  From  E^  F,  points  so 
chosen  that  AE,  EF,  FB,  are  all  equal,  two  masses  are  sus- 
pended by  strings  EM,  FN,  of  different  lengths^  the  masses 
being  equal:  supposing  the  system  to  be  slightly  deranged, 
in  its  own  plane,  from  its  position  of  equilibrium,  to  investigate 
the  nature  of  its  small  oscillations. 

At  any  time  t  let  EM,  FN",  make  angles  <f>,  <l>\  with  the 
vertical  Let  AE,  EF,  BF,  make  angles  a  +  »,  ©,  a  — «", 
with  the  horizon^  the  values  of  these  angles  being  a,  0,  a,  when 
the  system  is  in  the  position  of  equilibrium.  Draw  Mm,  Nn^ 
horizontally,  to  meet  the  vertical  line  Amn  at  the  points  m,  n. 
Let  AE==^EF=FB:=a,  EM^k,  FN=lif,  Am^x,  Mm^y, 
An^x',  Nn='y\ 

By  D'Alembert's  Principle  and  the  Principle  of  Virtual  Velo- 
cities, we  have,  for  the  motion  of  the  system, 

@-»)«'+  (w  -^)s''+S%'+f  V-o (1). 

Our  object  is  now  to  express  x,  y,  x',  y\  in  terms  of  w,  ^,  ^, 
and  to  substitute  their  values  in  this  equation.  This  compu- 
tation must  be  effected  as  far  as  small  quantities  of  the  second 
order. 

By  the  geometry  it  is  plain  that 

acos(a  +a>)  +  acos6i'  +  acos(a—  a>")  ==  2a  cos  a  +  a, 

and  therefore 
coBa(l-io)')-sina.a)+l-i«''+cosa(l-i«"^+sina.a)"«2cosa+l; 

whence 

cosa.6i*+2sina.tt)  +  »'*  +  cosa.«"*-2sina.eii"«0 (2). 

Again,  by  the  geometry, 

a  sin  (a  +  0))  ss  a  sin  »'  +  a  sin  (a  —  w"), 

and  therefore 

sino (1  - i©')  +  cosa . »  =0)'  +  sina  (1  -i©"*)  —  cosa.  ©"; 

whence 

2  cos  a .  <»  —  sin  a .  ft>*  =  2«'  —  sin  a .  »"■  —  2  cos  a . «'' (3) . 
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Now>  as  fietf  as  the  first  order  of  small  quantities,  we  have, 
from  (2), 

2sina.  »»2sina.tt', 

and  therefore  e»"  a  o» ; 

and  from  (8)  we  hare 

2  cos  a .  6>  s  2co'  —  2  cos  %.(o'^  2oi'  ^  2  cos  a .  a>, 

and  therefore  6>'  =  2  cos  a  •  oi. 

Substituting  these  values  of  6>',  ^'\  in  the  terms  of  the  second 
order  in  (2)  and  (3)^  we  get 

(2  cos  a  +  4  cos'  a)  »*  +  2  sin  a .  o  —  2  sin  « •  o»''  >■  0« 

and  cosa.  WBo»'  — cosa.tt": 

from  the  last  two  equations  we  see  that 

(2co8*a+ 4cos'a)6>*+  2  sinacosa.co— 2  sina.c»'4-2  sinacosa.o»  &=  0, 

and  therefore 

,     ^  ,  co8'a  +  2cos*a    ,  ,.. 

€d  =2co8a.a>  + ; »* (4). 

sma  ^  ' 

Again^  as  £Eur  as  our  approximation  requires, 

i»=asin(a+o))+Jfccos^=asina(l— Ja>')+acosa.«+ifc(l— J^*), 
&6=3—  a  sin  a  a>Sa>  +  a  cos  a  8o» »  X;^  S^, 


JPx  d-fo 


=acosa-i3-; 


y=acos(a  +  o))  +i8in^=sacosa(l  — Jio*)  — asina.a>  +  Jfe^, 
Sy=s.  asin  a  Sa>  +  A;  S^, 
d\  d*(a  .  ,  d% 

a/=asin(a  +  tt))  — asinw'  +  i'cos^' 
Basina(l  — i«*)  +  acosa.a>  — a»'  +  A^(l  —  i^*^ 

sin*a+2cos"a+4cos*a   ,,,,,,     ,.,^ 

sasma—acosa.co— a ^—. cr+k  (1— io  j, 

2  sin  at  ^      SIT-  /I 

by  (4); 

^  ,  jj  sin'a  +  2  cos'a  +  4  coeTa    |.       lyj^^^u.' 

oxs  — acosaoa»  — a = ttS»  — A;6S6, 

sma  1-  ^' 

-^=-acosa^; 
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y  =  a  COS  (a  +  <»)  +  flt  COS  fi)'  +  V  sin  ^' 

=  a  COS  a  (1  —  i©*)  —  a8ina.o)  +  a(l—  ^'*)  +  1e^\ 
hy'  s  Uh^'  —  a  sin  9  Sa>, 

Hence^  by  the  equation  (1),  there  is 
2a"cos'a  •^hfo-\-hg<l>t^'\rg(i j toi(o 

+5rfc'^'8^'+  la  sin  a  -^  —  i  ^  j  (a  sin  aSco  —  A?8^) 

+  \k'-^  —  a  sin  a  -^J  (i'3^'  —  a  sin  a  Sa>) 

Hence^  equating  to  zero  the  coefficients  of  the  independent 
quantities  S^,  h^\  $a>»  we  get 

(5), 

(6), 


=  0. 


2a-:rir— isina-j^  — A;  sma-j5-+flr ; a>=sO (7), 


d^ 


d«» 


de 


sma 


Eliminating  ^  and  -^  between  (5),  (6),  (7),  we  get 

2a8inaco8*a-T-i+5f{(2+4cos'a)cB+sin"a.^+sin'a.^'}as0 (8). 

Let  r  denote  the  length  of  a  pendulum,  isochronous  with  one 
of  the  elementary  oscillations,  and  assume  accordingly 

^  .    fM*       1 
\\rJ        j 

f  =F  sin  |(f )*«  +  €}. 

Then>  from  (5),  (6),  (8),  we  have 

(k-r)F^a  AnoL.il, 
{Jo-  riP  SB  a  sin  a  .O, 
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-  2a8maco8'a  -  fl  +  (2  +  4cos'a)  fl  +  sin^a.  jP+sin'a.i^ss  0; 

and,  by  eliminating  the  constants  F^  F^  XI,  we  have  a  cubic 
equation  in  r, 

2  sin  g  cos* g  ,  sin* g  ,  sin*  a     2  +  4cos*a__^  ,^. 

r  r  —  k     r  —  k  a  \  / 

Let  I,  t,  J!\  be  the  three  roots  of  this  equation ;  then,  for  the 
complete  solution  of  the  problem,  we  have 

a,"=a)  =  ft  [{^^t  +  fU  ft'sin  \Wft  +  e\  +  ft"  sin  Upj\  +  A , 
Q)'=2cosa.a>, 
^==F,sin|(|)^  +  €|  +  F.sin|(|)*i  +  €J  + 

f =J';sin|(f)W6|+2^;sin|(|)*e  +  /^  ^ 

This  problem  may  be  solved  also  in  the  following  manner, 
which  is  Euler's  method  of  considering  it. 

Let  P,  Q,  be  the  tensions  of  the  strings  EM^  FIf,  and  m  the 
mass  of  each  of  the  bodies. 

Then,  for  the  motion  of  the  bodies,  we  have,  approximately, 
m^=sf»flr  — Pcos^^my  — P. • (1), 

w^  =  -Psin<^  =  -my^ (2), 

m-^^mg-Qcos^'^mg"  Q (3), 

fn-^^-Qsia<l>=^-mg<f/ (4); 

these  four  equations  being  true  as  far  as  the  first  order  of  small 
quantities. 

Let  T  denote  the  tension  of  the  string  EF;  then,  since  the 
three  tensions  acting  upon  the  point  E  must  be  in  equilibrium, 
there  is 

T  sin  [^  + Jw  +  a  +  w}         _  cos(a  +  a)-|-^) 

P  ""  sin  (iTT  —  (a  -I- «)  4-  iw  —  »'} ""  sin  (a  +  o>  +  o**) 
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Similarly,  for  the  tensions  at  F,  we  have 

g     sin(a-a>^^-tt)0, 
T     cos(a-i»"-f)' 

hence  Q^8in(g-a>"-fi>0co8(a+ fi>-f  <^) 

P     cos  (a  —  «"  — ^')  sin  (a  +  w  +  o)')  * 

Hence,  as  far  as  small  quantities  of  the  first  order, 

Q  {sin  a-l-  cosa (oi  +  o»')}  {cos a  +  sin  a  (o)"  +  ^')} 
«=  P{sin  a  —  cos  a  (o>'  +  « ')}  {^®  a  —  sin  a  (o)  +  ^)}, 
and  therefore 

Q  {sin  a  cos  a  +  sin*a  (»"  +  ^')  +  cos'a  (©  +  ©')}  ,  v 

«P{sinaco8a-sin*a  (©  +  ^)  -  cos"a  (»  +  w  )} ^  ^' 

Now,  by  the  geometry, 

cos  (a  +  ©)  +  cos  o)'  +  cos  (a  —  ©")  =  2  cos  a  -I- 1, 

and  therefore,  as  far  as  the  first  order  of  small  quantities, 

—  sin  a .  (0+ sin  a .  w  «  0, 

of'  =  €0 (6). 

Also,  by  the  geometry, 

sin  (a  +  «)  =  sin  a  +  sin(a  —  ©"), 

cos  a .  fi)  =  ©'  —  ©"  cos  a  =  cd'  —  ©  cos  a, 

co'»2<oco6a (7). 

Hence  by  (5),  (6),  (7),  we  have 

Q  {sin  a  cos  a  +  sin*  a  («  +  4/)  +  cos"  a  (1  +  2  cos  a)  a}        ,g. 
asPJsinctcosa  — sin*a  ((»+^)  — cos*a(l  +  2cosa)(»} ^ 

Eliminating  P  and  Q  between  (1),  (3),  and  (8),  we  have,  as 
far  as  small  quantities  of  the  first  order, 

(tP  """^J  8inacosa=— flr{(2+4cos'a)fi)+8in*a.^+sin*a.^'}..(9). 

But    a;  =  asin(a  +  a>)  +  2;cos^~aoosa.Q»+  •••9 

y  =  a  cos  (a  +  00)  +  A;sin  ^  s  —  asin  a .  o»  +  A:^  +  •••> 
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a;' =  a  sin  (a4-  co)  ^-asinaj'+A'cos^'  «:  acosa^cD— aa)'+.•• 
=— aco8a.a)4-..., 

y*  ==acos(a+oi)+acos» +i'  sin  ^'  =  —  a  sin  a . « +i'^'  +  ... ; 
hence,  by  (9), 

2asinflC0s"a   ,^  +5^  {(2 +  4cos"a)  a>  +  i^8in*a  +  ^'sin*a}  =  0: 
and,  by  (2)  and  (4), 

which  are  the  same  three  linear  equations  as  (5),  (6),  (8),  in  the 
former  solution. 

If  h  be  equal  to  A;',  the  cubic  equation  (9)  of  the  former 
solution  will  degenerate  into  a  quadratic,  and  the  variations  of 
Q>,  ^,  ^',  will  no  longer  be  expressible  by  the  composition  of  the 
same  elementary  vibrations.  This  will  be  an  instance  of  the 
failure  of  the  Principle  of  the  Coexistence  of  small  Oscillations. 

Euler;  Ad.  Acad.  Pe^op.  1779,  P.  ii.  p.  95. 

(5)  A  hollow  circular  ring  is  suspended  by  a  point  in  its 
circumference,  and  a  particle  is  placed  inside  it :  they  are  both 
made  to  oscillate  through  a  small  extent  from  their  positions 
of  equilibrium,  in  the  plane  of  the  ring :  to  determine  the  num- 
ber and  periods  of  the  coexistent  oscillations  of  the  system. 

If  a  denote  the  radius  of  the  ring,  and  M,  m,  the  masses  of 
the  ring  and  particle  respectively,  there  will  be  in  the  system 
two  coexistent  oscillations  the  periods  of  which  are 

(6)  A  thin  hemispherical  bowl  rocks  slightly  on  a  horizontal 
plane,  sufficiently  rough  to  prevent  sliding :  a  particle,  the  mass 
of  which  IS  equal  to  that  of  the  bowl,  is  fixed  to  one  end  of  a 
fine  string,  the  length  of  which  is  equal  to  half  that  of  the 
radius,  the  oth^  end  of  the  string  being  attached  to  the  centre, 


TT 
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fixed  in  relation  to  the  bowl,  of  the  rim  of  the  bowl :  to  deter- 
mine the  number  and  the  periods  of  the  small  oscillations 
of  the  system,  supposing  the  motion  to  be  such  that  all  the 
molecules  of  the  system  move  parallel  to  one  vertical  plane. 

There  will  be  two  coexistent  oscillationSy  the  periods  of  which 
are  equal  to  the  two  values  of  -^;  p  being  given  by  the 
equation 

r  denoting  the  radius  of  the  bowl. 

(7)  One  of  the  scales  of  a  common  balance  having  been 
dightly  displaced  from  its  position  of  rest,  in  a  vertical  plane 
passing  through  the  beam ;  to  investigate  the  nature  of  the 
OBcillatoiy  motions  of  the  two  scales  and  of  the  beam,  to  which 
the  displacement  will  give  rise. 

Let  0  (fig.  286)  be  the  point  of  suspension  of  the  whole 
balance,  O  its  centre  of  gravity,  AB  the  beam,  P  and  Q  the 
scales,  which  are  here  supposed  to  be  material  points.  Draw 
aOh horizontal,  aAa,  IBfi,  vertical.  Let  AG^a^ BO,  OC  =  h, 
00  — c,  AP^  l^BP,  Mlf  =  the  moment  of  inertia  of  the  beam 
about  0,m  —  the  mass  of  P  and  of  Q  supposed  to  be  equal. 

Let  ^  be  the  angle  which,  at  any  time  t,  the  beam  makes  with 
the  horizon ;  let  ^  PAol  =  17,  ^  QB^  =  0,    Also  put 

and  let  —  |*j",  —ft/,  represent  the  two  roots  of  the  quadratic 

^+(w*H-p*-2Aj)jB4-ny  =  0. 
Then,  bearing  in  mind  that,  initially, 

^=0,  17=€,  ^=0, 

^«0       ^-0        ^=0 
eft     "'      dt     ^'       dt       ' 

where  €  is  a  known  constant,  we  shcdl  obtain  for  the  complete 
expression  of  the  motions 


+  €COfln^ 
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(8)  One  of  the  scales  of  a  common  balance  having  been 
slightly  displaced  from  its  position  of  rest,  in  a  vertical  plane 
at  right  angles  to  the  beam ;  to  investigate  the  nature  of  the 
oscillatory  motions  of  the  two  scales  and  of  the  beam. 

Let  AB  (fig.  237)  be  the  original  position  of  the  beam^  PQ  its 
position  at  any  time  t\  p,  q,  the  projections,  on  the  directions 
AP,  BQ,  respectively,  of  the  positions  of  the  scales,  considered 
as  material  points,  at  the  same  time.  Let  AC^a  —  BO^ 
AP^z^BQ,  I)^=^w,  Qq=y,  2ft*  =  the  moment  of  inertia  of 
the  beam  round  C,  m^  the  mass  of  each  scale,  I « the  length 
of  the  string  by  which  each  scale  is  suspended.  If  we  put, 
for  simplicity^ 


!-"•■  !('*^^) 


we  shall  have,  for  the  complete  expression  of  the  motions,  the 
initial  value  of  a  being  c,  while  those  of  y,  -^,   -J^,  are  all 


dt'   cU' 


zero, 


fl?=:cCOS 


(n'  —  n  \   .    /n'  +  n  \ 
— g-  tj  sin  ( — 2~  7 ' 

2g  ma*  o    .  -n'^ 

Investigations  of  the  last  two  problems  are  given  in  a  paper 
on  the  Sympathy  of  Pendulums,  in  the  Cambridge  Mathem<Uical 
Journal,  Vol  ii.  p.  120,  by  D.  F.  Gregory  and  A.  Smith. 
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CHAPTER  XII. 

IMPULSIVE  FORCEa 

If  two  rigid  bodies  impinge  against  each  other,  their  motions 
both  of  translation  and  of  rotation  will  generally  experience 
modification^  the  determination  of  the  nature  of  which,  in  the 
case  of  bodies  of  which  the  positions  and  motions  are  sjssigned 
at  the  instant  before  impact,  constitutes  the  general  problem  of 
collision.  The  process  of  collision  may  be  divided  into  two 
stages  of  indefinitely  small  duration :  in  the  former  stage,  by 
the  force  of  compression,  which  we  will  denote  by  R,  the  two 
points  at  which  the  bodies  touch  each  other  are  constrained  to 
a8S\ime  equal  resolved  velocities  in  the  direction  of  the  common 
normal  to  their  surfaces ;  in  the  latter  stage,  by  the  force  of 
restitution,  if  the  bodies  be  not  inelastic,  an  additional  reaction 
eB  takes  place  between  them,  where  e  denotes  their  commou 
elasticity.  Let  co^,  q>,,  co^  denote  the  angular  velocities  of  one 
of  the  bodies  about  its  principal  axes  and  v^,  r,,  v,,  the  com- 
ponents of  the  velocity  of  its  centre  of  gravity,  at  the  conclusion 
of  the  former  stage  of  the  collision ;  let  6d/,  cd,',  cd/,  v^,  v,',  v^\ 
denote  the  analogous  quantities  in  relation  to  the  other  body. 
Then,  for  the  expression  of  the  motion  of  the  former  body, 
as  modified  by  the  force  of  compression,  we  shall  have  six 
equations  involving,  together  with  known  quantities,  the 
symbols  ©j,  ©,,  «,,  v^,  v,,  »,,  B;  and  in  like  manner  for  the 
latter  body  we  shall  have  six  equations  involving  «/,  w/, «,', 
t?/,  V,',  V3',  iJ.  Thus  we  shall  have  in  all  twelve  equations 
involving  thirteen  variables.  Another  equation  is  supplied  by 
the  condition  that  the  points  of  the  two  bodies  at  which  their 
contact  takes  place  shall  have  an  equal  resolved  velocity  in  the 
direction  of  the  common  normal.  Thus  we  shall  be  able  to 
determine  completely  the  modification  of  the  motions  of  the  two 
bodies  due  to  the  force  of  compression  as  well  as  the  magnitude 

w.  s,  37 
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of  this  force.  An  additional  modification  must  be  applied,  in 
the  case  of  elastic  bodies,  in  consequence  of  the  force  of  restitu- 
tion eR,  which,  from  the  investigation  for  the  former  stage  of 
the  collision,  has  become  a  known  force.  If  one  of  the  bodies  be 
immoveable,  the  simplification  of  the  method  of  investigation 
which  we  have  described  is  obvious,  the  thirteen  equations  of 
which  we  made  mention  being  reduced  in  this  case  to  seven^ 
and  the  common  normal  velocity  of  the  two  points  of  contact 
being  zero.  For  ample  information  on  this  subject  the  student 
is  referred  to  Poisson's  Traite  de  M4canique,  Tom.  ii.  p.  254| 
seconde  ^ition. 

Sect.  1.    Single  Body.    Smooth  Surfaces,     Axes  of  Sotatum, 
before  and  after  impulsive  action^  parallel  to  ea^ch  other, 

(1)  A  beam  of  imperfect  elasticity,  moving  anyhow  in  a 
vertical  plane,  impinges  upon  a  smooth  horizontal  plane:  to 
determine  the  initial  motion  of  the  beam  after  impact 

We  will  commence  with  supposing  the  beam  to  be  inelastic ; 
in  this  case  the  extremity  of  the  beam  which  strikes  the 
horizontal  plane  will  continue  after  impact  to  slide  along  it 
without  detaching  itself.  Let  PQ  (fig.  238)  represent  the  beam 
at  anytime  after  impact;  fZ  being  the  section  of  the  horizontal 
plane  made  by  the  vertical  plane  through  PQ;  O  the  centre  of 
gravity  of  P^;  draw  OHdX  right  angles  to  KL.  Let  OH^y^ 
QG=:a,  L  OQH=^0,  Jfc  =  the  radius  of  gyration  about  O^ 
m^^the  mass  of  the  beam;  w,  a/j  the  angular  velocities  of  the 
beam  about  G  estimated  in  the  direction  of  the  arrows  in  the 
figure,  just  before  and  just  after  impact ;  u,  v,  the  vertical 
velocities  of  0  estimated  downwards  just  before  and  just  afler 
impact ;  B  the  blow  of  impact 

Then,  a  ^<a  being  the  angular  velocity  communicated  by  the 
blow,  we  shall  have,  if  fi  be  the  value  of  0  at  the  instant  of 
impact, 

,  Ba  cos  fi  „ . 

~-'"'-^*- (^^' 
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and,  t*  —  V  being  the  velocity  of  G  which  ifl  destroyed  by  the 
blow, 

tt-v-- (2). 

Again,  by  the  geometry,  we  have 

y  =  a  sin  ^ ; 

and  therefore,  t  denoting  the  interval  between  the  instant  of 
impact  and  the  arrival  of  the  beam  at  the  position  represented 

in  the  figure, 

dy  ^dff 

-31  =  a  cos  ^  -J- : 
dt  dt 

hence,  —  v,  —  cd',  being  the  values  of -^,  -jI  >  «^t  the  instant  aflter 

impact,  we  have 

v  —  acmfi.m  (3). 

From  (1),  (2),  (3),  we  get 

-fl  +  pCos*/9J«v-o«cosA 

jy       ,,w  — a<»cosi8  ,.. 

^"^^^co^fi+i?" W. 

Hence,  from  (1), 

f  ^ti  — aoicosiS     auco8/8+i*« 

O)  «<»+aC0Sp-5 rSTTTi— "~« tOiiJi  > 

a'cos*/8  +  Ar      a  cos  p  +  ir 
and,  from  (2), 

, ,  w  —  a©  cos  i8  ^  aw  cos  ;8  +  k*m 

a"cos*/8+**  a*cos"^  +  Ar 

Next  let  us  suppose  the  beam  to  be  imperfectly  elastic,  its 
elasticity  being  denoted  hj  e;  in  this  case  the  value  of  B  given 
in  (4)  must  be  increased  in  the  ratio  of  1  +  tf  to  1 ;  and  there- 
fore, instead  of  the  equation  (4),  we  have 


37—2 


680  IMPULSIVE  FOBCES. 

which  detennmes  the  magnitude  of  the  blow  of  impact :  substi** 
tuting  this  value  of  B  in  (1),  we  get 

'        .  /I  .    >  o  w  — aft)C08)8 

a,=a,+  (l-fe)acosff^,^^,^^^ 

_  (A:*  —  g'g  cos*  j8)  o)  +  (1  +e)au  cos  fi 

a'cos-yS  +  A*  ' 

and,  substituting  in  (2), 

a.    N  7  •  w  —  OGJ  cos  B 

__  g'ucos'ff  — e^tt  +  (1  4-  g)  A;'aQ) cosff 
•      a*cos«ie^  +  i* 

The  velocity  of  G  parallel  to  the  plane  KL  will  be  the  same 
before  and  after  impact.  The  end  B  of  the  beam  will  evidently 
after  impact  detach  itself  from  the  horizontal  plane,  since  v  is 
less  and  «>'  greater  when  e  has  a  finite  value  than  when  it  is 
equal  to  zero. 

(2)  The  edge  BC,  (fig.  239),  of  a  vertical  lamina  is  placed 
on  a  line  Oy  of  greatest  slope  on  an  inclined  plane:  after 
sliding  a  given  distance  along  the  plane,  it  impinges  against  a 
small  obstacle  at  C :  to  determine  the  impulsive  reaction  of  the 
obstacle  and  the  motion  of  the  lamina  immediately  after  impact. 

Let  O  be  the  centre  of  gravity  of  the  lamina;  draw  OH  at 
right  angles  to  Oy;  Ox  parallel  to  HO,  Let  (?-ff  =  a,  CH^ 6, 
m  =  the  mass  of  the  lamina,  k  =  the  radius  of  gyration  about 
O;  0=^ the  velocity  of  O  immediately  before  impact.  We  will 
commence  with  supposing  the  lamina  to  be  perfectly  inelastic;  in 
this  case  the  point  C  of  the  lamina  will  remain  during  impact 
in  contact  with  the  obstacle,  the  lamina  rotating  about  this  point. 
Let  B,  8,  denote  the  impulsive  reactions  of  the  obstacle  parallel 
to  Ox,  yO ;  and  let  u,  i;,  denote  the  velocities  of  O  parallel  to 
Ox,  Oy,  on  the  completion  of  the  impact ;  also  let  »  represent 
the  angular  velocity  of  rotation  about  G  at  the  same  instant 

Then  we  have,  for  the  motion  of  translation, 

mu^R (1), 

mv^mc  ^S (2) ; 
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and,  for  the  motion  of  rotation, 

mVfo^Sa^Rh (3). 

Again,  the  velocity  of  the  point  C  of  the  lamina^  estimated 
parallel  to  Ox,  will  be 

u^wGOcos  £  OGH or  u^lm, 

the  former  term  of  this  expression  arising  from  the  motion  of 
Oy  and  the  latter  from  the  rotation  of  the  lamina  about  Q. 

Also  the  velocity  of  the  point  G,  parallel  to  Oy,  will  be 

v  —  «.  cousin  ^  GGHor  v-^acj, 

the  former  term  being  due  to  the  motion  of  O,  and  the  latter  to 
the  rotation  about  G,  But  the  point  G  of  the  lamina,  which  is 
perfectly  inelastic,  remains  at  rest  during  the  impact :  hence, 
evidently, 

w-hcD^^O (4);        v  — aft)=sO (5). 

From  (1)  and  (4)  we  have 

R^^mJm (6), 

and  from  (2),  (5), 

fif==m(c-a4») (7) : 

substituting  these  values  of  R  and  8  in  (3),  we  obtain 

Vto  =  00  —  cfto  —  6'ft), 
and  therefore, 

__        oc  _        ahc  _        g'c 

«-a«  +  6*  +  ^»'    ^"?+i^  +  *«*    ^-a"  +  6«  +  A«- 

hence  also,  from  (6), 

jy  _      mahc 

^-a*  +  6*  +  A:»' 
and,  from  (7)» 

^"■'''r""a»  +  i'  +  W"a*  +  6«  +  A;'* 

If  the  lamina  be  supposed  to  be  elastic,  we  must  increase 
these  values  of  R  and  8  in  the  ratio  of  1  +  «  to  1,  e  denoting 
the  elasticity.    Hence 

^~  a«  +  6*  +  yfc*  '     ^  a*  +  A»  +  ifc«       ' 
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and  therefore,  from  (1),  (2),  (3), 

(3)  A  beam  AB  (fig.  240)  is  originally  in  a  vertical  position, 
hanging  from  the  point  0  along  the  line  Oy:  supposing  the 
extremity  A  of  the  beam  to  be  projected  from  0  with  a  given 
velocity  along  a  smooth  horizontal  groove  Oos,  to  determine  the 
motion  of  the  beam. 

Let  AB  be  the  position  of  the  beam  after  a  time  t  from  the 
projection  of  A,  G  its  centre  of  gravity ;  draw  OH  at  right 
angles  to  Ox\  let  OH  =  x,  OH^y,  ^OAQ^0,  AG  =  a\ 
m  s=  the  mass  of  the  beam,  A:  =  its  radius  of  gyration  about  G, 

Then,  for  the  motion  of  the  beam  at  any  time  after  the  pro- 
jection, we  have,  by  the  Principle  of  the  Conservation  of  Vis 
Viva, 

-(S+d^'+^f)-^+2^^ w> 

and,  by  the  Principle  of  the  Conservation  of  the  Motion  of  the 
Centre  of  Gravity, 

^-^' • (2)- 

From  (1)  and  (2),  we  have 

but,  from  the  geometry,  we  see  that  y  =  a  sin  ^ :  hence 

m{a'cos*0 -i-k^^^  0"  +  2mgaBm0 (3). 

Let  B  denote  the  blow  of  projection  which  is  impressed  upon 
the  end  A  of  the  beam ;  u  the  velocity  of  A's  projection,  and  <o 
the  angular  velocity  of  the  beam  about  G  immediately  after  the 
blow.  Also  let  t;  be  the  velocity  communicated  to  (?  by  the 
blow. 

Then  we  shall  have 

mv^Bf  m^(i)  =  Ba (4). 
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Again^  the  velocity  of  A  along  Ojs  will  be  equal  to 

V  -f  ato, 

the  former  term  being  due  to  the  motion  of  G,  and  the  latter  to 
the  rotation  about  0 ;  but  the  velocity  of  ^  is  also  u  by  the 
hypothesis:  hence 

but,  from  the  equations  (4),  we  have  A;*©  =  av :  we  obtain,  there- 
fore, 


a 


J^u  au 


M=V  +  Tit;,       t;=     ,   .     . . ,         CD  = 


Now,  ^  =  Jtt,     ji  =*  ^*  simultaneously :  henoe,  from  (3), 

and  therefore 

(a*  cosV  +  A:»)  ^  =  &•»»  -  2^a  (1  -  sin  0) 

Also,  the  value  of  -rz  being  constant,  as  is  shewn  by  the 
equation  (2), 


-—  =t;=-« — TT.     a;  = 


which  gives  the  v^city  of  G  parallel  to  Ox,  and  the  value  of  x 
at  any  time  of  the  motion :  the  angular  velocity  of  the  beam 
for  erery  position  is  given  by  (5). 

(4)  An  inelastic  beam  AB,  (fig.  241),  capable  of  moving  in  a 
vertical  plane  about  a  fixed  horizontal  axis  through  A,  falls  from 
a  given  position,  and  impinges  against  an  immoveable  obstacle 
at  (7 :  to  determine  the  shock  on  the  axis. 

Let  0  be  the  centre  of  gravity  of  the  beam ;  AMk  horizontal 
line  through  A\  let  m  =  the  mass  of  the  beam ;  ^  0AM  =  ^  at 
any  time  t  of  the  descent ;  a  =  the  initial  value  of  ^ ;  k  =  the 
radius  of  gyration  about  G ;  AG  ^a. 
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Then,  for  the  motion  of  the  beam  in  its  fall, 

m  (a*  +  i*)  -^  =  mga  cos  6\ 

d6 

multiplying  l>y  2  -tt  and  integrating, 

dfF 
m  (a'  +  ^)  ;^-  =  ^mag sin  tf  +  C; 

but  tf  =  a  when  -^  =  0 ;  hence 

0  =  Zmag  sin  a  +  (7, 
and  therefore     (a*  +  A;')  -^  =  2agf  (sin  tf  —  sin  a). 

ttv 

Jifl 

Let  iJ  CAM=^  /3  and,  at  the  instant  before  impact,  let  "tt  = » ^ 

then 

(a»  +  Jfc")  «*  =2a5r  (sin  ^- sin  a) (1). 

Let  B,  R,  denote  the  impulsive  reactions  of  the  obstacle  G 
and  the  axis  A,  at  the  instant  of  impact ;  both  of  which  will 
evidently  be  at  right  angles  to  the  length  of  the  beam.  Now  the 
eflFect  of  the  reaction  jS  is  to  destroy  the  whole  of  the  angular 
velocity  of  the  beam  about  A,  by  impressing  upon  it  an  equal 
and  opposite  angular  velocity :  hence,  putting  CA  =  c, 

m<o{<f  +  J(?)^Bc (2). 

Again,  the  difference  of  the  moments  of  R  and  R  about  the 
centre  of  gravity  of  the  beam  being 

R{c-a)-  Ra, 
we  must  have 

R{c'^a)  —  jB'a  =  mA;'« (3). 

From  (2)  and  (S)  we  obtain 

mo)  (a*  +  A:*)  (c  —  cf)  -  Rac  =  mifcto. 
Roc  =  ruM  {(c  —  a)  (a*  +  fc*)  —  ci*}, 


R  =  moD  <a Y ; 
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and  therefore,  from  (1), 

^         ^        ,  /sin /8  -  sin  a\4  /       o'  +  t"\ 

If  5^  =  0,  we  have 

a =0,      c= ; 

and  therefore  (7  must  be  the  centre  of  oscillation  of  the  beam  at 
the  moment  of  impact. 

If  the  beam  be  elastic,  we  must  increase  the  value  of  R  given 
by  (2)  in  the  ratio  of  1  +  «  to  1,  6  denoting  the  elasticity;  we 
shall  then  have,  from  (3), 

U'  =  ^{(l  +  a)(c-a)(a»+A»)-cifc'l. 

QfC 

(5)  An  inelastic  beam,  which  is  moving  without  rotation 
along  a  smooth  horizontal  plane,  impinges  upon  a  fixed  rod  at 
right  angles  to  the  plane  :  to  determine  the  impulsive  reaction 
of  the  rod  and  the  motion  of  the  beam  subsequent  to  the 
impact. 

Let  AB  (fig.  242)  be  the  position  of  the  beam  at  the  instant 
of  impact ;  0  the  place  of  the  obstacle ;  0  the  centre  of  gravity  of 
the  beam ;  G*  O  the  line  of  (7's  motion  before  impact.  Produce 
OB  indefinitely  to  x,  and  draw  the  indefinite  line  yOj/  at  right 
angles  to  Ox  and  meeting  Off  at  <?'.  Let  ^  =  the  impulsive 
reaction  of  0,  which  will  be  exerted  along  the  line  Oy  ;  u  =  the 
velocity  of  G  before  impact ;  ^  OG*G^a\  00  =  c ;  A  =  the 
radius  of  gyration  oi  AB  about  & ;  m  =  the  mass  of  the  beam ; 
let  Vgy  v^y  be  the  velocities  of  O  parallel  to  Ox,  (?y,  just  after 
impact,  and  to  the  angular  velocity  about  O. 

Then,  by  the  equations  of  impulsive  motion, 

mv^  =  mu  sma (1), 

mi;^  =  mttCosa  — 5 (2), 

ml^fd^Rc (3). 

Again,  the  velocity  of  the  point  0  of  the  beam  in  the  direction 
Oy,  the  instant  after  impact,  must  bo  v^  -  co,  v^  being  its 


686  IMPULSIVE  FORCES. 

velocity  due  to  the  velocity  of  0,  and  —  co)  its  velocity  due  to  the 
rotation  of  the  beam  about  O ;  but,  the  beam  being  inelastic, 
the  effect  of  the  impact  is  to  destroy  the  resolved  part  of  (7s 
velocity  at  right  angles  io  AB\  hence  v^  must  be  equal  to  c». 

We  have,  then,  from  (2), 

« 

7nc(o  —  mu  cos  a  —  ^, 
and  therefore,  by  the  aid  of  (3), 

m(?(o  =  mcu  cos  a  —  twA;"©, 
cu  cos  a 


Hence,  from  (3), 


J.  _  mlfu  cos  a 


c*  +  A;«     ' 
and  consequently,  from  (2), 

l(?u  cos  a     o'u  cos  a 


Also,  from  (1),  v^  ~  u  sin  cl 

Thus  we  have  determined  completely  the  instantaneous 
motions  of  the  beam  after  the  impact,  and  the  impulsive  re* 
action  of  the  rod  at  0, 

It  may  be  ascertained  that,  if  the  original  motion  be  precisely 
such  as  our  particular  figure  represents  it,  on  the  consummation 
of  the  impact,  the  beam  will  detach  itself  from  the  obstacle  and 
will  then  move  along  freely  with  the  velocities  v^.,  v^,  »,  which 
we  have  obtained  above.  In  fact  we  should  find,  if  we  were  to 
assume  the  beam  always  to  touch  the  obstacle,  that  the  obstacle 
would  have  to  exert  a  continuous  attraction  instead  of  a  re- 
action. 

(6)  A  uniform  horizontal  stick,  falling  to  the  ground  by  the 
action  of  gravity,  strikes  at  one  end  against  a  stone :  to  compare 
the  blow  it  receives  with  what  it  would  have  received  had  both 
ends  struck  simultaneously  against  two  stones,  the  blows  beiug 
supposed  to  take  place  at  right  angles  to  the  stick. 
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The  blow  it  actually  receives  is  half  the  blow  it  would  have 
received,  on  the  latter  hypothesis,  at  each  stone. 

(7)  One  end  of  a  straight  brittle  rod  is  held  still  in  the 
hand,  while  the  other  is  tapped  against  a  table  till  the  rod 
snaps :  to  determine  the  point  of  fracture. 

The  fracture  will  take  place  at  a  distance  from  the  fixed  end 
equal  to  -rx ,  where  a  is  the  length  of  the  rod. 

(8)  A  thin  uniform  brittle  rod,  capable  of  turning  about 
one  fixed  extremity,  is  struck  by  a  given  impulse  at  a  given 
point :  to  find  the  point  at  which  there  will  be  the  greatest 
tendency  to  snap  in  two. 

Let  I  be  the  length  of  the  rod,  a  the  distance  of  the  point  of 
impact  from  the  free  end. 

If  a  be  not  greater  than  - 1,  the  point  where  the  rod  is  most 
likely  to  snap  is  at  a  distance  from  the  fixed  end  equal  to 


If  a  be  greater  than  ^  I,  the  required  point  comcides  with 
the  point  of  impact. 

(9)  A  perfectly  inelastic  rod  slides  in  the  direction  of  its 
length  down  an  inclined  plane,  and  eventually  strikes  a  hori- 
zontal plane :  to  find  the  impulses  experienced  by  the  two  ends 
of  the  rod  at  the  instant  of  impact. 

If  F  be  the  velocity  of  the  rod  the  instant  before  impact,  m 
its  mass,  and  a  the  inclination  of  the  plane,  the  blows  ex- 
perienced by  the  upper  and  lower  ends  are  respectively  equal  to 

1 

4 w  Fsm  a 

2  + cos  2a   '   2Tcos2a* 
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(10)  A  hollow  circular  cylinder^  open  at  both  ends,  is  move- 
able about  a  diameter  of  one  end :  to  find  the  distance  of  the 
line  of  the  centres  of  percussion  from  the  fixed  diameter. 

Let  a  be  the  radius  of  the  cylinder,  and  b  its  length :  then 
the  required  distance  is  equal  to 

a"     2, 


Sect.  2.    Single  Body.    Smooth  Surfaces.    Determination  of 

Instantaneous  Axes  ofEotaiion,  Jkc. 

(1)  A  rigid  system  at  rest  is  struck  by  any  system  of  simul- 
taneous blows :  to  determine  the  position  and  velocity  of  the 
Spontaneous  Axis  of  Rotation,  that  is,  of  a  straight  line,  rigidly 
connected  with  the  system,  which,  on  the  application  of  the 
blows,  has  no  motion  but  in  the  direction  of  its  length. 

Let  the  centre  of  gravity  of  the  system  be  taken  as  the  origin 
of  co-ordinates :  the  system  of  blows  may  be  reduced  to  three 
impulsive  pressures  X,  y,  Z,  at  the  origin,  along  the  axes  of 
Xy  y,  z,  respectively,  and  three  impulsive  couples  the  moments 
of  which  are  L,  M^  N,  in  the  planes  yz,  zx^  xy,  respectively. 

^^  ^  ^  ^  be  the  components  of  the  absolute  velocity  of 
a  particle  Sni,  (the  co-ordinates  of  which  are  x^  y,  z),  just  after 
the  impacts,  parallel  to  the  axes  of  co-ordinates ;  VJ,  F/,  F^', 
the  components  of  the  velocity  of  the  same  particle  relatively  to 

the  centre  of  gravity ;  V^,  V^,  V^  the  components  of  the  velocity 
of  the  centre  of  gravity ;  co^,  qd^  q>,,  the  angular  velocities  im- 
pressed upon  the  system  about  the  three  axes. 

Then  we  have 

K-^K+K'.      f,=  F,+  f;,      f.=T.+  f;; 

and  VJ  =  «©,  -  yo). 


(!)• 
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Now  we  have,  for  the  motion  about  the  centre  of  gravity,  the 
equations 

2Sm(^F;-.fl?F.0  =  Jf  > (2); 

which,  by  substituting  for  VJ,  Vy\  F/,  the  values  given  above, 
become 


c»j,2  [s^  +  a?)  ini  —  v)^yzhm  —  m^yxBm  =  Jf 


(3). 


To  simplify  these  equations,  suppose  the  axes  of  co-ordinates 
to  coincide  with  the  principal  axes  through  the  centre  of  gravity, 
and  let  A,  B,  (7,  represent  the  principal  moments  of  inertia  of 
the  system :  then  we  have 


iloj  =  2/ 


(4). 


Again,  for  the  motion  of  the  centre  of  gravity  we  have,  if  m 
be  the  whole  mass  of  the  system, 

and  therefore,  for  the  components  of  the  absolute  velocity  of 
any  particle  hm,  we  shall  have 


(5); 


^    ^    ^,   X    M    m 

•       »       '     m       B    '  U 


(6). 


m     ^  A        B  J 
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Considering  V^,  V^  V^  ss  constant,  any  two  of  the  equations 
(6)  will  represent  a  straight  line :  multiplying  them  in  order  hy 

-J,   -J.,   y^,  we  get,  as  a  condition  to  which  F^  F^,  T^t  are 

subject, 


L.V^    M.V,    N.V.L.X    M.Y    N.Z 
A     ■*"     B    ^     C    '  mA^  mB  ^  mO 


(7). 


The  direction-cosines  of  the  line  are,  as  appears  from  its 
equations,  proportional  to 

L         M        N 
A'       B'        O' 

m 

but,  if  the  line  be  the  spontaneous  axis,  these  cosines,  as  is 

evident  from  the  definition,  must   also    be   proportional   to 
V    V    V  ' 


hence,  putting 

^'~  A 

^'~  B 

we  see,  from  (7),  that 

h^ 

LX     MY    NZ 
mA^  mB     mC 

A'^  B'^ 

^S^ 

(8); 


(9). 


From  (8)  and  (9),  F  denoting  the  velocity  of  the  spontaneous 
axis,  we  see  that 


^,^f7NZ 
_  mA      mB     mG 


i- 


+-^  + 


cV 
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The  equations  (6)  become,  by  (8), 

hL     X  .     M      N 


A 

1 

m 

"B 

"G' 

TeM 
B 

Y^   N 

L 

kF    Z 
C  ^m^ 

L 

M 

which  are  the  equations  to  the  spontaneous  axis,  k  being  sup* 
posed  to  have  the  value  given  by  the  equation  (9). 

For  further  information  on  this  problem  the  student  is  re- 
ferred to  two  papers  in  the  Cambridge  Mathematical  Journal, 
Vol.  IV.  November  1844 ;  the  former  paper  having  been  con- 
tributed by  Mr  Goodwin,  now  Bishop  of  Carlisle. 

(2)  The  extremity  of  the  minor  axifi  of  an  elliptic  board  is 
fixed:  it  is  struck  in  a  direction  perpendicular  to  its  plane 
through  one  focus :  to  determine  the  eccentricity  of  the  ellipse 
in  order  that  the  axis  of  initial  rotation  may  pass  through  the 
other  focus. 

Let  A,  By  be  the  moments  of  inertia  of  the  ellipse  about  the 
tangent  and  normal  to  the  curve  at  the  fixed  point :  let  P  be 
the  magnitude  of  the  blow,  and  co^  o>,,  the  instantaneous  angular 
velocities  about  the  tangent  and  normal. 

Since  the  tangent  and  normal  are  principal  axes,  we  have 

-4a)j  =  P6,    Pq),  —  --P.ae. 

But  -4  =  7  7ra6*,  5  =  ^  ira% :  hence  — *  ^  —  tt  •     But,  since 
4  4  0),         one 

the  initial  axis  of  rotation  is  to  pass  through  the  other  focus, 

CD.        ae     ^  ,1 

—  =  —  -r  :   hence  r  =  ^ . 

(3)  A  rectangular  parallelepiped  is  rotating  with  a  given 
angular  velocity  about  a  diagonal,  when  one  of  its  edges,  which 
does  not  meet  the  diagonal,  suddenly  becomes  fixed  :  to  deter- 
mine the  angular  velocity  about  this  edge. 
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Let  a>  be  the  given  angular  velocity :  let  the  fixed  edge  OC 
be  taken  as  the  axis  of  z,  the  edges  OA,  OB,  being  the  axes  of 
a,  y,  respectively. 

Let  Mk'*  denote  the  moment  of  inertia  of  the  parallelepiped 
about  OG,  and  &/  the  required  angular  velocity  about  it.  Since 
all  the  impulses  on  the  body  pass  through  the  axis  of  z,  the 
moment  of  the  momentum  of  the  body  about  this  axis  will  not 
be  affected  by  the  impulsive  action  :  hence 


^v=x».(«|-,f) 


Let  2a,  2b,  2c,  be  the  lengths  of  the  edges  of  the  parallele- 
piped, a,  h,  c,  being  therefore  the  co-ordinates  of  its  centre  of 
gravity. 

Let  a/,  y',  z\  be  the  co-ordinates  of  any  particle  referred  to 
axes  through  the  centre  of  gravity ^  parallel  to  OA,  OB,  OG. 
Then 

Let  a>^,  cDy  €0^  be  the  angular  velocities,  before  the  impulse, 
about  the  axes  of  x',  %f,  z  :  then 

hence,  observing  that  the  new  origin  is  the  centre  of  gravity 
and  that  the  new  axes  are  principal  axes,  we  have 

and  therefore,  MV  being  the  moment  of  inertia  about  the  axis 
of  «', 

Jfc*     1 
It  may  easily  be  ascertained  that  p5"=  t  :  hence 

,     1 
1 

=  7  01  COS  7, 

4 
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where  7    denotes  the  inclination  of  the  fixed   edge  to  the 
diagonal  about  which  the  body  was  originally  revolving. 

(4)  A  lamina  in  the  form  of  a  quadrant  of  a  circle,  fixed 
at  one  extremity  of  its  arc^  is  struck  by  a  blow  at  right  angles 
to  its  plane  at  the  other  extremity:  to  find  the  position  of 
the  instantaneous  axis. 

Let  the  fixed  point  be  taken  as  the  origin  of  co-ordinates>  the 
axis  of  X  passing  through  the  centre  of  the  circle,  that  of  y 
being  a  tangent  to  the  circle,  that  of  z  perpendicular  to  the 
plane  of  the  circle.  Let  o>^,  a>y,  q>„  be  the  instantaneous  angular 
velocities  about  the  three  axes.  Let  Z  be  the  blow.  The 
general  formulsB  are^ 

Am^  =  WyS  (mxtf)  +  «,  2  {mxz)  +  L, 
BoD^  =  6),X  (rnyz)  +  a>^X  {myx)  +  M, 
C<0jf  =  w^S  {mzx)  +  0)^2  {"mzy)  +  -flT. 

In  the  present  case,  a  being  the  radius  of  the  circle,  these 
formulae  reduce  themselves  to 

AoD^  =0)^2  {may)  +  Zci, 

Co).  =  0. 

Let  fk  denote  the  mass  of  a  unit  of  arjea  of  the  lamina :  thei^ 

n 

2  {mxy)  =  fi\  \   rdOdr  .  (a  —  r  cos  d) .  r  sin  6 


Q 


=  ^,/^'[  (4  -  3  cos  ^)  sin  dd^ 
1^        Jo 


5       4 
=  24^' 

Agam  A  =^ -^a\  ^  fMwa  =» -^  . 


w.  s. 


Routh  :  Bigid  Dynamicf,  2nd  Edn.  p.  20a 

38 
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Also 


Hence 


whence 


B^J  j  firdOdr.a? 
JoJo 

w 

1       r« 

^(15^-32). «,«^*«,-^a, 
(157r-42)»,=  (10-37r)a)^ 


and  therefore,  ^  being  the  inclination  of  the  instantaneous  axis 
to  the  axis  of  w, 

,      ^      IO-Stt 

(5)  A  free  rigid  body  is  moving  about  its  centre  of  gravity, 
which  is  at  rest :  a  given  point  of  the  body  suddenly  becomes 
fixed:  to  determine  the  position  of  the  instantaneous  axis  at 
the  subsequent  instant,  the  motion  of  the  body  the  instant  be- 
fore being  supposed  to  be  known. 

Let  h,  k,  I,  be  the  co-ordinates  of  the  given  point,  referred 
to  Grx,  Oy,  Qz\  the  principal  axes  at  (7,  the  centre  of  gravity. 

Let  10^  oiy,  tfc  be  the  angular  velocities  of  the  body  about  the 
axes  Qx\  Oi/,  (iz\  the  instant  before  the  point  became  fixed, 
Q^,  fiy,  n„  those  about  parallel  axes  through  the  point  the 
instant  after  it  became  fixed.  Let  A^  S  ^  G\  be  the  moments 
of  inertia  about  Ox^  Oy\  0£,  and  A,  J?,  C,  those  about  the 
parallel  axes.     Then* 

*  Bonth :  Rigid  Jhfnamici,  2nd  Edn.  p.  204. 
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-4'a>^  =  A£l^  —  2  (may)  .11^  —  2  {mxz) .  H., 
ir<o,-^Ba,-%(mjfz)  .  fl.-2  (myo?) .  fl^ 
(7'ft>,  =  (7Q,  —  2  (m^a?) .  11^  —  2  (m^y)  .  O,. 

Let  a,  i,  c,  be  the  principal  radii  of  gyration  at  the  centre  of 
gravity :  then,  fi  denoting  the  mass  of  the  body, 

^=2{m(y'  +  z«)}=2m{(y'-ifc)«+(/-0"} 

=  2m{y'«  +  ^'»-2Jfcy-2&'  +  if  +  n 

Also  2(7»a?y)«2{m(i«?'-A)(y'-A:)} 

=s2  {m  {xi/  —  Ay'  —  kx'  +  hk)} 
=  /LiAA?. 

Hence  rt*o),  =  (a*  +  ifc*  -f  P)  fl.  -  Aikfl^  -  AZfifc. 

Similarly         b\=-{V'\'P  +A")  fl,  -  Jfcin4-A:An^ 

By  cross  multiplication  and  obvious  transformations  tire  shall 
find  that,  t^  denoting  h*  +  k?  +  P, 

ii«{(^+a')(7^+6")(/+c')-A«(t'  +  iO('^+0-*'(^+c^(**+a^ 

+  bVh  (ka>^  +  Uoi), 
the  expressions  for  il^  12^  being  thence  olmotis  from  symmetiy* 

Cor.    From  the  above  results  We  may  feadily  infer  the 
following  relation,  viz. : 

a'Aoi^       Vkw^       c^Zfln. 

An. + 411^+ zn,= — p y        ^   • 

(6)     One  point  of  a  rotating  rigid  body  is  fixed :  the  body 
receives  a  blow  of  given  magnitude  passing  through  a  given 

o 
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point  of  the  body :  to  determine  the  condition  that  the  initial 
axis  of  rotation  after  the  blow  may  be  perpendicular  to  the  axis 
of  rotation  before  the  blow. 

Let  the  axes  of  co-ordinates  at  the  instant  under  considera- 
tion coincide  with  the  principal  axes  at  the  fixed  point.  Let 
(A,  k,  I)  he  the  given  point  of  the  body,  (X,  F,  Z)  the  com- 
ponents of  the  blow.  Let  A,  B,  C,  be  the  principal  moments 
of  inertia  at  the  fixed  point,  and  (oi'^  oi'y,  w\)  the  component 
angular  velocities  generated  by  the  blow.    Then 

Aw'^^Yl^Zk,    B(o\^Zh^Xl,    CfD\  =  Xk^Yh. 

Let  (a>j,  oiy  Q),)  be  the  component  angular  velocities  the  in- 
stant before  the  blow :  then,  (a>^  fi>^  o),)  being  the  component 
angular  velocities  the  instant  after  the  blow, 

and  therefore 

A<o^=^A(o^-¥  Yl-Zk, 

Beif^  =  Ba>^  +  Zh-Xl, 

(7ft).=  (7a>3  +  XAj-rA. 

Hence  the  equations  to  the  initial  axis  of  rotation  after  the 
blow  are 

Ax  _  By Cz 

A(o,+  Yl" Zk" Ba}^-¥ Zh- Xl"  C<o^-^Xk-  Yh 

In  order  that  this  axis  of  rotation  may  be  at  right  angles  to 
the  instantaneous  axis  before  the  blow,  we  must  have 

J(^«^+Il-Zifc)  +  ~»(Bfti,+Z*--X0  +  ^'(C7a),+  Jfifc-FA)=O. 

Let  X,  y,  z,  be  the  co-ordinates  of  any  point  in  the  line  of 
action  of  the  blow,  referred  now  to  co-ordinate  axes  passing 
through  the  point  {h,  k,  I)  and  parallel  to  the  principal  axes  of 
the  body  at  the  fixed  point :  then,  R  denoting  the  blow, 

X^  Y^  Z^  R 


6) 
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and  therefore,  putting  m^  +  c»,'  +  ©3'  =  a>", 

^*  (x*  +  2^+ «•)= |5  (Zy- *^)  +  J  (A«- to) +^«  (to  -  Ay)}*. 

an  equation  which  shews  that  the  locus  of  the  blow's  direction 
is  a  right  circular  cone,  the  equations  to  its  axis  of  figure 
being 

Cor,     Since 

it  follows  that  the  axis  of  the  cone  is  perpendicular  to  the  line 
joining  the  given  point  of  the  body  to  the  fixed  point. 

(7)  A  given  point  of  a  rigid  quiescent  body  is  fixed :  to 
determine  the  position  of  an  axis,  fixed  in  the  body,  through 
this  point,  such  that  the  body,  being  struck  by  a  given  blow, 
may  acquire  the  greatest  possible  vis  viva. 

Let  L,  M,  N,  be  the  components,  in  relation  to  the  principal 
axes  at  the  given  point,  of  the  moment  of  the  blow  about  the 
given  point  Let  I,  m,  n,  be  the  direction-cosines  of  the  fixed 
axis.  The  principal  moments  of  inertia  being  A,  B,  C,  the 
angular  velocity  impressed  on  the  body  by  the  blow  will  be 
equal  to 

LI  +  Mm  -i-  Nn 
AP  +  Bm^  +  W 

and  therefore  the  vis  viva  acquired  will  be  equal  to 

Al^+Bnt'+Cn*^ 

Let   Z=-j  +  7^,    7^1  =  -— -I- v^     u,  =  -_4.t£;:    then  the  nume- 
rator of  the  expression  for  the  vis  viva  becomes 
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iP      If 

+  77 


and  the  dei^minfttor  becomes 

A       Jj        U 
Hence  the  vis  viva  ia  equal  to 

A     'B      77 

Tbk  ^result  shews  that  the  vis  viva  is  greatest  when  u,  v,  w, 
antd  therefore  Z,  m,  n,  are  proportional  to  -r  >  "^,  7,2  hence  the 

^ed  ipcis  coincides  with  what  would  have  heen  the  instantaneous 
axis  had  the  body  been  free  to  move  without  any  constraint  but 
Ihat  due  to  the  given  fixed  point,    (Euler's  Theorem  *.) 

{8)  To  determine  the  nature  of  the  impulses  which  must  be 
impressed  upon  a  free  quiescent  cube  in  order  that^  ipso  motus 
initio,  a  diagonal  of  the  cube  may  remain  at  rest 

{iet  X,  F,  Z,  be  the  components  of  the  resultant  force  through 
0,  tine  centre  of  gravity  of  the  cube,  along  rectangular  axes 
OXf  Oy,  Qzy  parallel  to  the  edges ;  let  Z,  J/,  N,  be  the  com- 
ponents of  the  resultant  couples  about  these  axes:  and  let 
d*s=y  =  #,  be  the  equations  to  the  quiescent  diagonal ;  then 

x^o,  r=o,  z=o, 

and  L^M^N'y 

*  Lagrange:  MManxq\te  Analytique ;  Tom.  r.  p.  294.  Tliomson  and  Tait: 
Katural  Philotophy,  Vol.  i.  p.  216. 
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results  which  shew  that  the  resultant  force  must  be  zero,  and 
that  the  plane  of  the  resultant  couple  must  be  at  right  angles 
to  the  quiescent  diagonal. 

(9)  To  determine  the  nature  of  the  impulses  in  the  preced- 
ing problem,  in  order  that  an  edge  of  the  cube  may  remain  for 
an  instant  quiescent. 

Let  the  equations  to  the  quiescent  edge  be 

2a  being  the  length  of  an  edge :  then 

X=0,  Jf=0,  iV=0, 

^■"2a'  ^*     2a" 

results  which  shew  that  the  resultant  force  is  at  right  angles  to 
the  diagonal  plane  through  the  quiescent  edge,  and  thdt  the 
plane  of  the  resultant  couple  is  perpendicular  to  this  edge. 

(10)  A  lamina,  in  the  form  of  a  semi-ellipse  bounded  by 
the  axis  minor,  is  moveable  about  the  centre  as  a  fixed  point,, 
and  falls  from  the  position  in  which  its  plane  is  horizontal : 

(1)  to  determine  the  impidse  which  must  be  applied  at  the 
centre  of  gravity,  when  the  lamina  is  vertical,  in  order  to  re- 
duce it  to  rest ;  (2)  if  this  force  be  applied  perpendicularly  to 
the  lamina  at  the  extremity  of  an  ordinate  through  the  centre 
of  gravity,  instead  of  being  applied  at  the  centre  of  gravity 
itself,  to  ascertain  the  position  of  the  axis  of  revolution  the 
instant  afterwards. 

(3       \J 
gor^aj  ,  M  being  the 

mass  of  the  ellipse,  and  the  required  axis  is  the  major  axis. 

Mackenzie  and  Walton  :  Solvtions  of  the  Cambridge 
Problems  for  1854. 

(11)  The  angular  point  ^  of  a  txiangular  lamina  ABC  is 
fixed :  if  a  blow  be  impressed  upon  the  lamina,  at  B  or  C,  at 
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right  angles  to  its  plane,  to  determine  the  position  of  the  in- 
stantaneous axis. 

The  instantaneous  axis  will  pass  through  one  of  the  points  of 
trisection  of  ifC. 

(12)  A  square  lamina  is  moving  freely  about  a  diagonal 
with  a  given  angular  velocity :  if  one  of  the  ends  of  the  other 
diagonal  become  fixed,  to  determine  the  impulsive  pressure  on 
the  fixed  point  and  also  the  instantaneous  angular  velocity. 

Let  0)  be  the  given  angular  velocity,  m  the  mass  of  the 
lamina,  and  c  the  length  of  a  semidiagonal :  then  the  impulsive 
pressure  and  the  instantaneous  angular  velocity  are  respectively 

equal  to  =  mcto  and  =  o). 

(13)  A  square  lamina,  one  angular  poibt  of  which  is  fixed, 
is  struck  by  two  equal  blows,  one  along  a  side  not  terminating 
at  the  fixed  point,  the  other  perpendicular  to  the  plane  of  the 
lamina  through  an  angular  point,  not  the  fixed  one  nor  in  the 
line  of  the  former  blow :  to  determine  the  initial  instantaneous 
axis  and  the  position  of  the  invariable  plane. 

Let  the  side,  terminating  at  the  fixed  point,  which  is  per- 
pendleular  to  the  farmer  blow,  be  the  axis  of  x,  the  other  side, 
which  terminates  at  the  fixed  point,  being  that  of  y  ;  the  axis 
of  z  being  perpendicular  to  the  lamina.  Then  the  Equations  to 
the  instantaneous  axis  are 

a;  :  y  :  «  ::  32  :  2i  :  '^, 

and  the  equation  to  the  invariable  plaiie  is 

16a?  +  12y  +  7«  =  0. 

(14)  A  rectangular  lamina,  the  centre  of  which  is  fixed,  is 
struck  perpendicularly  at  a  point  in  a  given  line  through  its 
centre :  to  find  the  position  of  the  axis  of  instantaneous  ro- 
tation. 

Let  2a  be  the  angle  between  the  diagonals  of  the  rectangle 
and  )9  the  inclination  of  the  given  line  to  one  of  its  sides: 
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let  0  be  the  inclination  of  the  required  axis  to  the  same 
side :   then 

tanp 

Griffin :  Solutions  of  the  Examples  on  the  Motion 
of  a  Rigid  Body,  p.  57. 

(15)  A  free  rectaDgular  lamina  is  struck  perpendicularly  at 
a  given  point :  to  find  the  position  of  the  axis  of  instantaneous 
rotation. 

Let  a,  b,  be  the  lengths  of  the  sides  of  the  lamina,  and  axes 
of  co-ordinates,  Ojc,  Oy,  be  taken  in  the  plane  of  the  lamina 
through  its  centre  0,  parallel  to  these  sides :  let  A,  k,  be  the 
co-ordinates  of  the  given  point ;  then  the  equation  to  the  initial 
axis  will  be 

^  +  ^+1  =  0 
a*  ^  y  ^  12     "• 

Griffin :  lb,  p.  57. 

(1 6)  A  circular  lamina,  of  radius  a,  revolving  about  a  diameter 
with  an  angular  velocity  ©,  is  struck  perpendicularly  to  its 
plane  at  the  extremity  of  the  diameter  which  is  at  right  angles 
to  the  foi*mer,  and  afterwards  has  an  angular  velocity  w  :  to 
find  the  distance  between  the  original  and  latter  axis  of  ro- 
tation. 

The  required  distance  is  equal  to 

O   ©'—  ft) 

4      «' 

Griffin :  lb.  p.  58. 

(17)  A  cube  is  struck  by  three  blows  along  three  of  its 
edges  which  neither  meet  nor  are  parallel :  to  ascertain  whether 
it  has  an  initial  instantaneous  axis  or  not. 

There  is  no  instantaneous  axis  at  a  finite  distance  from  the 
body.  Griffin :  lb,  p.  60. 

(18)  A  rigid  body  is  struck  by  a  couple:  to  find  the  maxi- 
\  mum  value  of  the  angle  between  the  axis  of  the  couple  and 
j             the  axis  about  which  the  body  will  begin  to  rotate. 
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The  cosine  of  the  maximum  value  of  the  angle  is  equal  to 

2  2  2 

(h\h  ,  /C'\4'    /C'\4      /^\4'    /4\4  .  (B\h' 

UJ+fe)    u)+fe)    bJ+u) 

where  -4,  5,  (7,  are  the  principal  moments  of  inertia  with 
respect  to  the  centre  of  gravity. 

(19)  A  quiescent  ellipsoid  is  struck  by  a  system  of  blows, 
the  resultants  of  which  are  a  force,  through  its  centre  of  gravity, 
the  direction-cosines  of  which  are  I,  m,  n,  and  a  couple,  the 
direction-cosines  of  the  axes  of  which  are  \  fi,v:  to  determine 
the  ratio  of  the  velocity  of  the  spontaneous  axis  of  rotation  to 
the  velocity  of  the  centre  of  gravity  of  the  ellipsoid. 

The  required  ratio  is  equal  to 

tX,  mfi  nv 


W  +  (?y  "*"  (c"  +  ay  "^  (a'  -I-  by] 


h 


Sect.  3.     Several  Bodies.    Smooth  Surfaces. 

(1)  A  heavy  sphere  P  (fig.  243)  falls  from  a  given  altitude 
upon  a  body  at  rest,  the  upper  surface  of  which  is  a  smooth 
inclined  plane ;  the  body  is  capable  of  sliding  along  a  smooth 
horizontal  plane,  its  lower  surface  being  flat :  the  vertical  plane 
through  the  centres  of  gravity  of  the  sphere  and  the  body 
intersects  the  inclined  plane  in  the  direction  of  its  greatest  slope: 
to  determine  the  initial  motions  of  the  sphere  and  of  the  body, 
both  of  which  are  supposed  to  be  perfectly  inelastic. 

Let  ABH  denote  the  section  of  the  body  made  by  the 
vortical  plane  passing  through  its  centre  of  gravity  and  that 
of  the  sphere,  AH  being  a  line  in  the  horizontal  plane. 

Let  Vhe  the  velocity  of  the  sphere  just  before  impact ;  u,  v, 
the  resolved  parts  of  its  velocity  after  impact,  perpendicular  and 
parallel  to'  the  hypotenuse  BA  of  the  triangle  BAH;  u    the 
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velocity  of  the  body  parallel  to  -4-3"  after  the  impact ;  m,  m',  the 
respective  masses  of  the  sphere  and  body,  and  B  the  blow  of 
collision;  let  ^BAH^a, 

Then,  for  the  motion  of  the  sphere,  the  blow  being  at  right 

angles  to  BA^ 

mu  =  mFcosa  — J3 (1), 

t?=  Fsin  a (2) ; 

and,  for  the  motion  of  the  body, 

«nV  =  J5sina (3). 

These  three  equations  involve  four  unknown  quantities,  %  v, 
u,  B :  for  the  solution  of  the  problem,  then,  another  equation 
will  be  necessary.  This  will  be  obtained  by  the  consideration 
that,  the  sphere  and  the  body  being  both  perfectly  inelastic,  the 
effect  of  their  collision  is  merely  to  prevent  the  penetration  of 
the  one  into  the  interior  of  the  other,  without  causing  any 
recoil,  which  could  result  only  from  the  existence  of  elasticity  : 
hence  the  velocity  of  the  ball,  after  collision,  at  right  angles 
to  the  line  BA,  must  be  equal  to  the  velocity  of  any  assigned 
point  in  this  line  estimated  in  the  same  direction. 

Now  the  velocity  of  any  assigned  point  in  BA  at  right  angles 
to  this  line  is  evidently  u'  sin  z ;  and  therefore  we  have 

w'sina  =w (4). 

From  the  equations  (1),  (3),  (4),  we  obtain 

mB  sin*  a  =  mm  Fcos  a  —  m'B, 

and  therefore  B  =  — r-s , (5), 

m  sm  a  +  m  ^  ^ 

which  gives  the  magnitude  of  the  blow. 

From  (3)  and  (5)  we  get 

,     m  Fsin  a  cos  a 

u  = 7~i r  f 

m  sm  a  +  m 

which  determines  the  motion  of  the  body ;  and  therefore,  by  (4), 

m  Fsin*a  cos  a 

w= r-= r-- 

msm  a  +  m 

D*Arcy ;  Mdmoirea  de  VAcad^mie  des  Sciences  de  Parts, 
1747,  p.  344. 
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(2)  Two  billiard  balls  B  and  G  (fig.  244)  are  lying  in  contact 
on  the  table :  to  find  the  direction  in  which  the  ball  B  must  be 
struck  by  a  third  ball  ^  so  as  to  go  off  in  a  given  direction  BD ; 
the  balls  being  of  equal  volume  and  weight,  and  perfectly 
smooth. 

Let  the  direction  AB,  which  joins  the  centres  of  A  and  B  at 
the  instant  of  their  collision^  make  an  angle  0  with  the  straight 
line  GBE,  and  let  ^  CBD  =  a.  We  will  first  suppose  the  balls 
to  be  inelastic.  Let  a,  d,  denote  the  resolved  parts  of  the 
velocity  of  A  in  the  direction  AB,  before  and  after  collision  re- 
spectively ;  and  6,  c,  the  velocities  of  5,  (7.  Let  m  represent 
the  mass  of  each  of  the  balls^  R  the  blow  between  A,  B,  and  8 
that  between  B,  C, 

Then,  for  the  motion  of  B,  resolving  forces  at  right  angles 

to  EG, 

m68ina  =  JBsin^ (1), 

and,  resolving  parallel  to  EG, 

mb  cosa  =  Rcos0  —  8 (2). 

Also,  for  the  motion  of  (7,  we  have 

nic  =  8 (3). 

Again,  since  after  collision  the  velocities  of  B  and  G  in  the 
direction  EG  must  be  equal,  there  is 

6cosa=c (4). 

From  (3)  and  (4)  we  get  mbcoaoL  =  8, 
and  therefore,  from  (2), 

mb  cosa=B  cos  0"  mi  cos  a, 
i2cosd=  2mbcosa (5). 

From  (1)  and  (5)  there  is 

mb  sin  a  cos  d  =  2mb  cos  a  sin  0, 

and  therefore  tan  0  =  ^  tan  a, 

which  determines  the  point  at  which  A  must  come  into  collision 
with  B. 
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If  we  introduce  the  consideration  of  elasticity,  the  magnitudes 
of  It  and  8  will  each  have  to  be  increased  in  the  ratio  of  1  +  6 
to  1.  Now  the  direction  of  ^s  motion  will  evidently  not  be 
affected  by  any  alteration  in  the  absolute  magnitudes  of  R  and 
8,  provided  that  the  ratio  between  their  intensities  be  not 
changed.  Thus  we  see  that  the  consideration  of  elasticity  will 
not  modify  the  solution  of  the  problem. 

(3)  A  billiard  ball  impinges  simultaneously  upon  two  other 
billiard  balls  which  are  resting  in  contact:  to  determine  the 
motions  of  the  three  balls  after  collision. 

Let  A  (fig.  245)  denote  the  centre  of  the  impinging  ball  at 
the  moment  of  impact ;  A\  A",  those  of  the  other  two  balls. 
Draw  the  lines  AA',  AA\  and  produce  them  indefinitely  to  points 
a\  a\  draw  Aa  a  common  tangenfc  to  the  two  balls  A\  A\ 
Then  evidently  after  collision  Jl's  motion  will  be  confined  to  the 
straight  line  Aa ;  while  A ^  A"y  will  proceed  to  move  along 
A'a'y  A*'a\  Let  w,  t?,  be  the  velocities  of  A  before  and  after  im- 
pact; V*  the  velocity  after  impact  of  each  of  the  balls  A\  A'\ 
Since  AAA*  is  evidently  an  equilateral  triangle,  ^  oAa  ^  \'ir 
=  ^aAd'  \  let  B  be  the  blow  of  collision  between  A,  A,  and 
A,  A'  \  and  m  the  mass  of  each  of  the  three  balls.    Then 

wv  =  mw  —  25 cos  ^TT (1), 

mv'^B (2). 

Let  us  first  suppose  the  three  balls  to  be  perfectly  inelastic ; 
then  the  instant  after  impact  the  balls  A,  A^  will  move  in 
contact,  as  well  as  the  balls  A^  A' ;  hence 

t;'  =  vcos^tt: 

we  have,  therefore,  from  (2), 

JB  =  mv  cos  ^  ; 
o 


and  consequently,  from  (1), 


TT 


mv  =  mu  —  2mv  cos'  tt  ,        t;  = 


u  2u 


1  +  2  cos'  ^ 
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IT      3* 

and  therefore  v  =  t;  cos  75  =  -j^  w, 

o      5 

and  J9=  — — (3). 

If  the  balls  be  elastic,  and  e  denote  their  elasticity,  we  must 
increase  the  value  of  J5  in  (3)  in  the  ratio  of  1  +  e  to  1 ;  hence 
we  have 

•S=  (1  +  e)  -^ (4), 

and  therefore,  from  (1), 

mv  =  mu  —  §  (1  +  e)  mu, 
t;  =  i(2-36)t/; 

and,  from  (2),  (4),       mv'  =  (1  +  e)  ^= , 

o 

Maclaurinj  Treatise  of  Flvadons.    D'Alembert;  TraiU 
de  Dynamique,  p.  227. 

(4)  A  ball  G  (fig.  246)  impinges  upon  an  inelastic  beam  AB 
with  a  given  velocity,  at  right  angles  to  its  length :  to  deter- 
mine the  magnitude  of  the  blow  and  the  initial  circumstances 
of  the  motion  of  the  beam  and  ball. 

Let  Q  be  the  centre  of  gravity  of  the  beam ;  m'  its  mass,  k  the 
radius  of  gyration  about  O ;  let  EO  =  a,  w  =  the  velocity  of  the 
ball  before  impact,  t>  =  its  velocity  immediately  afterwards ; 
R  =  the  magnitude  of  the  mutual  impulse :  let  v  be  the  velocity 
of  O  and  co  the  angular  velocity  of  the  beam  about  O  just  after 
collision. 

Then,  for  the  initial  motion  of  the  ball  after  collision,  m 

denoting  its  mass, 

mv^mu^R (1) ; 

and,  for  the  initial  motion  of  the  beam, 

wV  =  i2 (2), 

m'k^m^Ra (3). 
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Again,  the  velocity  of  the  point  E  of  the  beam  will  be 
equal  to 

V   +06), 

the  former  term  of  the  expression  being  due  to  the  motion 
of  0,  and  the  latter  to  the  rotation  about  0 ;  but^  the  beam  and 
ball  being  inelastic,  the  velocity  of  the  point  E  of  the  beam 
after  collision  must  be  equal  to  that  of  the  point  E  of  the  ball, 
and  therefore  of  the  point  G:  hence  we  have 

t;  =  t;'-f  aoi ....(4). 

From  (1),  (2),  (3),  (4),  we  obtain 

B     B     Ba* 
mm     mh 

and  therefore 

^  u  mml^u 


11,    a*       {m-\-w:)}i?-^mu? 
m     f»      mAr 

Hence,  from  (1),  we  get 

m'lfu  _      m{Jf-\-d!)u 


V  =  tA  — 


from  (2),  V*  = 


mJfu 


{m'\-m')J(?+nia*' 
mau 


and,  from  (3),  „^^——,-^^—^. 

(5)  A  cylinder  is  revolving  with  a  given  angular  velocity 
round  its  axis,  which  is  horizontal,  when  it  suddenly  begins  to 
draw  up  a  weight,  consisting  of  inelastic  materials,  by  means  of 
an  inextensible  string  wound  round  the  cylinder :  to  determine 
the  time  the  system  will  continue  in  motion,  and  the  original 
distance  of  the  weight  from  the  cylinder,  in  order  that,  at  the 
instant  the  motion  ceases,  the  weight  may  just  touch  the 
cylinder. 

Let  a  s  the  radius  of  the  cylinder,  m  =  its  mass,  k  =  the  radius 
of  gyration  about  its  axis ;  m'  =  the  mass  of  the  weight ;  let 
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o),  <o,  denote  the  angular  velocities  of  the  cylinder  just  before 
and  just  after  beginning  to  draw  up  the  weight;  let  w  =  the 
velocity  of  the  weight  at  the  commencement  of  its  motion, 
5= the  impulsive  force  exerted  initially  by  the  string  on  the 
weight. 

Then  we  shall  have 

Ba  B 

but  u  =  oci)' :  hence 

B  Ba* 

and  therefore 

Let  5  denote  the  angle  through  which  the  cylinder  has 
revolved  about  its  axis  at  the  end  of  the  time  t  from  the 
commencement  of  the  raising  of  the  weight;  and  let  x  be 
the  corresponding  distance  of  the  weight  below  the  horizontal 
plane  through  the  axis  of  the  cylinder.  Then,  by  the  Principle 
of  the  Conservation  of  Vis  Viva, 

m'^  +  mk'^=^2m'gx+C (2): 

but,  if  b  denote  the  value  of  x  at  the  commencement  of  the 
raising  of  the  weight,  it  is  clear  from  the  geometry  that 

x-i-  aO  =  b,    and  therefore  a  jt  =  — r  • 

at         at 

hence,  from  (2), 

m  d^ -{■  mli?  da?     ^   ,       .  ^ 
a' d?  =  2«'5'^  +  C: 

differentiating  with  respect  to  «,  and  dividing  by  2  ^ , 


.«\  ^^  - 


{md}  4-  mk*)  -^  =  m  (^g : 

integrating  with  respect  to  t,  we  have 

dec 
{mo?  +  mk*)  -T.  ="(!-{■  md^gt : 
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dx 

but  ^  =  -  ^  w^GJi  <  =  0 :  hence  C7=  -  (mV  +  mi^  w,  or,  by  (1), 
C  =  —  maaJ^,  and  therefore 

(mV  +  iwA*)  -TT  =  m V^ri  —  maa-A?* (3): 

integrating  again  with  respect  to  t^  we  get 

but «  =  6  when  <  =  0 :  hence  C  =  (m'a"  +  mi*)  6,  and  therefore 
(ma*  +  «iA*)  «?  =  (w'a*  +  mi*) 6  +  \m'a^gi? - ma<»i*^ (4). 

Let  i  denote  the  time  when  the  motion  ceases  for  an  instant: 

dx 
then,  from  (3),  since  -^  =  0  when  t^t\ 

^  '  mag 

Hence  also,  from  (4),  since  x^Q  when  t ^t', 

m*G)*i* 

which  gives  the  required  value  of  b. 

(6)  Two  inelastic  spheres,  of  ^ich  A  and  a  (fig.  247)  ara 
the  centres,  are  attached  to  rigid  rods  OA  and  ca,  which  are 
capable  of  motion  in  a  single  plane  about  axes  through  G  and  o 
at  right  angles  to  the  plane :  supposing  the  spheres  to  impinge 
against  each  other  with  given  velocities,  it  is  required  to  deter-- 
mine  their  initial  velocities  after  impact. 

Join  Aa,  and  produce  it  indefinitely  both  ways  to  points  a,l3i 
from  G,  c,  draw  CO,  eg,  at  right  angles  to  o^  at  the  moment 
of  collision.  Let  G,  c,  represent  the  lines  GG,  eg;  O,  o>,  the 
angular  velocities  of  GA,  ca,  about  G,  c,  respectively,  imme- 
diately •  before,  and  il\  not,  immediately  after  collision,  the 
angular  motions  being  estimated  in  the  directions  indicated  by 
the  arrows  in  the  figure ;  £  the  blow  of  collision ;  /  the  moment 
of  inertia  of  the  sphere  A  with  its  rod  AG  about  the  axis 
through  G,  %  the  moment  of  inertia  of  the  other  sphere  and  rod 
about  c. 

w.  a  39 
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Then,  ft'  —  fl  being  the  angular  velocity  which  CA  gains,  and 
Q>  —  <o  that  which  ca  loses  by  the  shock,  we  shall  have 

/(ft'-fi)  =  -B.  (7,    i(»-Q)')  =  -B.c (1). 

But,  the  spheres  being  inelastic,  the  point  P  of  the  sphere  a 
will,  the  instant  after  collision,  have  the  same  velocity  along  afi 
as  the  point  P  of  the  sphere  A  :  hence 

fl'.  CP. sinzCP(?  =  ft>'. cP. sin  zcP^', 

or  a'G^co'c (2). 

ft 

Now,  from  the  equation  (1), 

c/(ft'-fl)+ Oi(o)'-«)  =  0, 

and  therefore,  by  (2),  we  get 

(c'/+ CH)  »' =  C7  (c/n  +  (7ta)) ; 
and  therefore        {c^I-{'  C^i)  H'  =  c  {cIQ,  +  Cud)  ; 
which  two  equations  give  the  values  of  fl',  to\ 

The  solution  of  a  particular  case  of  this  problem  was  unsuc- 
cessfully attempted  by  John  Bernoulli^  son  of  the  celebrated 
John  Bernoulli,  in  the  M4moire8  de  St.  Petersbourg,  Tom.  vn.: 
the  correct  solution  of  the  problem,  in  its  most  general  form, 
was  given  by  D'Alembert,  Traits  de  Dynamique,  p.  221 ;  second 
edition. 

(7)  An  impulsive  tension  in  the  direction  of  the  tangent  is 
applied  at  one  extremity  of  a  uniform  perfectly  flexible  heavy 
string,  lying  on  a  smooth  table :  to  investigate  the  form  of  the 
string  in  order  that  all  the  particles  may  start  with  equal 
velocities. 

Let  t  be  the  impulsive  tension  at  a  point  of  the  string  the 
co-ordinates  of  which  are  x,  y ;  and  let  the  initial  velocities  of 
that  point,  parallel  to  the  axes,  be  v.,  v^\  then,  fu  being  the 
mass  of  a  unit  of  length  of  the  string,  we  have  the  following 
equations,  viz. 
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d  rdx\ 
daVdi) 

daVds) 


H», 


=Mt>, 


(!)•• 


From  tbese  equations  we  have 

a*(i,*Arf,^-(t^'  A.^^  u.d'^^  j.^y^'^ 


[—J.  i^  <y     Q.  <ft  (dx  cPx    dy  <ry\ 

-'{(S)'HS)] 


where  p  denotes  the  radius  of  curvature  of  the  string  at  the 
point  x»  y. 

Since  the  initial  velocities  of  all  the  points  of  the  string  are 
supposed  constant  throughout  the  string,  we  have,  c  denoting 
a  constant  quantity, 

df  .  f 


df  +  p^-' 

Again,  firom  the  equations  (1)  we  may  shew  that 

dif~  p* 

From  (2)  and  (3)  we  see  that 

df  ,  ^^ 


(2). 


(3)t. 


<&* 


«5^  =  «  +  o. 


<•  =  C8*  +  2c'«  +  c", 
where  c'  and  c"  are  constants. 

*  Tait  and  Steele :  Dynamiei  ofaParUeU,  Snd  Edition,  p.  2M. 
t  Ibid.  p.  296. 

89—2 
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Hence 


t* 


ee-(c8  +  cy 
/ .     2c'       c"V 


ce"  -  c ' 
c* 


whence,  putting  s  +  -  =  <r,  we  have 

c 

p — r- ^*^' 

...                                foo"-c'*\i 
where  a  =  i 1 — I. 

The  equation  (4)  shews  that  the  initial  form  of  the  string  is 
that  of  a  catenary,  unless  a=0,  or  cc"=^  c\  in  which  case  />  =  op , 
and  its  form  is  rectilinear. 

(8)  A  given  inelastic  mass  is  let  fall  from  a  given  height  on 
on6  scale  of  a  balance,  and  two  inelastic  masses  are  let  fall  from 
different  heights  on  the  other  scale,  so  that  the  three  impacts 
take  place  simultaneously :  to  find  the  relations  between  the 
masses  and  heights  in  order  that  the  balance  may  remain 
permanently  at  rest. 

If  m  be  the  given  mass,  m!,  m',  the  other  two  masses,  and 
h,  h\  h",  respectively,  the  three  heights,  then 

(9)  An  inelastic  sphere  (A)  slides  down  an  inclined  plane 
and  comes  into  contact  with  an  equal  inelastic  sphere  (B)  lying 
on  a  horizontal  plane  and  touching  the  inclined  plane:  to 
determine  the  velocities  of  the  two  spheres  just  after  collision, 
and  the  angular  velocity  of  the  line  joining  the  centres  of  A  and 
B  the  instant  before  its  becoming  horizontal 
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Let  I  =  the  length  of  the  portion  of  the  inclined  plane  down 
which  the  sphere  A  has  slid  from  rest  before  collision  with  B, 
a  ^  the  inclination  of  the  plane,  r  » the  radius  of  either  sphere ; 
let  V,  v\  be  the  velocities  of  A^  By  respectively,  just  after  colli* 
sion,  and  »  the  required  angular  velocity  of  the  distance  be- 
tween their  centres :  then 

f^  

1  +  cos'a  ^^^^  "*-  *y  >     "^  —  J  ^  Qo&^a 

,     g  sin*  a  (Z+  2r)cos*a  +  2r 
^  ""2?  (l  +  co8«a)« 


cos  a      /o  1  •     \4        /        cos  a      /«  ?  •     \i 


(10)  A  uniform  bar,  moveable  in  a  vertical  plane  about  one 
of  its  ends,  falls  from  a  horizontal  position  and  strikes  a  per- 
fectly elastic  ball :  to  determine  the  greatest  velocity  which  it 
can  communicate  to  the  ball,  and  to  find  the  position  in  which 
the  ball  must  be  struck  to  receive  this  velocity. 

Let  a  denote  the  length  of  the  bar,  m^  m\  the  masses  of  the 
bar  and  ball  respectively ;  then  the  greatest  velocity  which  can 

be  communicated  to  the  ball  is  equal  to  [get'—}]  ;  &nd,  in 

order  to  acquire  this  velocity,  the  ball  must  be  placed  at  a 
distance,  vertically  below  the  point  of  suspension,  equal  to 

^\* 
3m7* 


•( 


(11)  Two  equal  inelastic  balls,  connected  by  a  rigid  rod, 
without  weight,  in  the  line  of  their  centres,  slide  along  a 
smooth  vertical  and  a  smooth  horizontal  plane,  to  the  inter- 
section of  which  the  rod  is  perpendicular:  if  the  lower  ball 
impinge  directly  upon  an  equal  ball  at  rest,  to  determine  the 
angular  velocity  of  the  rod  just  after  the  collision,  its  angular 
velocity  and  position  jiist  before  collision  being  known, 

•  If  a  denote  the  inclination,  and  q»  the  angular  velocity  of  the 

rod  just  before  the  collision,  its  angular  velocity  just  afterwards 

will  be  equal  to 

o» 

1  +  sin*a* 
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(12)  A  rectangular  door,  which  is  open,  is  Btruck 'perpeii- 
dicularly  at  the  outer  edge  by  a  body,  the  mass  of  which  is 
one  third  of  that  of  the  door,  and  which  is  moving  with  a 
given  velocity :  to  determine  the  velocity  communicated  to  the 
outer  edge  of  the  door,  the  hinges  being  ^supposed  smooth  and 
the  colliding  bodies  inelastia 

The  outer  edge  of  the  door  will  acquire  a  velocity  equal  to 
half  that  of  the  impinging  body. 

(13)  A  slender  homogeneous  rod  lies  on  a  smooth  horizontal 
plane :  it  is  divided  into  two  portions  by  a  joint  at  its  middle 
point :  it  is  set  in  motion  by  a  blow  at  one  extremity  perpen- 
dicular to  its  length:  to  compare  the  initial  velocity  of  the 
middle  point  of  the  rod  with  that  which  it  would  have  had 
supposing  the  rod  had  not  been  jointed. 

The  velocity  of  the  middle  point  of  the  rod,  when  jointed,  is 
twice  as  great  as  if  it  had  been  left  in  one  piece,  and  iu  the 
opposite  direction. 

(14)  One  extremity  of  a  beam,  placed  upon  a  smooth  hori- 
zontal plane, is  fixed:  a  ball  A  is  placed  on  the  plane  in  contact 
with  the  beam  at  a  given  distance  from  the  fixed  extremity  :  to 
determine  at  what  point  of  the  beam,  on  the  other  side  of  it, 
another  ball  A'  must  impinge  directly,  so  that  the  greatest 
possible  velocity  may  be  communicated  to  -4  by  the  impact,  the 
beam  and  balls  being  inelastic 

Let  a,  a,  be  the  distances,  at  the  instant  of  impact^  of  Aj  A't 
respectively,  from  the  fixed  end  of  the  beam;  m,  m,  the  re- 
spective masses  of  A,  A' ;  and  /nA"  the  moment  of  inertia  of  the 
beam  about  its  fixed  end.    Then 


a'  =  {^(^a-+M^}*. 


O'Brien  and  Ellis :  SoItUians  of  the  Senate-Eouse  Problems 

for  1844. 

(15)     A  rectangular  door  of  weight  W,  initially  open  and  at 
rest,  is  closed  by  means  of  a  weight  W\  suspended  at  one  end 
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of  a  cord,  which  passes  over  a  pully  at  the  edge  of  the  door 
when  shut :  the  cord  winds  on  and  off  the  arc  of  a  horizontal 
circle  the  radius  of  which  is  equal  to  the  breadth  of  the  door  : 
to  determine  the  angular  velocity  of  the  door  the  instant  before 
and  the  instant  after  its  being  shut. 

Let  a  =the  inclination  of  the  initial  position  of  the  door  to 
its  position  when  shut,  b  =  the  breadth  of  the  door ;  and  let  <o, 
a/,  be  respectively  the  required  angular  velocities :  then 

If  TFss  3  W,  it  appears  that  the  door  will  remain  at  rest  when 
closed. 

(16)  Two  straight  rods  ACB,  CD,  of  equal  thickness  and 
density^  lie  on  a  smooth  horizontal  plane  at  right  angles  to  each 
other,  the  end  G  of  the  latter  being  in  contact  with  the  former : 
to  determine  the  point  at  which  ACB  may  be  struck  by  a 
blow  without  consequent  rotation. 

Let  AC^ a,  BO^b,  OD-e.  Of  the  two  parts  of  the  rod 
ACB  let  ^  0  be  the  greater :  then  the  required  point  of  impact 
lies  in  CA  at  a  distance  from  0  equal  to 

(17)  Two  equal  smooth  uniform  rods,  one  end  of  the  one 
being  freely  jointed  to  one  end  of  the  other,  are  laid  upon  a 
smooth  horizontal  plane :  to  find  the  point  at  which  either  must 
be  struck,  in  order  that  the  system  may  begin  to  move  as  if  it 
were  rigid. 

The  blow  must  be  impressed  at  a  distance  from  the  joint 
equal  to  a  sin' a,  2a  being  the  length  of  either  rod,  and  2a  the 
angle  between  them. 

(18)  Four  equal  rods  are  at  rest,  freely  jointed  together  in 
the  form  of  a  square:  a  blow  is  struck  at  one  comer  in  the 
direction  of  one  of  the  sides :  to  compare  the  initial  velocities  of 
the  centres  of  the  four  rods. 
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The  required  initial  velocities  are  in  tihe  proportion  of  2,  5, 
2,-1. 

(19)  A  rectangle,  formed  of  four  uniform  rods,  which  are 
connected  by  hinges  at  their  ends,  is  revolving  about  its  centre 
on  a  smooth  horizontal  plane  with  a  given  angular  velocity, 
when  a  point  in  one  of  the  sides  suddenly  becomes  fixed :  to 
find  the  angular  velocity  of  either  of  the  sides  adjacent  to  the 
side  with  the  fixed  point,  immediately  after  it  becomes  fixed. 

If  2a  be  tlie  length  of  the  side  of  which  a  point  becomes 
fixed,  2b  the  length  of  an  adjacent  side,  and  o)  the  given 
angular  velocity  of  the  rectangle,  the  required  angular  velocity 
is  equal  to 

Sa  +  b 


6a  +  4i 


09. 


(20)  A  perfectly  inelastic  and  smooth  'ellipsoid  the  semi- 
axes  of  which  are  a,  b,  c,  revolving  with  an  angular  velocity  <o 
round  one  axis  c,  impinges  with  a  velocity  t;  upon  a  quiescent 
sphere  of  equal  magnitude :  the  instant  before  collision,  the 
semi-axis  a  lies  in  the  direction  of  the  motion  of  the  centre  of 
gravity  of  the  ellipsoid :  at  the  instant  of  impact^  the  sphere 
touches  the  ellipsoid  at  the  extremity  of  the  latus  rectum  of  its 
principal  section  containing  a  and  b :  supposing  the  eccen- 
tricity of  that  principal  section  to  be  equal  to  Vf  >  to  determine 
lie  relation  between  t;  and  to  in  order  that  there  may  be  no 
rotatory  motion  in  the  ellipsoid  after  collision. 

The  required  relation  is 

09 


Sect.  4.    Bough  Surfaces. 

(1)  An  inelastic  cylinder  0  (fig.  248)  having  rolled  down 
a  perfectly  rough  plane  CA,  impinges  upon  a  perfectly  rough 
plane    C'A,  the  axis  of  the  cylinder  being  parallel  to  the 
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intersection  of  the  two  planes:  to  find  the  velocity  with 
which  the  cylinder  will  commence  its  ascent  up  the  second 
plane,  and  the  limiting  angle  of  inclination  of  the  two  planes 
for  which  the  ascent  is  possible. 

Let  ^GAC'ssa,  k  =  ihe  radius  of  gyration  of  the  cylinder 
about  its  axis,  a  =  the  radius  of  the  cylinder,  m  =  its  mass ;  u  = 
the  velocity  of  the  centre  0  of  a  circular  section  of  the  cylinder 
just  before  impact,  and  t;  =  the  velocity  after  impact  up  the 
plane  AG' ;  iJ  =  the  impulsive  force  of  friction  exerted  by  the 
plane  AC  upon  the  cylinder  at  the  moment  of  impact  to 
secure  perfect  rolling. 

Then,  for  the  motion  of  the  centre  of  gravity  of  the  cylinder 
parallel  to  AC,  we  have 

mv^R  — mucosa (1); 

and,  for  the  value  of  the  decrement  of  the  augular  velocity  of 

the  cylinder  about  its  axis  owing  to  the  impulse  M,  we  have  the 

expression 

Ba 

which,  by  (1),  is  equal  to 

g  (v  +  «  cos  g) 

but,  the  planes  being  both  perfectly  rough,  it  is  evident  that  -  is 

the  angular  velocity  before,  and  -  after  the  impact :  hence 

u     t?  _  o  (y  +  u  cos  g) 
a     a''  If  ' 

t^  — t>  =  p(t;  +  wcosg): 

but  a*  =  2i* :  hence 

i£  —  v  =  2i;  +  2ti  cos  g ; 

and  therefore,  t; » |(1  —  2 cos g) u, 

which  gives  the  velocity  with  which  the  cylinder  begins  to 
ascend  the  plane  A  C\ 
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Since,  from  the  nature  of  the  case,  v  cannot  have  a  negative 
value,  it  is  clear  that  the  ascent  is  impossible  unless  a  be 
greater  than  ^tt. 

(2)  An  inelastic  cylinder  rolls  without  sliding  along  a  plane, 
and  impinges  upon  a  perfectly  rough  fixed  point,  the  circular 
section  of  the  cylinder  through  the  rough  point  being  supposed 
to  bisect  the  axis  of  the  cylinder :  to  determine  the  least  distance 
of  the  point  from  the  plane  in  order  that  the  cylinder  may  be 
reduced  to  rest  by  the  impact 

Let  0)  be  the  angular  velocity  of  the  cylinder  just  before  and 
m'  just  after  impact ;  the  cylinder  being  supposed  to  turn  over 
the  fixed  point  C,  (fig.  249).  Then,  a  being  the  radius  of  the 
cylinder,  the  centra  0  of  a  transverse  section  will  have  a  hori- 
zontal velocity  a©  before  impact,  and  a  velocity  aw,  at  right 
angles  to  the  radius  COj  just  after  impact.  Let  c  denote  the 
distance  of  C  from  the  plane  on  which  the  cylinder  is  rolling, 
B  the  normal  and  S  the  tangential  reaction  at  C. 

Then,  for  the  motion  of  translation  at  right  angles  to  CO,  we 
have 

nuuB  ^  maoD . h  8 (1), 

a  ^  ^ 

and,  for  rotation  about  0,  there  is 

gmaV  =  2ma'w-  Sa (2). 

From  (1)  and  (2)  we  have 

3a  -  2c 

0)  =0).—  ^ • 

3a 

This  result  shews  that  the  cylinder  will  roll  over  the  fixed 

3 

point  if  c  be  less  than  ^  a. 

The  following  is  a  different  solution  of  the  same  problem. 
The  motion  the  instant  before  impact  is  made  up  of  two 
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motions,  the  one  of  translation,  the  velocity  being  <m,  and  thd 

other  of  rotation,  the  angular  velocity  being  (a 

Let  F  be  any  point  in  the  area  of  the  circular  section  through 

C;  let  OP^r,  and  let  tf -the  inclination  of  OP  to  GO,  and  <^ 

its  inclination  to  the  horizontal  line  AB.    Then  the  moment  of 

the  momentum  of  the  circular  section  about  C>  due  to  the 

rotation^  is  equal  to 

r«  f  8» 

prdBdr .  ra>.  [r  +  a  cos  0) 


J  qJ  0 

=  />o)  I    1     f^dOdr  {r^-a  cos  0) 


c^     /\     \        \     1 
=  pwa*  /     ^^  ( J  +  Q  cos  ^  1  =  ^  TT/ocoa*. 

The    moment    of   the   momentum,  due  to  translation,  is 
equal  to 

aaiprd<f>dr  (r  sin  ^  +  a  —  c) 

0  -'o 


I'f 

J  0  J  Q 

^a^wp  I     d^  JK^sin^-f  ^(a  — c)|- 


^nrpwcf  (a  — c). 
Hence  the  whole  moment  is  equal  to 

2  wpwa'  (3a  -  2c), 

3 

which  will  not  be  positive  unless  c  be  less  than  ^  a,  that  is,  if 

3 

the  cylinder  be  reduced  to  rest,  c  will  be  not  less  than  -  a. 

(3)  A  ball,  sliding  without  rotation  along  a  smooth  horizontal 
plane,  impinges  obliquely  against  a  perfectly  rough  vertical 
plane :  to  determine  the  subsequent  motion  of  the  ball. 

Let  Ox,  Oy,  Oz,  (fig.  250),  be  three  rectangular  axes,  the 
plane  xOy  being  horizontal  and  passing  through  the  centre  C  of 
the  ball,  and  the  plane  xOz  being  the  rough  vertical  plane 
against  which  the  ball  impinges.  Let  E  be  the  point  at  which 
the  ball  strikes  against  the  vertical  plane ;  CF  the  direction  of 
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the  motion  of  0  before  impact  Let  u  be  the  velocity  of  C 
before  impact^  a  the  inclination  of  CFio  Ox ;  v^  v^  the  resolved 
parts  of  the  velocity  of  G  parallel  to  Ox,  Oy,  after  the  impact ; 
w  the  angular  velocity  of  the  ball  about  C  after  impact ;  X,  Y, 
the  impulsive  reactions  of  the  rough  plane  along  aO,  and 
parallel  to  Oy,  during  impact ;  m  the  mass  of  the  ball ;  a  the 
radius  of  the  ball^  k  the  radius  of  gyration  about  a  diameten 

First  we  will  suppose  the  ball  to  be  inelastic.  For  the  motion 
of  the  ball  after  impact,  we  have 

m»,  =  mticosa  — X (1), 

mv^^Z—mw  sin  a (2), 

mb^w^Xa (3). 

Now,  the  ball  being  perfectly  inelastic,  the  velocity  of  C  at 
right  angles  to  the  vei*tical  plane  will  be  destroyed  by  the 
impact,  or  v,  =  0 ;  hence,  from  (2), 

Fsmusin  a (4). 

Also,  the  vertical  plane  being  perfectly  rough,  the  ball  will 
roll  without  sliding  after  impact:  hence  aa>=  v„  and  therefore, 
from  (1),  (3),  we  get 

A*  {mu  cos  a  —  Z)  =  Xa\ 

^    mifu  cos  a  ,«. 

Next,  let  us  suppose  the  ball  to  be  elastic,  e  denoting  the 

elasticity;  then,  v/,  v/,  w,  denoting  on  the  new  supposition 

what  t;^  v^,  o),  were  taken  to  denote  on  the  old  one,  we  shall 

have 

mv^' =s  mu  cos  a  —  (1  '\-e)X (6), 

wv/ =  mw  sin  a  —  (1  +e)Y (7), 

fwA»o>' =  (1  +  6) -Xa (8). 

From  the  equations  (5)  and  (6),  we  obtain 

,  (1  +  e)  ft*  cos  a     a*  — et* 

from  (4)  and  (7), 

v/  =  w  sin  a  —  (1  +  e)  u  sin  a  =  -  «*  sin  a  \ 
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and,  from  (5),  (8), 

,     (1 4-  e)  au  cos  a 

a*  +  lf       ' 
which  values  of  vj,  v'^  o)',  completely  determine  the  subsequent 
tnotion  of  the  ball. 

(4)  A  perfectly  rough  sphere  is  placed  upon  a  perfectly 
rough  horizontal  plane  which  is  made  to  rotate  with  a  uniform 
angular  velocity  about  a  vertical  axis :  to  determine  the  path 
described  by  the  sphere  in  space. 

Let  Oz  (fig.  231)  be  the  vertical  axis  about  which  the  plane 
revolves,  0  being  a  point  in  the  plane ;  let  Oxy  Oy,  be  any  two 
horizontal  lines  fixed  in  space  and  at  right  angles  to  each  others 
P  the  point  of  contact  of  the  sphere  with  the  revolving  plane  at 
any  time  *;  draw  PM  parallel  to  yO.  Let  OM^^x,  PM^y\ 
a  =  the  radius  of  the  sphere,  m  =  its  mass,  vrilf  » its  moment  of 
inertia  about  a  diameter ;  <»»  the  angular  velocity  of  the  revolv- 
ing plane  about  Oz,  the  motion  being  supposed  to  take  place  in 
the  direction  indicated  by  the  arrow  in  the  plane  xOy  in  the 
figure ;  let  X,  F,  denote  the  resolved  parts  of  the  friction  exerted 
by  the  plane  on  the  sphere,  estimated  parallel  to  Ox,  Oy, 
respectively ;  a>^,  a>,f  the  angular  velocities  of  the  sphere  about 
diameters  parallel  to  Ox,  Oy,  the  directions  of  these  velocities 
being  estimated  in  the  manner  indicated  by  the  arrows  in  the 
planes  yOz,  zOx» 

For  the  motion  of  the  centre  of  gravity  of  the  sphere  we  have 

"^J^^^ (*)' 

"S-i- p>> 

and,  for  the  rotation  of  the  sphere, 

m4'^"=ro (3), 

mJ^^*  =  -Xa (4). 

From  (1)  and  (4)  we  have,  eliminating  X, 

"d**  "  dt  ^"^ 
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and,  from  (2),  (3),  eliminating  Y, 

'^-"^ • «»■ 

Integrating  the  equations  (5),  (6),  and  adding  arbitrary  con- 
stants^ we  have 

ag-(7-i»», (7), 

ag=a'  +  *'». (8). 

Now  the  linear  velocity  of  the  centre  of  gravity  of  the  sphere 
relatively  to  the  rough  plane,  in  consequence  of  the  rolling  of 
the  sphere,  will  be 

(U0,  parallel  to  Ox^    —  aw^  parallel  to  Oy ; 

and  the  linear  velocity  due  to  the  rotation  of  the  rough  plane 
will  be 

—  of/  parallel  to  Ox,    (0X  parallel  to  Oy : 

hence,  -yit  -^^9  being  the  whole  linear  velocity  of  the  centre  of 
the  sphere  parallel  to  Oo?,  0|y,  respectively,  we  have 

dx  dy 

and  therefore,  by  the  aid  of  (7)  and  (8),  eliminating  00.  and  ov» 
dx     ^    Vf      .  dx\         /-  .  a"\daj     aC 

eliminating  t  between  these  two  equations,  we  get 

(a(7—  A;'cl)y)  dy  =  (aC  +  I^okx:)  dx : 
integrating  and  adding  an  arbitrary  constant  G",  we  obtain 

2a(7y  -  A'a)^  =  2a  C'x  +  i'coa?'  +  0", 

.      .     2aC7'        2a  0        C"     ^  ,^, 
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We  proceed  now  to  the  determination  of  the  arbitrary  constants. 
Let  the  initial  distance  of  the  centre  of  the  sphere  from  the  axis 
of  z  be  b,  and  let  the  axis  of  x  be  so  chosen  as  to  pass  through 
the  initial  position  of  the  point  of  contact  of  the  sphere  with  the 
rough  plane.  Then,  since  the  initial  impulse  of  the  friction  of 
the  revolving  plane  upon  the  sphere  is  at  right  angles  to  the 

axis  of  aj,  we  shall  have  initially  -tt  =  0,  0)^  =  0 :  hence,  from  (7), 

we  see  that  C^O.  Again,  i^  denoting  the  impulse  of  the 
firiction  when  the  sphere  is  just  placed   upon  the'  revolving 

plane,  and  f^j,  (a>J,  denoting  the  values  oi-^^to^  just  after 

the  impulse,  we  shall  have 

-(S)-^- (10). 

mjf  (w.)  =Fa (11). 

» 

But,  since  there  is  no  sliding  between  the  sphere  and  the  plane, 
it  is  clear  that 


(S)  =  ^-*W (12), 


where  Im  is  the  velocity  of  the  centre  of  the  sphere  parallel  to 
Ox  due  to  the  rotation  of  the  plane,  and  —  a  («,)  the  velocity 
estimated  in  the  same  direction  due  to  the  rolling  of  the  sphere 
along  the  plane :  hence  from  (10)  we  have 

m  {Jo)  -  a  (®J}  =  F, 

and  therefore,  by  (11), 

a  {Jm-  a  (ft).)}  =**(o).),      W  =^J^; 


and  then,  by  (12), 


(t) 


But  from  (8)  we  have 
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hence,  putting  for  (-<-]  and  («,)  their  values, 
Since  0=  0  and  (7'<»  0,  we  have,  from  (9), 


but  ^  s  6  when  y  =  0,  and  therefore 

and  we  get  for  the  equation  to  the  path  of  P^ 

the  equation  to  a  circle  having  0  for  its  centre. 

The  following  elegant  solution  of  this  problem  was  com* 
municated  to  me  by  the  late  Robert  Leslie  Ellis : 

''  A  sphere,  resting  on  a  perfectly  rough  horizontal  plane, 
receives  a  tangential  impulse  when  the  plane  is  made  to  move 
in  its  own  plane.  This  impulse  gives  a  velocity  to  the  centre 
of  the  sphere  and  produces  an  angular  velocity  about  a  hori* 
zontal  axis.  The  centre  of  the  sphere  moves  parallel  to  the 
impulse,  the  axis  of  rotation  is  perpendicular  to  it ;  therefore 
the  point  of  contact  moves  parallel  to  the  impulse  and  therefore 
to  the  direction  of  motion  of  the  centre.  Therefore,  as  there 
is  no  sliding,  the  centre  moves  in  the  same  direction  as  that 
of  the  motion  of  the  plane  supposed  rectilineal.  Moreover  it  is 
easily  seen  that  the  velocity  of  the  centre  is  to  that  of  the 
point  of  contact,  or,  which  is  the  same  thing,  to  that  of  the 

plane,  as  1  : 1  +  p  i  a  being  the  radius  of  the  sphere,  h  its  least 

radius  of  gyration.  While  the  direction  and  velocity  of  the 
plane's  motion  remain  unaltered,  no  farther  action  occurs; 
when  a  change  takes  place,  a  new  tangential  impulse  is  given 
to  the  sphere,  producing  a  new  velocity  of  the  centre  parallel 
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to  its  own  directiob,  and  a  new  velocity  of  rotation  about  an 
axis  at  right  angles  to  it.  The  new  velocity  of  rotation  bearing 
to  the  old  the  same  ratio  as  the  new  velocity  of  the  centre  to 
the  old,  the  result  is  a  compound  velocity  of  the  centre  bearing 
the  same  ratio  as  before  to  the  velocity  of  the  point  of  contact^ 
and  as  before  parallel  to  it,  and  therefore  still  parallel  to  the 
direction  of  motion  of  the  plane;  and  so  on;  whether  the 
motion  of  the  plane  varies  continuously  or  discontinuously,  in 
direction,  in  velocity,  or  in  both.  In  the  case  proposed  the 
motion  of  the  plane  (by  which  throughout  I  mean  the  element 
thereof  in  contact  with  the  sphere)  is  always  normal  to  a  line 
drawn  to  a  fixed  point.  Therefore  the  motion  of  the  centre  is 
so  too,  therefore  the  centre  describes  a  circle  whose  centre  is 
perpendicularly  over  the  said  fixed  point.     Q.E.D." 

(5)  An  inelastic  homogeneous  cylinder,  the  axis  of  which 
is  horizontal,  rolls  down  a  perfectly  rough  inclined  plane  which 
terminates  in  a  perfectly  rough  horizontal  plane :  to  find  the 
velocity  of  the  cylinder  along  the  horizontal  plane,  and  the  blow 
which  it  receives  when  it  first  impinges  upon  it.    .     . 

Let  a  =  the  inclination  of  the  inclined  plane  to  the  horizon, 
m  =  the  mass  of  the  cylinder,  u  =  the  velocity  of  its  axis  the 
instant  before  and  u  the  instant  after  impact,  i^=  the  initial 
impulse  of  the  friction  of  the  horizontal  plane,  estimated  in  the 
directioii  of  the  sphere's  motion  along  it,  and  £=the  normal 
impulse  of  the  horizontal  plane  ;  then 

tt'=  J(l  +  2  cosa)w,     i^=  J  mi4  (1  -  cos  a),    B^^mushxa. 


(6)  A  homogeneous  cylinder,  the  axis  of  which  is  hori- 
zontal, slides,  without  rolling,  down  an  inclined  plane  which  is 
for  a  certain  space  quite  smooth,  and,  after  acquiring  a  given 
velocity,  is  suddenly  caused  by  the  roughness  of  the  surface  to 
roll  without  sliding :  to  determine  the  velocity  of  the  axis  of 
the  cylinder  the  instant  rolling  commences,  and  to  find  the 
initial  impulse  of  friction. 

If  u  be  the  velocity  of  the  cylinder  the  instant  before 
and  u'  the  instant  after  the  commencement  of  perfect  rolling, 

w.  s.  40 
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m  the  mass  of  the  cylinder,  i^the  initial  impulse  of  friction ; 
then 

(7)  Two  wheels,  revolving  uniformly  in  the  same  plane, 
about  axes,  perpendicular  to  the  plane,  through  their  centres, 
are  suddenly  brought  into  contact,  and  their  axes  are  kept  fixed: 
to  determine  what  alteration  will  take  place  in  their  angular 
velocities,  the  friction  being  sufficient  to  prevent  all  sliding. 

Let  m  =  the  mass  of  one  wheel,  h  =  its  radius  of  gyration 
about  its  axis  of  rotation,  a  «=  its  radius ;  let  a  be  its  angular 
velocity  before  and  a'  after  collision.  Let  n,  I,  b,  13,  ff,  denote 
like  quantities  in  relation  to  the  other  wheel.  Then,  the  revo- 
lutions of  the  two  wheels  being  supposed  opposite  in  character 
before  being  brought  into  contact. 


(I  —fi^  naP  • 


mA*A^  +  naV' 


and  ^-^=,„Jjfc*._f^-^^ 


(8)  A  book  A  BCD  is  placed,  in  a  vertical  plane,  with  one 
angle  j^  on  a  table :  to  find  the  greatest  ratio  which  the  side 
BG  can  bear  to  the  side  AB  in  order  that,  after  the  impact, 
the  book  may  not  tilt  over  the  angle  B,  the  table  being  sup- 
posed to  be  perfectly  rough  and  the  book  to  be  inelastic. 

The  ratio  of  5(7  to  AB  cannot  possibly  be  greater  than  -^ : 

how  much  less  the  ratio  should  be  is  indeterminate,  being 
dependent  upon  the  physical  nature  of  the  contact  between 
the  side  AB  of  the  book  and  the  table. 

(9)  A  spherical  ball  of  given  elasticity,  moving  witTi  a  given 
velocity,  and  revolving  uniformly  round  a  horizontal  axis 
through  its  centre  and  perpendicular  to  the  plane  of  the 
motion  of  its  centre,  impinges  upon  a  horizontal  plane  of  such 
a  nature  as  to  prevent  all  sliding :  to  determine  whether  the 
angle  of  reflection  from  the  plane  is  increased  or  diminished 
by  increasing  the  velocity  of  rotation  before  impact;  and  to 
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find  how  many  revolutions  the  ball  will  make  after  impact 
before  it  again  strikes  the  plane. 

Let  the  angles  of  incidence  and  rejection  be  a,  a,  respectively^ 
and  conceive  the  rotation  to  be  estimated  in  the  direction  indi- 
cated by  the  arrows  in  the  diagram :  fig.  (252) :  let  r  =  the 
radius  of  the  ball :  let  u,  v,  be  the  components  of  the  velocity  of 
incidence,  parallel  and  perpendicular  to  the  plane,  and  o)  the 
angular  velocity,  the  instant  before  impact 

If  0),  being  positive,  be  increased,  a'  will  increase.  If  o)  be 
negative,  or  the  rotation  of  an  opposite  character  to  that  indi- 
cated in  the  figure,  then  a'  will  decrease  as  €o  increases :  if 

or  the  ball  will  rebound  in  the  normal :  if  oi  be  a  greater  nega- 

tive  quantity  than  —  ^,  a'  will  be  negative  or  the  angle  of 

reflection  will  be  on  the  same  side  of  the  normal  as  the  angle 
of  incidence. 

The  required  number  of  revolutions  will  be  equal  to 

4'7rew        7r 

-        .  ■  > 

g      2fi>r  +  5» 

(10)  An  inelastic  rod  rests  in  a  horizontal  position  on  two 
perfectly  rough  pegs  equidistant  from  its  centre  of  gravity :  if 
it  be  turned  about  one  of  them,  in  the  vertical  plane  in  which 
they  are  situated,  and  then  allowed  to  fall,  to  determine  whether 
its  motion  will  cease  or  not  after  impact. 

Its  motion  will  cease  or  not  as  the  dlstdnce  between  the  pegs 
is  greater  or  less  than  -^ ,  where  a  is  the  length  of  the  rod. 

Griffin :   Solutions  of  the  Examples  on  the 
Motion  of  a  Rigid  Body,  p.  102. 

(11)  A  perfectly  rough  plane,  moving  with  a  certain  velocity 
parallel  to  four  of  the  edges  of  a  rigid  inelastic  cube  placed 
upon  it,  is  suddenly  brought  to  rest :  to  determine  the  velocity 
in  order  that  the  cube  may  just  turn  over  its  edge. 

40—2 
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If  C  =  the  length  of  each  edge^  and  v  =  the  required  velocity, 

t^*=f{V2-l)cflr. 

(12)  A  perfectly  rough  cube  rests  with  one  of  its  faces  on  a 
perfectly  rough  rectangular  board,  which  rests  on  a  smooth 
horizontal  plane,  the  centre  of  the  base  of  the  cube  coinciding 
with  that  of  the  board  and  the  edges  of  the  face  being  parallel 
to  those  of  the  board :  a  blow  is  applied  to  the  board  at  the 
paiddle  point  of  one  of  its  edges  in  a  direction  perpendicular  to 
the  nearest  vertical  face  of  the  cube:  to  find  the  impulsive 
stress  between  the  board  and  the  cube,  and  their  motion  just 
after  the  application  of  the  blow. 

Let  m  be  the  mass  of  the  cube,  m  of  the  board,  B  the  blow, 
a  the  length  of  an  edge  of  the  cube.  The  horizontal  and  ver- 
tical components  of  the  impulsive  stress  are  equal  respec- 
tively to 

StuB  SinB 

the  board's  instantaneous  velocity  is  equal  to 

8^ 
.   5m  +  8m" 

while  the  cube  revolves  for  an  instaut,  relatively  to  the  board, 

about  the  lower  edge  nearest  the  point  of  impact  with  an 

angular  velocity  equal  to 

6B 

a  {om  4-  8m') 

(13)  A  homogeneous  sphere,  rotating  about  a  horizontal 
diameter,  falls  upon  a  perfectly  rough  inclined  plane  through 
such  a  height  that  its  angular  velocity  is  not  affected  by  the 
first  impact,  and  then  proceeds  to  descend  the  plane  directly 
by  bounds :  to  find  the  velocity  of  the  sphere  along  the  plane 
just  after  the  n^  impact,  and  to  determine  the  range  which  the 
sphere  describes  upon  the  plane  before  it  ceases  to  hop. 

Let  a  be  the  inclination  of  the  plane  to  the  horizon,  h  the 
height  through  which  the  sphere  falls,  e  its  elasticity :  then  the 
required  velocity  and  range  are  respectively  equal  to 
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4t€h  sin  g  f-,  ^Jb      ^   \ 

(14)  An  imperfectly  elastic  homogeneous  rough  sphere  is 
projected  obliquely,  without  rotation,  against  a  fixed  plane :  to 
determine  p,  the  ratio  of  the  taugential  forces  of  restitution  and 
compression,  in  terms  of  a,  a ,  the  angles  of  incidence  and  re- 
flection, and  6,  the  coefficient  of  elasticity  for  direct  impact. 

The  value  of  />  is  given  by  the  equation 

2p  =  5  —  7e  tan  tk  cot  a. 

Ferrers  and  Jackson :  Solutions  of  the  Cambridge 
Troblenis,  1848  to  1851. 

(15)  A  series  of  perfectly  rough  semicylinders  are  fixed,  side 
by  side,  upon  their  flat  faces  directly  across  a  straight  road  of 
constant  inclination :  to  determine  the  inclination  of  the  road  in 
order  that  a  rough  circular  inelastic  hoop,  just  started  down- 
wards from  the  summit  of  one  of  the  cylindrical  ridges,  may 
travel  directly  aloug  the  road  with  a  uniform  mean  velocity. 

Let  a  =  the  radius  of  the  hoop,  a^  =  that  of  one  of  the  cylin- 
der^, )8=3  the  inclination  of  the  road :  then^  a  being  given  by 
the  formula 

a  +  a^ 
fi  is  determined  by  the  equation 


cos'a=' 


sm-^ 


sin 


2 

Mackenzie  and  Walton :  Sohitions  of  the  Cambridge 
Problems  for  1854. 
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(1)  A  FLEA  is  resting  on  a  needle  AB  at  a  given  point  Ei 
the  needle  lies  on  a  smooth  table:  the  flea  then  skips  to  a 
given  point  F  of  the  needle :  to  determine  the  least  initial 
velocity  of  the  flea. 

Let  V  be  the  velocity  with  which  the  flea  skips,  a  the  inclina- 
tion of  Fto  the  horizon,  u  the  velocity  of  the  needle  during  the 
flight  of  the  flea,  t  the  time  of  flight,  m,  m',  the  masses  of  the 
needle  and  flea  respectively,  and  let  EF^  c. 

Then,  since  the  centre  of  gravity  of  the  flea  and  needle  will 
not  be  aflected  by  the  skip, 

—  mw  +  m'Fcosa  =  0  (1). 

Also  Vahxa^iagt '. (2). 

Now  the  whole  range  of  the  flea  is  equal  to  the  distance  EF 
diminished  by  the  space  through  which  F  has  slid  backwards 
during  the  time  of  flight ;  and  therefore 

r* sin  2a             .           m'  ^  v     /i\ 
:=c  —  td^c Fcosa.^,  by  (1), 

m'Psin2«    ,      ,-.. 

=« — ;^— '^y(2)^ 

hence  F*  =      /^  > .  cosec  2a. 

wi  +  wi 

The  least  possible  value  of  V  is  therefore  equal  to 


/  meg  \i 
\m-\-mJ 
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(2)  A  beetle,  placed  upon  a  moveable  inclined  plane,  which 
rests  upon  a  smooth  horizontal  plane,  sets  off  to  crawl  up  it  at  a 
given  uniform  velocity  relatively  to  the  inclined  plane:  to 
determine  the  velocity  of  the  plane  and  the  pressure  exerted 
upon  it  by  the  beetle. 

Let  P  (fig.  253)  be  the  position  of  the  beetle  at  any  time  on 

the  inclined  plane  AB;  Ox  the  smooth  horizontal  plane;  let 

^BAx^a,  tts  the  uniform  relative  velocity  of  the  beetle; 

dx 
OA^x,  V^-^;  let  JT,  T,  be  the  impulsive  and  IT,  r ,  the 

finite  actions  between  the  plane  and  beetle,  m,  m',  being  their 
respective  masses. 

Since  the  centre  of  gravity  of  the  beetle  and  plane  can  have  no 
horizontal  motion,  we  have 

fnF+m'(r+uoosa)  =  0, 

and  therefore 

j^        mu  cos  a 

which  shews  that  the  plane  travels  in  the  direction  xO  with  a 
velocity  equal  to 

TTLu  cos  oc 


tn  +  in 


Again,  for  the  impulsive  actions,  resolving  parallel  and  perpen- 
dicularly to  the  plane, 

T=w  (tt+Fcosa) 

m-f  m'sin'a 


ssfnu. 


and  jy^as  — m'Fsina 


m'*u  sin  a  cos  a 


For  the  finite  actions,  since  the  beetle  has  no  acceleration, 

T*  =  mg  sin  a,        If  ==  mg  cos  x 
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(3)  A  monkey  is  put  at  the  top  of  a  pole,  the  lower  end 
of  which  is  placed  on  a  smooth  horizontal  plMie,  its  higher 
resting  against  a  smooth  vertical  wall :  the  monkey  contrives 
to  clamber  down  the  pole  in  such  a  manner  that  the  pole 
remains  quiescent:  to  deteimine  the  velocity  of  the  monkey 
when  he  gets  to  the  lower  end  of  the  pole. 

Let  P  (fig.  254)  be  the  position  of  the  monkey  on  the  pole  AB 
at  any  time  t  after  the  commencement  of  the  motion :  let  m,  m', 
be  the  masses  of  the  pole  and  monkey  respectively;  let  JS^  8^  b^ 
the  pressures  exerted  by  the  two  planes  on  the  ends  of  the  pole  ; 
let  Ny  T,  be  the  normal  and  longitudinal  actions  between  the 
pole  and  the  monkey;  let  a  =  the  inclination  q(  AB  to  the  verti- 
cal,^^  =  2a,  ^P  «  a. 

Then,  for  the  motion  of  the  monkey  along  the  pole,  * 

m'-^  =  T+ mucosa.. (1), 

and,  for  the  preservation  of  its  contact  with  the  pole, 

Jr=m'flr  sin  a (2). 

For  the  equilibrium  of  the  pole,  resolving  vertically, 

S+Tcosa  —  Nsina  +  mg (3), 

and,  taking  moments  about  A, 

iTa?  +  mya  sin  a  =  2ai8f  sin  a (4); 

From  (2),  (3),  (4),  we  may  readily  ascertain  that 

rp       ,  sin*  a       m'gx     .     mg 
"^  cos  a     2a  cos  a     2  cos  a 

Substituting  this  value  of  T  in  (1),  we  shall  get 

^^t_ff^ .9(m  +  2mO  . 

df^2acoBa       2m' cos  a  ' ^^* 

dx 
multiplying  ty  2  ^  and  integrating,  we  have,  observing  that 

dw 

ju—0  when  a?  =  0, 
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^^^{2(^  +  W)-^l (6). 

dr     2  COS  a  I m  ^  a\  ^  ' 

When  therefore  x  =  2a,  or  the  monkey  arrives  at  B,  his  velocity 
is  equal  to 

(2ga  (m  +  rn) )  i 

I    m'cosa     j   * 

(4)  A  needle  is  suspended  from  one  extremity;  at  the 
point  of  suspension  there  is  a  spider,  the  mass  of  which  is  equal 
to  that  of  the  needle :  supposing  the  needle  to  be  placed  hori- 
zontally, and  then  to  be  projected  downwards  with  a  given 
angular  velocity,  to  determine  how  long  the  spider  will  take  to 
run  to  the  lower  end  of  the  needle,  the  motion  of  the  spider 
being  such  that  the  angular  velocity  of  the  needle  may  remain 
unchanged. 

Let  m  s  the  mass  of  the  needle  or  spider ;  let  P  » the  place  of 
the  spider  at  any  time  on  the  needle  CA  (fig.  255),  C  being  the 
point  of  suspension ;  let  N,  T,  be  the  normal  and  longitudinal 
actions  between  the  needle  and  spider ;  draw  Cx  vertically,  and 
let  CP=  X,  CA  =  2a,  £ACx  =  0;  let  to  =s  the  angular  velocity  of 
the  needle. 

Then,  since  the  needle's  angular  velocity  is  to  be  constant,  we 

have 

m^a  sin  d  +  ^^  =  0 (1). 

Again,  for  the  motion  of  the  spider, 

m^(xcoQ0)^fng^Nsm0-Tcos0 (2), 

and  m^{xBiaff)  =  JVcos^- Tsin^ (3). 

From  (2)  and  (3)  we  see  that 

m\xsm0-jf^{xcoB0)—xcos0'^{x  sin  ^)  [  =  mgx  sin  0  —  Nx : 

(P  d" 

but  xBm0  -^  (a;  cos  0)  —  x  cos  0  ^^  («  sin  9) 


634  LIVE  THINQS. 

—  diVdt)' 

hence  ^  ^  ( ^  "S )  ~  ^^ ""  ^^  ^^  ^' 

and  therefore,  by  (1),  observing  that  -^  =  0  by  the  hypothesis, 

^   diX  ctO  ,        \   •    /I 

dt  dt        ^  ^         ' 

but  tf  =  iir  —  «*,  by  the  hypothesis :  hence 

2<»x  TT  =  flr  (a  +  a)  cos  at, 

coso>^.a^  = : 

g    x  +  a 

m 

integrating  and  bearing  in  mind  that  x^O  when  ^  =  0, 

1    .  •    ",     2a)  f         ,      x  +  a) 

—  sin  ©t  =s  —  <x^a  log > , 

o>  fir   (  a    J 

and  therefore,  for  the  required  time, 

sincdts —  (2a  — alog3), 

if 

«  =  i8m-'{?^(2-log3)|. 

This  problem  may  be  solved  also  more  briefly  thus : 

By  D'Alembert's  Principle  we  have,  taking  moments  about 
the  point  of  suspension  for  the  system  composed  of  the  spider 
and  needle, 

and  thereforei  replacing  -^  by  its  constant  value  -  q>, 

dx        /         V 
^(ox  TT  =  fl^  (a?  +  a)  cos  o)f , 

the  di£ferential  equation  obtained  by  the  former  method. 


LIVE  THINGS.  685 

(5)  A  fly  is  standing  upon  a  needle,  which  rests  upon  a 
smooth  horizontal  plane :  supposing  the  fly  to  walk  along  the 
needle  to  its  other  end,  how  far  would  the  needle  be  displaced  ? 

If  c  be  the  length  of  the  needle,  and  m,  ni,  the  masses  of  the 

needle  and  fly  respectively,  the  displacement  of  the  needle  will 

be  equal  to 

__— _  • 
m  +  wi' 

(6)  Two  beetles  are  standing  upon  the  ends  of  a  horizontal 
rod,  which  is  supported  on  a  smooth  table:  supposing  one 
beetle  to  crawl  to  the  middle  of  the  rod,  how  far  must  the  other 
crawl  along  it  in  order  that  the  tinal  position  of  the  rod  may  be 
the  same  as  its  original  one  ? 

Let  )3  be  the  mass  of  the  former  and  ff  of  the  latter  beetle, 
and  a  the  length  of  the  rod.  Then,  if  ^  be  the  distance  the 
latter  beetle  should  crawl, 


aj  = 


2/3' 


(7)  A  circular  plate  is  laid  upon  a  smooth  table ;  a  snail  is 
placed  upon  the  plate  at  a  given  distance  from  the  centre  of  the 
plate :  supposing  the  snail  to  crawl  along  the  plate  in  a  circular 
path  relatively  to  the  plate's  centre,  to  find  the  motion  of  the 
centre  of  the  plate. 

If  m,  m',  denote  the  masses  of  the  plate  and  snail  respectively, 
and  a  the  radius  of  the  relative  circle  described  by  the  snail, 
the  centre  of  the  plate  will  also  describe  a  circle  the  radius  of 
which  is  equal  to 


tnct 


(8)  A  circular  plate,  moveable  about  a  vertical  axis  through 
its  centre,  rests  on  a  smooth  table :  an  insect  starts  from  the 
centre  and  crawls,  relatively  to  the  plate,  in  a  circle,  the  dia- 
meter of  which  is  a  radius  of  the  plate :  to  determine  the  angle 
through  which  the  plate  will  have  turned  when  the  insect  has 
returned  to  the  centre. 


636  LIVE  THINGS. 

Let  m  be  the  mass  of  the  plate,  /i  of  the  insect :  then  the 
required  angle  is  equal  to 

^  f  ^  m>      ] 

(9)  A  circular  disc^  moveable  about  a  vertical  axis  through 
its  centre,  rests  on  a  smooth  table:  an  equiangular  spiral  is 
traced  on  the  disc,  the  centre  being  the  pole  of  the  spiral :  an 
insect  crawls  along  the  curve,  starting  from  the  point  at  which 
it  cuts  the  circumference :  to  determine  the  angle  through 
which  the  disc  will  have  revolved  when  the  insect  reaches  the 
centre. 

Let  a  be  the  angle  of  the  spiral,  m  the  mass  of  the  disc,  fk 
that  of  the  insect :  then  the  required  angle  is  equal  to 


|l.n.log(n-|) 


(10)  A  uniform  circular  wire,  moveable  about  a  fixed  point 
in  its  circumference,  lies  on  a  smooth  horizontal,  plane ;  an 
insect,  the  mass  of  which  is  equal  to  that  of  the  wire,  crawls 
along  it,  starting  from  the  point  most  distant  from  the  fixed 
point,  with  a  uniform  velocity  relatively  to  the  wire :  to  find 
the  angle  through  which  the  wire  will  have  turned  at  the  end 
of  any  time. 

If  u  be  the  velocity  of  the  insect  relatively  to  the  wire,  the 
angle  through  which  the  wire  will  have  turned  at  the  end  of 
any  time  t  is  equal  to 


—  -TTw  tan"*  l—^  tan 
V3  W3 


(11)  A  rigid  needle  of  insensible  mass,  moveable  about  one 
end,  is  held  horizontally,  a  fat  fly  resting  upon  it  at  a  given 
distance  from  the  fixed  end :  -supposing  the  needle  to  be  let  go, 
and  the  fly  to  run  towards  the  fixed  end,  so  that  the  needle 
descends  with  a  uniform  angular  acceleration,  to  determine  the 
motion  of  the  fly  along  the  needle. 
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If  r  be  the  distance  of  the  fly  from  the  fixed  end  of  the 
needle  at  any  time  t  from  the  commencement  of  the  motion, 
a  being  the  initial  value  of  r,  then 

(12)  A  uniform  rod  of  mass  m  and  length  2a,  which  is  in- 
clined to  the  horizon  at  an  angle  a,  is  at  rest,  being  supported 
by  a  fulcrum  to  which  its  middle  point  is  fixed.  A  mouse  of 
mass  fi  rests  on  the  rod  at  the  fulcrum.  After  a  time  the 
mouse  begins  to  run  along  the  rod  with  a  velocity  which  is 
proportional  to  the  tangent  of  the  inclination,  at  any  time, 
of  the  rod  to  the  horizon,  and,  when  it  arrives  at  the  end  of  the 
rod,  the  rod's  inclination  is  /8 :  to  find  the  angular  velocity  of 
the  rod  when  its  angle  of  inclination  is  any  angle  0  between 
a  and  fi. 

The  square  of  the  required  angular  velocity  ia  equal  to 
2y.tan^.(co8a-oo8g)    /m  _^^^^^^^gY 

(13)  A  monkey  ascends  a  ladder  with  a  uniform  velocity,  the 
lower  end  of  the  ladder  being  fixed,  the  higher  resting  against 
a  vertical  wall :  to  find  the  pressure  of  the  ladder  on  the  walL 

Let  2a  denote  the  length  of  the  ladder,  a  its  inclination  to  the 
horizon,  x  the  distance  of  the  monkey,  at  any  time,  from  the 
foot  of  the  ladder,  and  R  the  corresponding  pressure  of  the 
ladder  on  the  wall ;  then,  m,  m',  denoting  the  respective  masses 
of  the  ladder  and  the  monkey, 

B = ^-^—  (ma  +  m'x). 

(14)  Two  little  monkeys,  the  masses  of  which  are  m,  m', 
cling  to  the  two  portions  of  a  fine  inextensible  string  which 
passes  over  a  smooth  fixed  puUy :  the  monkeys  keep  descend- 
ing with  the  respective  accelerations/,/':  to  find  the  tension 
of  the  string. 

The  required  tension  is  equal  to 

nimff 
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(15)  A  plank,  upon  which  at  the  upper  end  a  dog  is  stand- 
ing, is  plaoed  directly  along  a  smooth  inclined  plane :  to  de- 
termine how  long  it  will  take  the  xlog  to  run  down  the  plank, 
so  that  the  plank  may  not  stir  till  he  is  off  it. 

If  Z=the  length  of  the  plank,  a  =  the  inclination  of  the 
plane;  then,  m,  m',  being  the  masses  of  the  plank  and  dog 
respectively,  the  required  time  is  equal  to 


f  2ml         )i 

l^rsinaCm  +-m')j 


(16)  A  rope  of  inconsiderable  weight  is  suspended  over  a 
smooth  pully :  two  monkeys  commence  together  clambering  up, 
without  jerking,  the  two  portions  of  the  rope,  in  such  a  manner 
that  the  rope  does  not  slide  over  the  pully,  and  that  they  both 
reach  the  pully  at  the  same  moment :  to  find  the  time  of  their 
ascent  to  the  pully,  their  initial  positions  and  their  masses 
being  given. 

Let  m,  rn,  denote  the  masses  of  the  monkeys,  and  a,  a\  their 
initial  distances  below  the  axis  of  the  pully  :  then  the  required 
time  is  equal  to 

/2\i   fma  -  fn'a\i 
\g)  '  \  m'  -m  / 

(17)  A  circular  ring  is  placed  vertically  upon  a  perfectly 
rough  table ;  and  an  earwig  is  put  gently  upon  the  ring :  to 
investigate  the  angular  velocity  of  the  earwig  in  any  position 
about  the  centre  of  the  ring  in  order  that  the  ring  may  not  stir. 

Let  a  be  the  radius  of  the  ring,  0  the  inclination,  to  the 
horizon,  of  the  earwig's  distance  from  the  ring's  centre  at  any 
time,  and  let  a  be  the  initial  value  of  0.  Then,  to  being  the 
angular  velocity  of  the  earwig  in  this  position, 

,     g  (sin  a  —  sin  ^ .  (2  +  sin  a  +  sin  0) 
a  (1  +  sm  0f 

(18)  A  perfectly  rough  circular  hoop  rolls  with  a  uniform 
velocity  directly  up  a  perfectly  rough  inclined  plane  by  the 
action  of  a  mouse  running  along  its  circumference :  to  determine 
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the  angular  velocity  of  the  mouse,  in  any  position,  about  the 
centre  of  the  hoop,  the  angular  velocity  of  the  mouse  in  a  given 
position  being  known. 

Let  (7 (fig.  256)  be  the. centre  of  the  hoop  at  any  time,  J?"  the 
point  of  contact  of  the  hoop  and  the  inclined  plane  AB,  P  the 
position  of  the  mouse.  Let  ^  P  CH=^  0,  <o^  the  angular  velocity 
of  the  mouse  about  C,m^  the  mass  of  the  hoop,  m'  =  the  mass 
of  the  mouse,  a  ^  the  inclination  of  AB  to  the  horizon,  a  » the 
radius  of  the  hoop :  then 

ma  (1  -cosd)V=  C+  2g  (m  +  m')  sina(tf-8in^) 

+  2m'g  {cos  (^  +  a)  -  cos  (2^+  a)  +  2^  sin  a], 

C  being  a  constant,  which  may  be  expressed  in  terms  of  given 
simultaneous  values  of  o>  and  0. 

(19)  A  given  hollow  tube  in  the  form  of  a  common  helix  is 
fixed  round  a  given  quiescent  cylinder,  moveable  about  its  axis, 
which  is  fixed  and  vertical :  a  given  wasp  flies  to  the  lower  end 
of  the  tube,  where  it  gently  alights :  it  then  crawls  through  the 
tube  and,  on  arriving  at  the  upper  end,  gently  flies  away :  prove 
that  the  subsequent  angular  velocity  of  the  cylinder  varies  as 
the  velocity  of  the  wasp,  relatively  to  the  tube,  at  the  instant 
before  its  final  flight. 

(20)  A  little  squirrel  clings  to  a  thin  rough  hoop,  the  plane 
of  which  is  vertical,  and  which  is  rolling  along  a  perfectly  rough 
horizontal  plane:  the  squirrel  makes  a  point  of  keeping  at  a 
constant  altitude  above  the  horizontal  plane,  and  selects  his 
place  on  the  hoop  so  as  to  travel  firom  a  position  of  instan- 
taneous rest  the  greatest  possible  distance  in  a  given  time: 
to  find  the  inclination  of  the  squirrel's  distance  from  the  centre 
of  the  hoop  to  the  vertical. 

If  m  be  the  mass  of  the  squirrel  and  ni  that  of  the  hoop,  the 
required  inclination  is  equal  to 


cos 


'U  +  2m7* 


(21)    Two  buckets  of  given  weights  are  suspended  by  a  fine 
inelastic  string  placed  over  a  fixed  pully :  at  the  centre  of  the 
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base  of  one  of  the  buckets  a  frog  of  given  weight  is  sitting ;  at 
an  instant  of  instantaneous  rest  of  the  buckets,  the  frog  leaps 
vertically  upwards  so  as  just  to  arrive  at  the  level  of  the  rim 
of  its  bucket :  to  find  the  ratio  of  the  absolute  length  of  the 
frog's  vertical  ascent  in  space  to  the  length  of  its  bucket,  and  to 
ascertain  the  time  which  elapses  before  the  frog  again  arrives  at 
the  base  of  its  bucket. 

If  m  denote  the  mass  of  the  frog's  bucket,  m  that  of  the 
other  bucket,  fi  that  of  the  frog;  h  the  length  of  the  frogs 
bucket,  h'  that  of  its  absolute  ascent  in  space,  and  t  the  re- 
quired time ; 

h'     2m(m+m)       ^      4A    ,     ,     ^ 

(22)  A  small  beetle,  placed  at  an  end  of  the  horizontal  dia- 
meter of  a  thin  heavy  motionless  ring,  which  is  moveable  about 
its  centre  in  a  vertical  plane,  starts  off  to  crawl  round  the  ring, 
so  as  to  describe  in  space  equal  angles  in  equal  times  about  its 
centre :  to  determine  its  velocity,  relatively  to  the  ring,  in  any 
position,  and  its  pressure  on  the  ring. 

Let  P  (fig.  257)  be  the  position  of  the  beetle  at  any  time  t 
after  starting,  0  the  centre  of  the  ring,  Ox  a  horizontal  line. 
Let  a  ==  the  radius  of  the  ring,  m  ==  ita  mass,  m  =  the  mass  of 

the  beetle,  z  FOx  =  ^,  «  =  the  constant  value  of  ^ .    Let  ^,  T, 

denote  the  normal  and  tangential  pressures  of  the  beetle  on  the 
ring. 

Then  the  required  relative  velocity  of  the  beetle  is  equal  to 

vno     .       .  .      W  +  wi 

— - .  sm  0)^  +  a 0) ; 

m©  m. 

also  N—m{g  sin  ^t  —  a«*),      T^  m'g  cos  tot 

Mackenzie  and  Walton ;  Solutions  of  the  Cambridge 
Problems  for  1854 

(23)  A  given  little  animal  clings  at  a  given  point  to  a 
uniform  quiescent  rod  haiUging  by  a  smooth  hinge  at  its  upper 
end  from  the  ceiling  of  a  room  :  supposing  the  animal  to  make 
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a  sudden  spring  to  a  bracket  on  the  wall,  in  the  same  hori- 
zontal plane  with  the  initial  position  of  the  animal  and  at  a 
given  distance  from  the  rod,  and  that  the  angle  through  which 
the  rod  afterwards  oscillates  from  the  vertical  is  observed,  to 
find  what  must  have  been  the  impulsive  stress  on  the  hinge  at 
the  instant  when  the  animal  started 

Let  m,  fiyhe  the  respective  masses  of  the  rod  and  the  animal ; 
2a  the  length  of  the  rod,  b  the  vertical  height  of  the  higher  end 
of  the  rod  above  the  bracket,  c  the  initial  distance  of  the  bracket 
from  the  rod,  and  a  the  observed  angle  of  oscillation.  Then,  X, 
Yj  representing  the  horizontal  and  vertical  impulses  on  the 
hinge, 


X.5(4a-SJ)(f)'« 

(I)' 


Sing. 


bc/jk* 


8ma  sin  | 

(24)  A  rod  AB  (fig.  258),  attached  to  a  fixed  horizontal 
rod  Ox  and  a  fixed  vertical  rod  Oy  by  rings  at  its  ends,  is 
kept  at  rest  by  a  man's  hand,  while  a  monkey  is  sitting  upon  a 
small  platform  C  vertically  above  0 :  the  monkey  then  springs 
horizontally  from  C  and  alights  on  the  middle  point  O  of  the 
rod,  to  which  it  clings  tightly :  to  determine  the  motion  of  the 
rod  the  instant  after  the  monkey's  arrival  at  0,  supposing  the 
man  to  have  loosed  his  hold  the  instant  before. 

Let  AO  —  a^ BQ,  l  ABO  =0,m  =  the  mass  of  the  moveable 
rod,  m'  =  the  mass  of  the  monkey,  u  =  the  velocity  with  which 
the  monkey  springs  from  C,  h  =  the  vertical  altitude  of  C  above 
G:  then  the  angular  velocity  of  AB,  the  instant  after  the 
monkey's  arrival  at  0,  is  equal  to 

3m'  (2gh)^ COB 0'\-u sine 

—  •   ■         —^.^^-^^  • 

a  4m  +  3m' 

(25)  A  little  animal  is  resting  on  the  middle  point  of  a  thin 
uniform  quiescent  bar,  the  ends   of  which  are   attached  by 

w.  s.  41 
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small  rings  to  two  smooth  fixed  rods  at  right  angles  to  each 
other  in  a  horizontal  plane :  supposing  the  animal  to  start  off 
along  the  har  with  a  given  velocity,  relatively  to  the  bar,  to  find 
the  angular  velocity  initially  impressed  upon  the  bar. 

Let  m  be  the  mass  of  the  animal,  m  of  the  bar,  2a  the  length 
of  the  bar,  0  the  inclination  of  the  bar  to  either  rod,  and  Fthe 
given  velocity  of  the  animal :  then  the  required  angular  velocity 
of  the  bar  is  equal  to 

3771        Fsin  25 
3w  +  4m'         a 


(    643    ) 


CHAPTER  XIV. 


MISCELLANEOUS  PROBLEMS. 


(1)  A  PARTICLE,  placed  at  a  centre  of  attraction  varying  as 
the  distance,  is  urged  from  rest  by  a  constant  force,  which  acts 
for  one  sixth  of  the  time  of  a  complete  oscillation  about  the 
centre,  ceases  for  the  same  period,  and  then  acts  as  before :  shew 
that  the  particle  will  then  be  retained  at  rest,  and  that  the 
spaces  moved  through  in  the  two  periods  are  equal. 

(2)  A  particle  moves  in  a  straight  line  under  the  action  of 
a  force  directed  towards  a  point  in  that  line  and  varying  in- 
versely as  the  square  of  the  distance  from  that  point :  if  v,  ^,  v", 
be  the  velocities  of  the  particle  when  at  distances  x,  x\  x\  from 
the  centre  of  force,  shew  that 

v'«-,;-»     ^-^^^     ^«_^'« 

f-   ; 1 ;;-—  =  U. 

X  W  X 

(3)  Two  ships  are  sailing  uniformly  with  velocities  u,  v, 
along  lines  inclined  at  an  angle  0 :  shew  that,  if  a,  b,  be  their 
distances  at  one  time  from  the  point  of  intersection  of  their 
courses,  the  least  distance  of  the  ships  is  equal  to 

(av  —  bu)  sin  0 
{u^  +  ff-  2uv  cos  0)^ 

(4)  A  particle  is  projected  vertically  upwards  with  a 
velocity  u,  in  a  medium  the  resistance  of  which  varies  as  k 
times  the  square  of  the  velocity :  if  ^  be  the  time  which  elapses 
before  the  particle  returns  to  the  point  of  projection,  prove  that 

Jfci.f tj  is  positive  and  is  the  greater  the  greater  k  is. 

41—2 
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(5)  Shew  that  a  boat  must  be  rowed  with  a  velocity,  through 
the  water,  one  half  greater  than  that  of  the  stream,  so  that  it 
may  be  taken  a  given  distance  up  a  river  with  the  least  possible 
expenditure  of  work.  (The  resistance  to  the  boat  is  supposed  to 
be  proportional  to  the  square  of  its  velocity  through  the  water.) 

(6)  If  Oa  be  the  horizontal  range  of  the  path  OPO  of 
a  projectile  P,  prove  that  the  angular  velocities  of  OP,  CP,  are 
to  each  other  as  the  squares  of  the  cosines  of  the  angles  P00\ 

Fao. 

(7)  If  the  product  of  the  velocities  at  two  points  P,  Q, 
of  the  parabolic  path  of  a  body,  acted  on  by  gravity,  be  con- 
stant, shew  that  the  locus  of  the  pole  of  PQ  is  a  circle,  the 
centre  of  which  is  at  the  focus  of  the  parabola. 

(8)  A  particle  is  projected  horizontally  with  a  given  velo- 
city :  if  the  squares  of  the  times  from  the  instant  of  projection 
to  the  instants  at  which  the  particle  arrives  at  a  certain  series 
of  points  in  its  path  be  in  arithmetical  progression,  prove  that 
the  angular  velocities  of  the  tangents  at  these  points  are  in 
harmonical  progression. 

(f))  A  body,  acted  on  by  gravity,  is  projected  from  a  given 
point;  and,  when  it  has  reached  its  greatest  height,  another 
body  is  projected  from  the  same  point  in  such  a  manner  that  it 
shall  strike  the  first  body :  shew  that,  u,  v,  being  the  horizontal 
and  vertical  components  of  the  velocity  of  projection  of  the 
former,  and  u,  v,  those  of  the  latter  body, 

U  V 

(10)  A  perfectly  elastic  ball  is  thrown  into  a  smooth  cylin- 
drical well  from  a  point  in  the  circumference  of  the  circular 
mouth :  shew  that,  if  the  ball  be  reflected  any  number  of 
times  from  the  surface  of  the  cylinder,  the  intervals  between 
the  reflections  will  be  equal:    shew  also  that,  if  the  ball  be 

projected  horizontally  in  a  direction  making  an  angle  -  with 

ft 
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the  tangent  to  the  mouth  at  the  point  of  projection,  it  will 
reach  the  surface  of  the  water  at  the  instant  of  the  n^  reflec- 
tion, if  the  space  due  to  the  velocity  of  projection  be  equal  to 

(radius)*     /      .    irV 
depth        V  nj 

(11)  A  perfectly  elastic  ball  impinges^  with  a  velocity  t;  and 
at  an  angle  a  to  the  horizon,  on  an  inclined  plane :  the  direc- 
tion of  impact  is  in  a  vertical  plane  parallel  to  the  planers 
intersection  with  the  horizon :  after  rebounding  it  falls  on  this 
line  of  intersection :  shew  that 

2v  sin  a  sin  X  =  (jA)  , 

X  being  the  plane's  inclination  to  the  horizon,  and  h  the  distance 
of  the  first  point  of  impact  from  the  horizontal  plane. 

(12)  A  baU,  thrown  from  any  point  in  one  of  the  walls  of  a 
rectangular  room,  returns,  after  striking  the  three  others,  to  the 
point  of  projection,  before  it  falls  to  the  ground :  shew  that  the 
space  due  to  the  velocity  of  projection  is  greater  than  the  dia- 
gonal of  the  floor. 

(13)  A  particle  moves  in  one  plane  under  the  action  of  two 
lorcGs,  at  right  angles  to  each  other,  one  of  which  tends  towards 
a  fixed  point  in  the  plane :  supposing  the  centric  force  to  vary 
as  the  time  from  a  given  instant,  and  the  angular  velocity  of  its 
direction  to  be  constant,  prove  that,  0  being  the  angle  described 
by  the  particle  about  the  fixed  point,  the  other  force  is  equal  to 
ue  +  fie^  +  7,  where  a,  A  y,  are  constants. 

(14)  In  a  curve  described  by  a  particle  about  a  centre  of 
force,  the  angle  between  the  radius  vector  and  the  tangent 
varies  as  the  time :  if  a,  b,  c,  be  the  radii  vectores  at  any  three 
points  of  the  path,  and  a,  /8,  7,  their  inclinations  to  their  cor- 
responding tangents,  prove  that 

(sin  a)**-^.  (sin  /8)^-«^.  (sin  y)'^'^^  h 

(15)  In  an  ellipse  of  small  eccentricity,  described  ty  *  !«- 
tide  about  a  centre  of  force  at  the  focus,  the  eqn^riAii  rf  liie 
centre  varies  nearly  as  the  velocity  paialkrl  tc*  ihf  t^^^  nu^-iir- 
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(16)  If  a  polygon  of  a  given  number  of  sides  be  inscribed  in 
the  orbit  of  a  planet,  such  that  all  its  sides  subtend  equal 
angles  at  the  Sun,  prove  that  the  sum  of  the  angular  velocities 
of  the  planet  about  the  Sun,  at  the  angular  points  of  the  poly- 
gon, is  independent  of  the  position  of  the  polygon, 

(17)  If  Pbe  the  perimeter  of  a  closed  curve  described  about 
a  centre  of  force,  t  the  time  of  revolution,  h  twice  the  area  de- 
scribed in  a  unit  of  time,  and  p  the  radius  of  curvature  at  the 
time  t,  prove  that 


Jo    P 


(18)  A  particle,  attracted  towards  a  fixed  centre,  the  force 
varying  as  the  distance,  is  projected  with  a  given  velocity  from 
a  given  point :  supposing  the  locus  of  the  direction  of  projec- 
tion to  be  a  plane,  the  locus  of  the  orbit  is  an  ellipsoid,  of 
which  the  particle's  original  position  is  an  umbilical  point. 

(19)  A  particle  describes  an  elliptic  orbit  about  a  centre  of 
force  at  one  of  the  foci :  prove  that  the  action  is  proportional  to 
the  area  described  about  the  other  focus. 

T. :  Quarterly  Journal  of  Mathematics,  Vol.  Vll.  p.  45. 

(20)  When  a  particle  is  attracted  towards  a  fixed  centre  of 
force  and  moves  in  the  brachistochrone,  prove  that  the  area 
described  round  the  centre  of  force  varies  as  the  action. 

(21)  Shew  that  three  bodies,  attracting  each  other  accord- 
ing to  the  law  of  gravitation,  may  move  in  a  line  in  such  wise 
that  the  mutual  distances  are  in  a  constant  ratio,  the  value  of 
which  depends  on  the  masses. 

Cayley :  Messenger  of  Mathematics,  VoL  rv.  p.  211. 

(22)  Two  points  begin  to  move  at  the  same  instant  and  also 
stop  simultaneously,  and  the  product  of  their  accelerations  at 
any  time  varies  inversely  as  the  product  of  their  velocities :   if 
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a,  h,  be  their  initial  and  a,  V,  their  final  velocities,  and  t  be  the 
greatest  time  the  motion  can  last,  prove  that 

2aa  2bl3    ' 

where  a,  0,  are  respectively  their  initial  accelerations. 

(23)  Two  spheres,  the  molecules  of  which  attract  according 
to  the  law  of  the  inverse  square,  were  originally  in  contact : 
if  W,  Wy  W\  be  the  labouring  forces  which  have  been  ex- 
pended  in  pushmg  them  asunder  in  the  line  of  their  centres, 
when  the  distances  between  their  centres  are  respectively 
a,  a ,  a" ;  prove  that 

\a      a  J  \a       aj  \a      a  J 

(24)  A  particle,  acted  on  by  a  central  force  P,  is  moving 
in  a  medium  the  resistance  of  which  varies  as  the  velocity : 
prove  that 

where  c  and  h  are  constants. 

(25)  If  two  particles  be  projected,  with  equal  velocities, 
from  the  higher  extremity  of  the  vertical  diameter  of  a  vertical 
circle,  the  one  down  the  diameter,  the  other  along  any  chord 
terminating  at  that  extremity,  prove  that  the  chord  will  be 
described  in  a  less  time  than  the  diameter. 

(26)  ABODE  heing  a  regular  pentagon,  of  which  the  plane 
is  vertical  and  the  side  CD  horizontal  and  lowest,  the  times  in 
which  a  particle  would  descend  along  BC,  AC,  EG,  respectively, 
are  in  geometrical  progression. 

(27)  A  particle  is  placed  on  the  surface  of  an  ellipsoid,  the 
centre  of  which  is  a  centre  of  attractive  force :  to  determine  the 
direction  in  which  the  particle  will  begin  to  move. 

If  a,  P,  7,  be  the  co-ovdinates  of  the  place  of  the  particle  on 
the  ellipsoid 

a?     f     z^     ^ 
a      0      c 


] 
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the  particle  will  begin  to  move  in  the  line  of  which  the  equa- 
tions are 

(28)  The  transverse  axis  of  an  equilateral  hyperbola  is 
vertical:  prove  that  the  sum  of  the  squares  of  the  times 
in  which  a  molecule  would  fall  down  two  straight  lines  drawn 
from  a  point  in  the  circle,  of  which  the  transverse  axis  is  a 
diameter,  to  the  extremities  of  a  given  double  ordinate  of  the 
lower  branch  of  the  hyperbola,  is  the  same  for  every  point  in 
the  circle. 

(29)  A  pai*ticle  is  constrained  to  move  in  a  circle  and  is 
acted  on  by  a  force  tending  to  a  fixed  point  and  varying 
inversely  as  the  distance  :  prove  that  the  sum  of  the  squares  of 
the  velocities  of  the  particle  at  the  extremities  of  any  chord, 
drawn  through  the  centre  of  force,  is  constant. 

(30)  If  a  particle  be  projected  from  one  extremity  of  the 
axis  major  of  an  ellipse,  the  minor  axis  of  which  is  vertical,  so 
as  to  exactly  shoot  down  a  thin  straight  tube  extending  from 
the  upper  end  of  the  minor  axis  to  the  other  end  of  the  axis 
major;  shew  that,  a  being  the  angle  of  projection,  and  cosiS 
the  eccentricity  of  the  ellipse, 

tan  3  =  3  sin  jS. 

(31)  If  the  circle  which  generates  a  cycloid  roll  along  the 
directrix,  supposed  horizontal,  with  a  certain  uniform  velocity, 
shew  that  the  velocity  of  the  describing  point  is  in  each  posi- 
tion the  same  as  if  it  had  slid,  acted  on  by  gravity  and  without 
friction,  along  the  cycloid  from  rest  at  a  cusp.  (The  vertex  of 
the  cycloid  lies  below  the  directrix.) 

(32)  A  heavy  particle  is  attached  to  a  fixed  point  by  means 
of  an  elastic  string,  of  which  the  natural  length  is  3a  and 
modulus  of  elasticity  six  times  the  weight  of  the   particle : 
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the  particle  is  projected  horizontally,  with  a  velocity  equal  to 
^  (  9  )  '  ^^^  *  point  vertically  above  the  fixed  point  and  at  the 

distance  3a  from  it:  prove  that  the  angular  velocity  of  the 
string  will  be  constant,  and  that  the  particle  will  describe  the 
curve  r  =  a  (4  —  cos  0). 

(33)  A  molecule  descends  from  rest  through  a  certain  alti- 
tude down  a  curve  in  a  vertical  plane  to  a  point  of  the  curve 
where  the  tangent  is  horizontal :   supposing  the  whole  pressure 

exerted  on  the  curve,  viz.  JRdt,  during  this  descent,  to  be  a 

minimum,  prove  that  the  radius  of  curvature  at-  the  lowest 
point  is  equal  to  four  times  the  vertical  descent. 

(34)  A  particle  descends  from  rest  from  any  point  along  an 
inverted  cycloid  to  the  vertex:  to  find  the  equation  to  the 
hodogi-aph  of  the  path  of  the  particle. 

The  axis  of  the  cycloid  being  the  axis  of  x,  and  the  origin  of 
co-ordinates  in  the  base,  the  equation  to  the  hodograph  is 

(a?'  +  y*  +  C5r)"  =  cy  +  4a5rj:«, 

where  a  is  the  radius  of  the  generating  circle  and  c  the  initial 
depth  of  the  particle  below  the  base  of  the  cycloid. 

(35)  A  particle  is  placed  very  near  the  centre  of  a  smooth 
circular  horizontal  table :  fine  strings  are  attached  to  the  parti- 
cle and  pass  over  smooth  puUies  which  are  placed  at  equal 
intervals  round  the  margin  of  the  table :  to  the  other  end  of 
each  of  these  strings  is  attached  a  particle  of  the  same  mass  as 
the  central  particle :  to  find  the  time  of  an  oscillation  of  the 
system. 

If  71  be  the  number  of  the  strings  and  a  the  radius  of  the 
table,  the  time  of  the  oscillation  is  equal  to 

(n  +  2  a\i 
'^Vn    '  g) 

(36)  Two  equal  corpuscules,  which  attract  each  other  ac- 
cording to  any  law,  are  moving  in  two  narrow  rectilinear  tubes, 
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fixed  in  horizontal  positions,  and  intersecting  each  other  at 
right  angles :  prove  that  the  centre  of  gravity  of  the  corpus- 
cules  describes  equal  areas  in  equal  times  about  the  common 
point  of  the  tubes. 

(37)  A  body,  hanging  vertically,  drew  another  body  of  half 
its  weight,  by  means  of  a  fine  string,  up  an  inclined  plane  : 
when  the  bodies  had  described  a  space  c,  the  string  broke,  and 
it  was  found  that  the  smaller  body  continued  its  motion  in  the 
same  direction  through  an  additional  space  c  before  it  began  to 
descend:  to  find  the  inclination  of  the  plane. 

TT 

The  required  inclination  =  ~  • 

(38)  A  body,  descending  vertically,  draws  an  equal  body  25 
feet  in  2  J  seconds  up  a  plane  inclined  at  30"  to  the  horizon,  by 
means  of  a  fine  string  passing  over  a  pully  at  the  top  of  the 
plane :  to  determine  the  force  of  gravity. 

Gravity  =  32  feet. 

(39)  A  weight  P,  descending  vertically,  draws  another 
weight  Q  through  a  space  of  16^^  feet  in  4  seconds  up  a  plane 
inclined  to  the  horizon  at  an  angle  of  30",  by  means  of  a 
fine  string  passing  over  a  pully  at  the  top  of  the  plane : 
shew  that 

(40)  A  railway  train  of  given  mass  is  travelling  due  south 
at  a  uniform  rate  along  a  line  which  runs  due  north  and  south  : 
prove  that,  the  earth  being  supposed  perfectly  spherical,  the 
train  will  exert  on  the  metals  a  strain  towards  the  west,  the 
magnitude  of  which  varies  as  the  product  of  the  velocity  of  the 
train  and  the  sine  of  the  latitude  of  its  position,  and  a  strain 
towards  the  south,  the  magnitude  of  which  varies  simply  as  the 
sine  of  twice  the  latitude. 

(41)  An  engine,  the  power  of  which  is  sufficient  to  generate 
in  a  second  a  velocity  of  150  feet  a  second  in  a  mass  M,  which 
is  its  own  mass,  is  attached  to  a  carriage,  of  mass  ^ Jf,  by  means 
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of  an  inelastic  weightless  chain  3  feet  long :  this  carriage  again 

M 

in  exactly  the  same  way  to  another,  of  mass  ^ ;  this  to  a  third, 

M  ' 
of  mass  ^3 .    The  engine  and  carriages  are  in  contact  when  the 

train  starts:    to  determine  the  velocity  with  which  the  last 
carriage  will  begin  to  move. 

The  last  carriage  will  b^n  to  move  with  a  velocity  of 
^(1088)  feet  per  second. 

(42)  A  particle  slides  down  a  smooth  inclined  plane,  which 
moves  with  uniformly  accelerated  velocity  directly  forwards  on 
a  horizontal  plane :  the  particle  and  plane  begin  to  move  at  the 
same  instant:  shew  that,  if  t;  be  the  velocity  of  the  particle 
relatively  to  the  plane,  v*  =  2/5,  where  6  is  the  space  described 
along  the  plane,  and 

gr' =  gf  sin  a  — /  cos  Gt, 

a  being  the  inclination  of  the  plane  and /its  acceleration. 

(43)  The  extremities  of  a  fine  thread,  carrying  a  heavy 
bead,  are  fastened  to  two  points  in  a  vertical  line :  the  bead 
and  thread  revolve  uniformly  about  the  vertical  line,  the  bead's 
position  on  the  thread  being  constant :  to  find  the  position  of 
the  bead. 

The  diepth  of  the  bead  below  the  horizontal  plane,  which  is 
equidistant  from  the  two  points,  is  equal  to 

co*(6«^a»)' 

2a  being  the  distance  betweeen  the  two  points,  26  the  length  of 
the  thread,  and  co  the  angular  velocity  of  revolution. 

(44)  The  inclination  of  a  smooth  inclined  plane  is  such  that 
the  pressure  on  it  of  a  body,  supported  by  a  string  parallel  to 
the  plane,  is  increased  by  one  half  when  the  string  is  cut  and 
the  body  supported  by  moving  the  plane  horizontally :  shew 
that,  if  the  plane  be  stopped  suddenly  at  any  time  after  the 
commencement  of  the  motion,  the  body  will  strike  it  again 
after  an  equal  interval. 
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(45)  In  a  narrow  horizontal  tube,  revolving  uniformly  about 
a  vertical  axis,  a  particle  is  placed  at  a  given  distance  from  the 
axis :  the  particle  escapes  from  the  end  of  the  tube  when  the 
tube  comes  into  a  given  position  and  falls  on  a  horizontal 
plane :  shew  that,  if  the  length  of  the  tube  be  unknown,  the 
angular  velocity  being  given,  the  locus  of  the  point  of  impact  on 
the  plane  will  be  an  equilateral  hyperbola,  but  that,  when  the 
angular  velocity  is  unknown,  the  length  of  the  tube  being 
assigned,  the  locus  will  be  a  straight  line. 

(46)  A  narrow  rectilinear  tube  is  made  to  revolve  upwards 
with  a  constant  angular  velocity  w  in  a  vertical  plane,  about  a 
pivot  through  one  extremity :  a  particle  is  placed  in  the  tube, 
when  it  is  in  a  horizontal  position,  at  a  distance  a  from  the 
pivot :  shew  that,  if  6>  be  very  small,  the  particle  will  reach  the 

pivot  in  a  time  approximately  equal  to  f — j  . 

(47)  A  bead  is  enclosed  in  a  smooth  circular  tube,  the 
centre  of  which  moves  uniformly  in  a  straight  line  in  the  plane 
of  the  tube :  shew  that  the  velocity  of  the  bead,  relatively  to 
the  tube,  is  uniform. 

(48)  A  bead  is  placed  on  a  smooth  circular  wire,  on  which 
is  impressed  a  given  angular  velocity  in  its  own  plane  about  a 
point  of  its  circumference :  prove  that  the  initial  velocity  of  the 
bead  is  half  that  of  a  point  of  the  wire  the  distance  of  which 
from  the  bead  is  equal  to  that  of  the  bead  from  the  fixed  point 

(49)  A  circular  hoop  of  radius  a  revolves  with  a  uniform 
angular  velocity  «  round  a  vertical  diameter,  and  a  smooth 

ring  slides  upon  it:  shew  that,  when  <»<(-)  ,  the  ring  may 

perform  small  oscillations  of  the  period 

or 


A4 


g-') 


about  the  lowest  point. 
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(50)  A  tube  of  small  bore,  in  the  form  of  a  logarithmic 
spiral,  revolves  with  a  uniform  angular  velocity  about  an  axis 
passing  through  its  pole  and  perpendicular  to  its  plane,  which 
is  horizontal,  and  contains  a  particle  which  moves  freely  in  it : 
supposing  the  initial  velocity  of  the  particle,  relatively  to  the 
tube,  to  be  equal  to  the  velocity  of  the  point  of  the  tube  in 
contact  with  the  particle,  shew  that  the  path  of  the  particle  is 
another  logarithmic  spiral. 

(51)  Two  heavy  particles  are  connected  by  a  fine  inelastic 
string,  which  is  just  stretched,  and  one  of  them  is  struck  in 
a  direction  perpendicular  to  the  string:  shew  that  they  will 
never  approach  each  other. 

(52)  A  particle,  acted  on  by  no  forces,  moves  in  a  rough 
groove  in  one  plane:  shew  that  the  difference  between  the 
logarithms  of  the  velocities  at  any  two  points  varies  as  the 
angle  between  the  tangents  to  the  groove  at  those  points. 

(53)  If  the  arc  of  a  circle,  containing  an  angle  cot"'  (—  fi), 
be  placed  so  that  its  bounding  chord  is  vertical,  then  the  times 
of  descent  down  all  chords  considered  rough,  which  are  drawn 
from  the  highest  point,  will  be  equal,  /a  being  the  coefficient  of 
friction. 

(54)  Prove  that  the  locus  of  an  axis,  passing  through  a 
fixed  point  of  a  solid  body,  such  that  the  moment  of  inertia  of 
the  body  round  it  is  constant,  is  a  cone  of  the  second  order, 
and  that  the  circular  sections  of  the  cones  corresponding  to 
different  values  of  the  constant  moment  have  the  same  direc- 
tions. 

Ferrers  and  Jackson  :  Solutions  of  the  Cambridge 
Problems,  1848  to  1851,  p.  319. 

(55)  Shew  that  the  difference  of  the  moments  of  inertia  of 
a  body  round  two  axes  in  a  given  plane,  which  are  equally 


654  MISCELLANEOUS  PBOBLEMS. 

inclined  to  a  fixed  line  in  the  plane,  is  proportional  to  the  sine 
of  the  angle  between  those  axes. 

Ferrers  and  Jackson :  Solutions  of  the  Cambridge 
Problem,  1848  to  1851,  p.  322. 

(56)  To  find  the  relation  between  the  co-ordinates  of  a 
point  in  a  straight  line  where  it  is  a  principal  axis  of  a  body. 

Let  the  principal  axes  at  the  centre  of  gravity  of  the  body 
be  the  axes  of  co-ordinates,  and  let  I,  m,  n,  be  the  direction- 
cosines  of  the  line :  then,  a,  13,  7,  being  the  radii  of  gyration  of 
the  body  about  the  said  principal  axes,  the  co  ordinates  of  the 
point  are  connected  by  the  equation 

^-,y«     ,y»-a*     a«-/9*     , 

y      z       z      X      X      y  ^ 

m      n      n      I       I      m 

(57)  The  form  of  a  homogeneous  solid  of  revolution,  of 
given  superficial  area,  described  upon  an  axis  of  given  length, 
is  such  that  its  moment  of  inertia  about  the  axis  is  a  maximum: 
prove  that  the  normal  at  any  point  of  the  generating  curve  is 
three  times  as  long  as  the  radius  of  curvature. 

Mackenzie  and  Walton :    Solutions  of  the  Cambridge 
Problems  for  1854. 

(58)  Shew  that  if  one  of  a  free  system  of  particles,  which 
attract  one  another  with  forces  varying  as  the  mass  and 
distance,  have  at  any  instant  the  same  position  and  the 
same  velocity,  in  magnitude  and  direction,  as  the  centre  of 
gravity  of  the  system,  it  will  coincide  with  it  throughout  the 
motion. 

(59)  When  a  circular  lamina,  the  plane  of  which  is  vertical, 
rolls  along  a  horizontal  plane,  shew,  by  calculating  the  value  of 
each,  that  the  diminution  of  pressure  arising  from  the  centri- 
fugal force  is  compensated  by  the  increase  of  pressure  arising 
from  the  effective  force  on  each  particle  in  the  direction  of  its 
motion. 
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(60)  Of  the  two  parts  m,  m',  of  a  compound  vibrating  body 
the  centres  of  gravity  jET,  n\  the  centres  of  oscillation  0>  0\ 
and  their  point  of  connection  P,  are  in  a  straight  line  passing 
through  S  the  axis  of  suspension:  SB=h,  SH'  =  h\  SO  =  l, 
SO'  =  r,  SP  =  Oy  and  r,  r ,  are  the  respective  expansions  of 
linear  units  of  the  masses  for  a  given  rise  of  temperature. 
Shew,  first,  that  the  change  of  V  for  the  given  change  of  tem- 
perature is 

rT  +  e(r-r')(2-Q; 

and  then  that  the  length  L  of  the  compound  pendulum  is  un- 
altered by  temperature  if 

1  r  _  wirAi  +  mr'KV  +  m'Ke  (r  —  r') 
'  mrh  +  mrh'  +  me  (r  —  r') 

(61)  Two  solid  globes,  each  of  radius  a  and  density  A, 
attracting  by  the  force  of  gravity  two  minute  spheres  at  the 
extremities  of  the  arms  of  a  torsion  balance  in  directions  per- 
pendicular to  the  arms  and  at  a  distance  b  from  their  centres, 
were  observed  to  retain  the  spheres  at  a  distance  8  from  their 
position  of  rest ;  and  the  time  of  a  free  oscillation  of  the 
balance  was  found  to  be  t  seconds :  shew  that,  if  Z  be  the 
length  of  a  seconds  pendulum,  and  12  the  Earth^s  radius,  the 
density  of  the  Earth  is  equal  to 

(62)  A  slender  rod,  suspended  horizontally  by  two  equal 
strings  attached  to  two  points  equidistant  from  its  ends,  per- 
forms small  oscillations  round  a  vertical  line  through  its  mid- 
dle point:  prove  that,  if  in  the  position  of  equilibrium  the 
strings  are  inclined  at  equal  angles  to  the  vertical,  the  time 
of  oscillation  is  the  same  as  it  would  be  if  the  strings  were 
parallel,  of  a  length  equal  to  the  projection  of  either  of  them 
on  a  vertical  line,  and  at  a  distance  equal  to  the  mean  pro- 
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portional  between  their  distances  at  the  points  of  suspension 
and  attachment  respectively. 

(63)  A  uniform  rod,  the  centre  of  gravity  of  which  is 
initially  at  rest,  moves  in  a  plane  under  the  action  of  a  con- 
stant force  in  the  direction  of  its  length :  prove  that  the  square 
of  the  radius  of  curvature  of  the  path  of  the  rod's  centre  of 
gravity  varies  as  the  versed  sine  of  the  angle  through  which 
the  rod  has  revolved  at  the  end  of  any  time  from  the  begin- 
ning of  the  motion. 

(64)  A  rigid  hoop,  completely  cracked  at  one  point,  rolls, 
acted  on  by  no  force  but  gravity,  in  a  vertical  plane  upon 
a  perfectly  rough  horizontal  plane:  prove  that  the  wrench- 
couple  at  the  point  of  the  hoop  most  remote  from  the  crack 
will  be  a  maximum  whenever,  the  crack  being  lower  than  the 
centre,  the  inclination  of  the  diameter  through  the  crack  to 

the  horizon  is  equal  to  tan"*  [  —  J . 

(65)  A  fixed  rod  is  inclined  at  any  angle  to  the  horizon : 
a  moveable  rod,  to  the  lower  end  of  which  is  attached  a  small 
ring  moveable  along  the  fixed  rod,  is  placed  at  right  angles  to 
the  fixed  rod  and  in  the  same  vertical  plane  with  it:  prove 
that  the  moveable  rod  will  slide  down  without  any  motion 
of  rotation. 

(66)  The  end  J.  of  a  fine  string  ABG  is  fastened  to  a  fixed 
point,  and  two  particles,  the  masses  of  which  are  m  and  m\ 
are  fastened  to  the  points  B  and  C  of  the  string :  the  end  C  is 
then  held  so  that  BG  is  horizontal  and  AB  inclined  at  an 
angle  a  to  the  vertical :  if  C7  be  let  go,  to  find  the  initial  ten- 
sions of  AB  and  BG. 

If  T,  T\  be  the  initial  tensions  of  AB,  BG,  respectively, 

rp  _  '"^9  (^  +  ^')  ^s  a         rrn  ^  mmg  sin  a  cos  a 
m-\-m  cos'  a     *  m  +  m'  cos'  a 

Besant :  Messenger  of  MatheTnatics,  VoL  rv.  p.  2. 
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(67)  Three  particles  A,  By  C,  repelling  each  other  accordiDg 
to  any  law,  are  tied  together  by  strings  so  as  to  form  a  triangle, 
and  the  system  is  in  equilibrium  :  the  string  BC  being  cut,  to 
find  the  changes  of  the  tensions  of  the  other  two  strings. 

Let  P,  Q,  B,  be  the  forces  of  repulsion  between  B  and  G, 
C  and  Ay  A  and  By  respectively;  and  let  Ly  M,  Ny  he  the 
masses  of  the  particles  at  A,  B,  0,  respectively:  then  the 
changes  of  the  tensions  of  AB  and  A  C  are  respectively 

L .  P.  cos  B  4-  M.Q,  cos  A       L  .P.coaC+  N.R.  cos  A 

LVM  '  lVn 

Besant :  lb.  Vol.  IV.  p.  2, 

(68)  A  heavy  string  is  at  rest  within  a  smooth  tube  of  small 
bore,  the  axis  of  which  is  a  circle  in  a  vertical  plane:  the  upper 
end  of  the  string  is  fastened  to  the  highest  point  of  the  tube  : 
if  the  fastening  be  removed,  to  find  the  initial  tension  at  any 
point. 

Let  A  be  the  highest  point  of  the  string:  let  m  be  the  mass 
of  a  unit  of  length  of  the  string,  and  T  the  tension  at  a  point 
P:  then,  0y  a,  representing  the  angles  subtended  at  the  centre 
of  the  circle  by  the  arc  AP  and  the  whole  string  respectively, 
and  a  denoting  the  radius  of  the  circle,  ^ 

--  /I— oosa     1  — oos^ 

Besant :  lb.  VoL  iv.  p.  4. 

(69)  An  elliptic  lamina^  the  plane  of  which  is  vertical  and 
transverse  axis  horizontal,  is  supported  by  two  weightless  pins 
passing  through  its  foci:  if  one  of  the  pins  be  released,  to 
determine  the  eccentricity  of  the  ellipse  in  order  that  the 
pressure  on  the  other  may  be  initially  unaltered. 


(2\i 


Besant:  lb.  Vol.  iv.  p.  6. 
W.  8.  42 
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(70)  Three  equal  smooth  balls  are  kept  in  contact  with 
each  other  on  a  smooth  horizontal  plane  by  a  string  passing 
round  them,  and  a  fourth  equal  ball  rests  upon  the  three : 
if  the  string  be  cut,  to  determine  the  initial  change  of  pressure 
between  the  upper  ball  and  each  of  the  lower  ones. 

If  R  be  the  original  and  R'  the  initial  pressure, 


R  ^^  1^  R, 


Besant :  lb.  Vol.  iv.  p.  6. 


(71)  Two  equal  rods  are  jointed  together  at  their  higher  ends 
and  rest  symmetrically  over  a  smooth  sphere :  the  junction  of 
the  rods  being  severed,  to  find  the  initial  pressure  of  each  rod 
on  the  sphere. 

Let  W  be  the  weight  of  either  rod ;  let  h  be  its  radius  of 
gyration  about  its  centre  of  gravity,  and  A'  about  its  point  of 
contact  with  the  sphere :  let  a  be  the  inclination  of  each  rod 
to  the  horizon :  then  the  required  pressure  is  equal  to 

Besant :  Messenger  of  MatliemaHcs,  Vol,  rv.  p.  8. 

(72)  If  a  rigid  body  be  moving  in  any  manner  in  three 
dimensions,  prove  that  we  can .  take  moments  about  the  in- 
stantaneous axis  as  if  it  were  an  axis  fixed  in  space  and  in  the 
body,  provided  that  the  moment  of  inertia  of  the  body  about 
the  instantaneous  axis  is  constant  throughout  the  motion, 

Routh  ;  Rigid  Dynamics,  Second  Edition,  p.  417. 

(73)  A  right  cone  rolls  on  its  slant  side  on  a  perfectly  rough 
inclined  plane  under  the  action  of  gravity :  to  find  the  motion. 

Let  2%  be  the  angle  of  the  cone,  h  the  length  of  its  axis,  fi 
the  inclination  of  the  plane  to  the  horizon,  /  the  radius  of  gy- 
ration of  the  cone  about  a  generating  line,  and  <f)  the  inclination 
of  the  line  of  contact  of  the  plane  and  cone  to  the  direction 
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of  the  component  of  gravity  resolved  along  the  plane :  then  the 
motion  of  the  cone  is  defined  by  the  equation 

cr<f> S^Asin'asin/S  .     , 

d^  "      i       A;*  cos  a  ^* 

Routh :  lb,  p.  417, 

» 

(74)  A  lamina,  one  point  of  which  is  fixed,  is  in  motion,  no 
forces  acting  on  it :  prove  that  the  sum  of  the  squares  of  the 
angular  velocities  about  the  two  principal  axes  through  the 
fixed  point  in  the  plane  of  the  lamina  is  constant. 

(75)  If,  throughout  the  motion  of  a  rigid  body  about  a 
fixed  point,  under  the  action  of  a  system  of  forces,  the  angular 
acceleration  of  the  body  about  the  instantaneous  axis  bear  to 
the  moment  of  inertia  about  this  axis  and  to  the  forces  the 
same  relation  as  if  the  axis  were  fixed,  prove  that,  if  the  three 
principal  moments  of  inertia  at  the  fixed  point  be  not  all  equals 
the  locus  of  the  axis  relatively  to  the  body  is  a  cone  of  the 
second  order. 

(76)  A  rigid  body,  a  given  point  of  which  is  fixed,  revolves 
with  a  uniform  angular  velocity  about  a  permanent  axis  under 
the  action  of  a  couple :  prove  that  there  are  six  axes  of  maxi- 
mum reluctance  (viz.  six  axes  of  rotation  corresponding  to 
maximum  values  of  the  constraining  couple),  two  in  each 
principal  plane,  each  two  bisecting  the  angles  between  the 
principal  axes  in  the  plane  in  which  they  are. 

Quarterly  Journal  of  Mathematics,  Vol.  vii.  p.  376. 
Routh :  Dynamics  of  a  System  of  Rigid  Bodies, 
Second  Edition,  p.  93, 

(77)  A  rigid  body  is  in  motion,  one  of  its  points  being  fixed  : 
if,  at  any  instant  during  the  motion,  the  axis  of  rotation  passes 
through  the  centre  of  gravity  of  the  body,  prove  that,  at  that 
instant,  the  pressure  on  the  fixed  point  is  at  right  angles  to  the 
axis  of  rotatioli. 

(78)  Two  rigid  bodies  move,  acted  on  by  no  force,  about 
fixed  points :  the  principal  moments  of  inertia  of  the  one  about 
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its  fixed  point  are  in  the  duplicate  ratio  of  the  corresponding 
moments  of  the  other :  prove  that  the  initial  circumstances  may 
he  so  adjusted  that,  if  the  angles  which  the  instantaneous  axis 
makes  with  the  corresponding  principal  axes  are  at  any  instant 
equal  each  to  each  in  the  two  bodies,  their  angular  velocities  are 
'also  equal. 

(79)  A  sphere,  revolving  about  a  diameter  and  not  acted  on 
by  any  extraneous  force,  expands  symmetrically :  prove  that 
its  vis  viva  varies  inversely  as  its  moment  of  iueiiiia  about  a 
diameter. 

(80)  A  homogeneous  globe  is  placed  upon  a  perfectly  rough 
table,  very  near  to  a  given  centre  of  force  in  the  surface  of  the 
table,  the  law  of  attraction  being  that  of  the  inverse  square : 
prove  that  the  square  of  the  time  of  an  oscillation  varies  as  the 
volume  of  the  globe. 

(81)  If  two  particles  move  in  one  plane  so  that  their  centre 
of  gravity  moves  along  a  straight  line,  and  the  sum  of  the  areas 
conserved  about  a  point  in  this  line  vanishes,  prove  that  the 
line  joining  the  particles  will  move  parallel  to  itself. 

(82)  In  a  straight  line  OABCy  0  is  a  fixed  end  of  a  fine 
straight  inelastic  string  OAB,  to  which  particles  of  equal 
masses  are  fixed  at  A  and  B:  (7  is  a  centre  of  force  attracting 
directly  as  the  distance,  and  the  points  A,  B,  trisect  the  line  OC. 
Supposing  the  particles  to  receive  slight  disturbances  in  a  plane 
through  OC  without  slackening  the  string,  prove  that,  fir  being 

the  attractive  force  at  a  distance  r,  and  — ,   — ,  the  periods  of 

Pi      Pi 
the  oscillations  of  the  particles,  the  product  of  the  quantities 

p^y  p^,  is  equal  to  S/t,  and  that  their  ratio  is  independent  of /x. 

(83)  When  a  horizontal  lamina,  resting  upon  a  horizontal 
plane,  receives  a  blow,  shew  that,  in  the  time  which  the  system 
takes  to  make  a  complete  revolution,  the  centre  of  gravity  will 
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advance  over  a  space  equal  to  the  circumference  of  the  circle 
described  about  the  spontaneous  centre  of  rotation  as  centre  and 
passing  through  the  centre  of  gravity. 

(84)  A  uniform  beam  is  revolving  in  a  vertical  plane  about 
a  horizontal  axis  through  its  middle  point ;  and,  at  the  instant 
it  is  passing  through  its  horizontal  position,  a  perfectly  elastic 
ball,  the  mass  of  which  is  one-third  that  of  the  beam,  is  pro- 
jected horizontally  from  a  point  vertically  above  the  axis,  so  as 
to  hit  the  beam  at  one  extremity,  then  to  rebound  to  the  other, 
and  so  on  for  ever,  bounding  and  rebounding  along  the  same 
path.  If  6  be  the  angle,  on  each  side  of  its  horizontal  position^ 
through  which  the  beam  revolves,  prove  that  ^  =  cot  ^. 

(85)  A  rigid  body,  moveable  about  a  fixed  point,  is  struck 
by  a  blow  of  given  magnitude  at  a  given  point :  if  the  angular 
velocity  thus  impressed  upon  the  body  be  the  greatest  possible, 
prove  that,  a,  6,  c,  being  the  oo-ordinates  of  the  given  point 
in  relation  to  the  principal  axes  through  the  fixed  point,  and 
I,  m,  n,  being  the  direction-cosines  of  the  blow, 

A,  B,  G,  being  the  moments  of  inertia  of  the  body  about  the 
principal  axes  at  the  fixed  point. 

(86)  Two  equal  particles  of  mass  m  are  fixed  at  the  ex- 
tremities of  the  axis  of  a  prolate  spheroid,  the  mass  of  which 
is  if,  the  eccentricity  of  the  generating  ellipse  being  e.  The 
spheroid  is  struck  by  a  couple  and  then  left  to  move  freely. 
Shew  that  throughout  the  motion  it  will  constantly  have  con- 
tact with  a  single  plane  if  m  =  r--  Me\ 

(87)  Two  equal  particles  are  fixed  at  the  extremities  of  the 
axis  of  a  prolate  spheroid :  the  spheroid  is  struck  by  a  couple 
and  then  left  to  move  freely:   prove  that,  throughout  the 
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motion,  it  will  constantly  have  contact  with  a  single  plane,  if 
the  ratio  of  the  mass  of  one  of  the  particles  to  the  mass  of  the 

spheroid  be  equal  to  z^^,  where  e  is  the  eccentricity  of  the 

generating  ellipse. 

Ferrers  and  Jackson :  Solutions  of  the   Camhndge 
Problems,  1848  to  1851,  p.  311. 

(88)  A  fox,  pursued  by  a  hound,  is  running  with  uniform 
velocity  over  a  frail  arch  in  the  form  of  a  cycloid :  the  hound 
stops  at  a  weak  point  of  the  arch,  then  tumbles  through,  and 
reaches  the  level  ground  with  a  velocity  equal  to  that  of  the 
fox :  prove  that  the  fox  exerted  no  noimal  pressure  on  the 
arch  at  the  point  where  the  hound  fell  through. 

(89)  A  man,  of  weight  TT,  stands  on  smooth  ice :  prove  that 
if,  when  he  gradually  parts  his  legs,  kept  straight,  with  his  feet 
in  contact  with  the  ice,  the  pressure  of  his  feet  on  the  ice  be 
constant,  his  head  will  descend  with  a  uniform  acceleration ;  and 
that,  if  /  be  the  acceleration  of  his  head,  when  his  feet  exert 
no  pressure  on  the  ice,  their  pressure  on  the  ice,  were/'  the 
acceleration  of  his  head,  would  be  equal  to 


f 


W. 


(90)  Date  Pendulo  turbinante,  composite  ex  ponderibus  non 
in  communi  turbinationis  piano,  sed  vel  in  alio,  vel  in  aliis 
diversis  planis  inhaerentibus ;  demissisque  rectis  pei-pendiculari- 
bus  ad  commune  planum  turbinationis  ex  ponderibus ;  si  pondera 
singula  ducantur  in  distantias  suarum  perpendicularium  ab  axe 
turbinationis  et  porro  in  altitudines  superficierum  conicarum, 
quas  rectse  a  ponderibus  ad  vertioem  turbinationis  educt»  descri- 
bunt;  deinde  summa  prbductorum  dividatur  per  id,  quod  fit 
ducendo  ponderum  summam  in  distantiam  centri  gravitatis  com- 
munis omnium  ab  axe  turbinationis:  habebitur  distantia  Centri 
turbinationis,  sen  longitudo  Penduli  simplicis  circuitus  minimos 
iisdem  cum  composite  temporibus  facientis,  sive  altitude  super- 
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ficiei  conicae,  quam   Pendulum  quodlibet   simplex  describens 
Pendulo  da  to  composite  erit  isochronum*. 

John  Bernoulli:  Acta  Erud,  Lips.  1715.  Jun.  pag.  242. 
Opera,  Tom,  ii.  p.  187. 

^  Let  G  (fig.  259)  be  the  centre  of  gravity  of  any  rigid  body,  acted  on  by  gravity, 
and  revolving  conically  about  a  fixed  point  C  to  which  it  is  fixed,  the  path  of 
each  of  its  particles  being  a  horizontal  circle.  Let  CO  he  tk  vertical  line.  The 
body  is  called  a  turbinating  pendulum^  C  the  vertex  of  turhination,  CO  the  axis 
of  turbinati&n,  the  plane  000  the  pl^ine  of  turhination;  the  centre  of  turbination 
of  the  oomponnd  pendulum  is  a  point  in  the  axis  of  turbination  at  a  distance 
from  the  vertex  of  turbination  equal  to  the  altitude  of  the  conical  superficies 
described  by  a  simple  pendulum  turbinating  isochronously  with  the  compound 
pendulum.  A  simple  pendulum  is  said  to  make  circuittu  minimos  when  the 
conical  angle  is  indefinitely  small 
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The  copy  of  Bernoulli's  programme^  which  had  been  received 
by  the  celebrated  David  Gregory,  was  seen  some  years  ago 
by  the  author  of  this  work,  in  the  possession  of  the  lamented 
D.  F.  Gregory,  late  Fellow  of  Trinity  College.  The  following 
reprint  of  the  challenge  will  probably  be  acceptable  to  those 
who  take  an  interest  in  the  antiquities  of  science. 

Acutissimis  qui  toto  orbe  florent  Mathematicis. 

S.  P.  D. 

JOHANNES  BERNOULLI,  MATH.  P.P. 

"Cum  compertum  habeamus,  vix  quicquam  esse  quod  magis 
excitet  generosa  ingenia  ad  moliendum  quod  conducit  augendis 
scientiis,  quam  difficilium  pariter  et  utilium  qusestionum  propo- 
sitionem,  quarum  enodatione,  tanquam  singulari  si  qua  aJia  via, 
ad  nominis  claritatem  perveniant  sibique  apud  posteritatem 
setema  extruant  monumenta :  Sic  me  nihil  gratius  Orbi  Mathe- 
matico  facturum  speravi  quam  si  imitando  exemplum  tantorum 
Virorum  Mersenni,  Pascalii,  Fermatii,  prsesertim  recentis  illius 
Anonymi  ^nigmatiste  Florentini,  aUorumque,  qui  idem  ante 
me  fecerunt.  pwestantissimis  hujus  aevi  Analystis  proponerem 
aliquod  problema,  quo,  quasi  lapide  Lydio,  suas  methodos  ex- 
aminare,  vires  intendere,  et,  si  quid  invenirent,  nobiscum  com- 
municare  possent,  ut  quisque  suas  exinde  promeritas  laudes 
a  nobis,  publico  id  profitentibus,  consequeretur. 

"Factum  autem  illud  est  ante  semestre  in  Actis  Lips.  m. 
Jun.  pag.  269,  ubi  tale  problema  proposui  cujus  utilitatem 
cum  jucunditate  conjunctam  videbunt  omnes  qui  cum  successu 
ei  se  applicabunt.     Sex  mensium  spatium  a  prima  publicationis 

1  See  page  388. 
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die  Qeometiis  concessum  est,  intra  quod,  si  nulla  solutio  prodiret 
in  lucem,  me  meam  exbibiturum  promisL  Sed  eoce  elapsus  eat 
terminus,  et  nihil  solutionis  comparuit ;  nisi  quod  Celeb.  Leib- 
nitius,  de  profundiore  Qeometriaprseclare  meritus,  me  per  literas 
certiorem  fecerit,  se  jam  feliciter  dissolvisse  nodum  pulcherrimi 
hujus,  uti  vocabat,  et  inauditi  antea  problematis;  insimulque  hu- 
maniter  rogavit,  ut  prasstitutum  limitem  ad  proximum  Pascha 
extendi  paterer;  quo  interea  apud  Qallos  Italosque  idem  illud 
publicari  posset,  nullusque  adeo  superesset  locus  ulli  de  angustia 
termini  querelsB.  Quam  honestam  petitionem  non  solum  in- 
duki,  sed  ipse  banc  prorogationem  promulgare  decrevi,  visurus 
num  qui  sint  qui  nobilem  banc  et  arduam  qus&stionem  ag- 
gressuri,  post  longum  temporis  intervallum,  tandem  Enodationis 
compotes  fierent.  lUorum  interim  in  gratiam,  ad  quorum  ma- 
nus  Acta  Lipsiensia  non  perveniunt,  propositionem  bic  repeto. 

PBOBLEUA  MECHANIC0-6E0HETRICUH  DE  LINEA 

CELERRIMI  DESCENSUS. 

''  Determtnare  lineam  curvam  data  duo  puncta,  in  dtversis  ab 
horizonte  distantiis,  et  non  in  eadem  recta  verticali  posita,  con-^ 
nectentem,  super  qua  mobile,  propria  gravitate  decurrena  et  a 
superiori  puncto  moveri  indpiens,  dtiesime  deecendat  ad  punctum 
inferius. 

"  Sensus  problematis  bic  est :  ex  infinitis  lineis,  que  duo  ilia 
data  puncta  conjungunt,  vel  ab  uno  ad  alterum  duci  possunt, 
eligatur  ilia,  juzta  quam,  si  incurvetur  lamina  tubi  canalisve 
formam  babens,  ut  ipsi  impositus  globulus  et  liber^  dimissus 
iter  suum  ab  uno  puncto  ad  alterum  emetiatur  tempore  bre- 
vissimo. 

''Ut  vero  omnem  ambiguitatis  ansam  praecaveamus,  scire 
B.L  Yolumus,  nos  bic  admittere  Qalilaei  bypothesin  de  cujus 
veritate,  seposita  resistentia,  jam  nemo  est  saniorum  Geometra^ 
rum  qui  ambigat,  Vehcitatee  scilicet  acquieitae  gravium  caden" 
tium  esse  in  suhduplicata  ratione  altitudinum  emensarum,  quan- 
quam  alias  nostra  solvendi  methodus  universaliter  ad  quamvis 
aliam  hypotbesin  sese  extendat. 

w.  s.  43 


666  APPENDIX. 

''Cum  itaque  nihil  obscuritatis  supersit,  obnixe  rogamus 
omnes  et  singulos  hujus  aevi  Geometras,  accingant  se  promte, 
tentent,  discutiant  quicquid  in  extremo  suanim  methodonim 
recessu  absconditum  tenent  Rapiat  qui  potest  prsemium  quod 
Solutori  paravimus;  non  quidem  auri  non  argenti  summam,  quo 
abjecta  tantum  et  mercenaria  conducuntur  ingenia,  a  quibus  ut 
nihil  laudabile^  sic  nihil,  quod  scientiis  fructuosum,  expectamus ; 
sed  cum  virtus  sibi  ipsi  sit  merces  pulcherrima,  atque  gloria 
immensum  habeat  calcar,  offerimus  prsemium  quale  convenit 
ingenui  sanguinis  Yiro,  consertum  ex  honore,  laude^  et  plausu ; 
quibus  magni  nostri  Apollinis  perspicacitatem^  publice  et  pri- 
vatim,  scriptis  et  dictis  coronabimus^  condecorabimus,  et  cele^^ 
brabimus. 

"Quod  si  vero  festum  Paschatis  prsBterierit,  nemine  deprehenso' 
qui  qusesitum  nostrum  solvent,  nos  quas  ipsi  invenimus  publico 
non  invidebimus:  Incomparabilis  enim  Leibnitius  solutiones  turn 
8uam,tum  nostram, ipsi  jam  pridem  commissam  protinus  ut  spero 
in  lucem  emittet ;  quas  si  Geometrse,  ex  penitiori  quodam  fonte 
petitas  perspexerint,  nuUi  dubitamus  quin  angustos  vidgaris 
Geometrise  limites  agnoscant,  nostraqu«  proin^  inventa  tanto 
pluris  faciant,  quanto  pauciores  eximiam  nostram  qusestionem 
soluturi  extiterint,  etiam  inter  illos  ipsos,  qui  per  singulares,  quas 
tantopere  commendant,  methodos,  interioris  Geometric  latibula 
non  solum  intime  penetrasse,  sed  etiam  ejus  pomceria,  Theore- 
raatis  suis  aureis,  nemini  ut  putabant  cognitis,  ab  aliis  tamen  jam 
longe  prius  editis,  mirum  in  modum  extendisse  gloriantur. 

PROBLEMA  ALTERUM  PURE    GEOMETRICTJM,    QUOD    PRIORI    SUB- 
NECTIMUS  ET  STREN^  LOCO  ERUDmS  PROPONIMUS. 

"Ab  Euclidis  tempore  vel  Tyronibus  notum  est;  Ductam 
utcunque  a  puncto  dato  rectam  lineam,  a  circuli  peripheria  ita 
secari,  ut  rectangulum  duorum  segmentorum,  inter  punctum 
datum  et  utramque  peripherise  partem  interoeptorum,  sit  eidem 
constanti  perpetuo  sequale.  Primus  ego  ostendi  in  eod.  Actor. 
Jun.  pag.  265,  banc  proprietatem  infinitis  aliis  curvis  convenire, 
illamque  adeo  circulo  non  esse  essentialem.     Arrepta  hinc  occa- 
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sione,  proposui  Geometris  determinandam  curvam,  vel  curvas, 
in  quibus  non  rectangulum,  sed  solidum  sub  uno  et  quadrato 
alterius  segmentorum  sequetur  semper  eidem:  sed  a  nemine 
hactenus  solvendi  modus  prodiit;  exhibebimus  eum  quando- 
cunque  desiderabitur.  Quoniam  autem  non  nisi  per  curvas 
transcendentes  qusesito  satisfacimus,  en  aliud,  cujus  solutio  per 
mere  algebraicas,  in  nostra  est  potestate.  Qucmtur  Ourva,  qua 
prtynietatiSy  id  dtio  tUa  aegmenia,  ad  qxuxmcimque  potentiam 
datam  elevata  et  simul  sumpta,  fdciant  ubique  unam  ecmdemque 
awmmdiTi, 

**  Casum  simplicissimum,  ezistente  se.  numero  poientise  1, 
ibidem  in  Actis,  pag.  266.  jam  solutum  dedimus;  generalem  vero 
solutionem^  quam  etiamnum  premimos,  Analystis  eruendam 
relinquimus.** 

Dabam  Groningse  ipsis  Cal.  Jan.  1697. 

Chroninga,  Typi$  Catharina  Zandt^  Provincialii  AeadenUce  Typographtt^  1697. 
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0$wrge  BeU  and  Sowf 


OtIcL     Meotions.     Amoree,  Trifltia,  Heroidefl,  Metamorphooes* 
Tefenoe.  Andria.— Hauton  Timommenoi. — Phoiinio.>-Adel|fli06^ 

By  Profe§Bor  Wilder,  Ph.D. 

VlrgiL    Professor  Conington'fl  edition,  abridged  in  12  vola. 
'  The  handiest  as  veil  as  the  soandest  of  modem  editaons.' 

Saturday  AiiMtc. 

PUBLIC  SCHOOL  SERIES. 

A  Series  ofClataieal  TexU^  mmotatedhy^MU-hncvmSeheiari,  Or,  Sv4K 
Aristophanes.    The  Peaee.    By  F.  A.  Pal^,  M^.,LL.D.    4t.  6d. 

The  Aohamians.    By  F.  A.  Paley,  M JL,  LIj.D.    4j.  6d. 

The  Frogs.    By  F.  A.  Pal^,  MJL.,  IiL.D.    4«.  6d. 

Cicero.    The  Letters  to  AttionB.    Bk.  I.    By  A.P)retor,  M.A.    3rd 

Edition.    48.  6d. 

Demosthenes  de  Falsa  Lagattona.    By  B.  Bbilleto,  M.A.    7tb 

Bdition.    68. 

-  The  Law  of  Leptines.     By  B.  W.  Beatson,  M.A.     3rd 

Edition,    Ss.  6d. 

Livy.    Book  XXI.    Edited,  with  Introdnetion,  Notes,  and  Maps, 
by  the  Rev.  L.  D.  Dowdall,  M.A.,  B.D.    8«.  6d. 

Book  XXn.    Edited,  Ac,  by  Ber.  L.  D.  Dowdall,  M.A.» 

B.D.    &.  9d. 

Plato.    The  Apology  of  Soorates  and  Onto.    By  W.  Wagner,  PhJ> 
12th  Bdition.    3i.  6d.    Cheap  Edition,  limp  oloth,  28.  6d. 

The  Phffido.    9th  Edition.    By  W.  Wagner,  Ph.D.    6»  6^. 

The  ProtagoraB.  7(h  Bdition.  By  W.  Wayta,  M.A.  4i.  6d. 

The  Enthyphro.    Srd  Edition.    By  G.  H.  Wells,  M.A.    8t. 

The  Eathydemns.    By  G.  H.  Wells,  M.A.    la, 

The  Bepnblio.  Books  I.  A  11.    By  G.  H.  Wells,  M  JL  Srd 

Edition.    58.6d. 

Plaatu.  The  Aulalaria.  By  W.  Wagner,  PhD.  SthEdition.  4i.6d 

TheTrinnrnmas.  By W.  Wagner, Fh.D.  5th  Edition.  48.6d. 

The  Menaeohmei.  By  W.  Wagner,  Ph J).  2nd  Edit.  4t.64' 

The  Mostellaria.  By  Prof.  B.  A.  Sonnensohein.    6t. 

Sophoolea.    The  Trachiniae.    By  A.  Pretor,  M.A.    4f .  6d. 

The  Oedipus  Tyrannns.   By  B.  H.  Kennedy,  D.D.  6t, 

Terenoe.    By  W.  Wagner,  Ph.D.    Srd  Edition.    7f .  6d. 

TheooritOB     By  F.  A.  Paley,  MJL,  LL.I).    Snd  Edition.    4f.  6d. 

Thnoydldes.    Book  VI.    By  T.  W.  Doagan,  M.A.,  Fellow  of  Si. 
John's  OoUeee.  Oambridgei.     8a  6d. 

CRITICAL  AND  ANNOTATED  EDITIONS. 

Ariatophanls  Comoediae.    By  H.  A.  Holden,  LLJD.   Syo.   8  vols. 

Notes,  DloBtrationfl,  and  Maps.    Ba.  6d.    Plays  sold  sopazately. 

OsBsar's  Seventh  Campaign  in  Oanl,  B.O.  62.    By  Biev.  W.  0. 

Oompton,  M.A.,  Head  Maater,  Dorer  College.    2nd  Edition,  with  ICap 
and  lUtutzations.    Grown  Sro.    48 

Oalpumlus  Sloulos.    By  C.  fl.  Eeene,  M.A.    Crown  8vo.    (U. 


Educational  Works, 


Oatallw.     ▲  New  Text,  with  Oritieal  Notes  and  Introdootion 

by  Dr.  J.  P.  Postirato.    Foolaoap  8vo.  S*. 
Ooipos  Poetarum  Latinoruxn.  Edited  by  Walker.  1  yol.  8to.  ISf . 
tilyy.    The  first  five  Books.    By  J.  Prendeville.     New  Edition, 

reriaed,  and  the  notes  in  great  part  rewritten,  by  J.  H.  Freeee^  K.A. 

Books  L,  n.,  m.,  lY.,  and  V.    1«.  6d.  eaoh. 
Xiuoan.    The  Pharaalia.     By  G.  E.  HaaUiu,  SIA.,  and  W.  B. 

Heitland,  M.A.    Demy  8to.    14a 

C«iioretlui.    With  Gommentarr  by  H.  A.  J.  Monro.   4th  Edition. 

VoU.  I.  and  II.  Introdnotion.  Text,  and  Notes.    18s.    YoL  m.  Xnuu. 

laUon.    Os. 
.OYld.  ROridiiNaeoniBHeroidefXiy.   ByA.PaInifir,M.A.  Bra  At. 
P.  Ovidii  Naaonis  Azi  Amatoiia  et  Amorea.    By  the  Ber. 


H.  Williams,  M.A.    Sa.  6d. 

MetamorphoBeB.  BookXTTT.  By  Ohai.  Hainee  Eeene,  M JL 


2f.6d. 

Epistolanim  ex  Ponto  Liber  Primns.  ByG.H.Eeene,M.A.  8f. 


Propertiui.    Bex  Aurelii  Pzopertii  Gaxmina.    By  F.  A.  Paley,  HA., 
I1L.D.   8n>.    OotlLSs. 

Bex  Pvopertii  Blegianuii*    IdbrilV.   Beoensnit  A*  Pahner, 


OoUegli  fiaoTQMiiotB  ot  IndiTidnsa  Trinibatis  Jwcta  DnbUnam  Soaftaa. 
Fioap.  8to.  8a  6d. 

flophoelaa.  Tha  Oedlpiui  Tyramnu.    By  B.  H.  Eennedy*  D.D. 

Grown  8to«    8t. 
Thiioydldai.   The  EQfltory  of  the  Peloponneoan  War.   ByBidhaid 
aUl]eto»MJL    Bookl.    Sra    SaSd.    BooklL    Sra    6a6d. 


TRANSLATIONS,  SELECTIONS,  &0. 
Aeadhytaa.    Translated  into  BngUsh  Prose  by  F.  A.  Pa^y,  M.A., 

I1L.D.    indBditloii.    8nK    7s.  6d. 

Translated  into  English  Verse  by  Anna  Swanwiek.    4th 

Bdltion.    Post  8to.    5a 

Calpnmias,  The  Eolognes  of.    Latin  Text  and  English  Verse. 

TrMislaMon  by  B.  J.  L.  Soott,  M.A.    8s.  6d. 
Horaoe.    The  Odes  and  Garmen  Bsenlare.    In  English  Verse  by 

J.  Oonington,  M>A.    11th  edition.    Voap.8vo.    8a  6d. 

The  Satires  and  Epistles.    In  English  Verse  by  J.  Goning- 


ton,  MA-    8th  edition.    8a  Sd. 

Plato.  Oorgias.  Translated  by  E.  M.  Gope,M. A.  8vo.  SndEd.  7«. 

Prodentius,  Selections  from.  Text,  with  Verse  Translation,  In- 
troduction, &c,  by  the  Bey.  F.  St  J.  Thackexur.    Grown  8to.  7s.  6d. 

Sophoclea.    Oedipas  Tyrannns.    By  Dr.  Kennedy.    U. 

The  Dramas  ol    Bendered  into  English  Verse  by  Sir 

Oeonre  Toniur,  Bart.,  M.A.    8to.    12s.  6d. 

Tbaoarftos.    m  En^^ish  Verse,  by  G.  B.  GalTerley.  lf.A.     8rd 

Edition.    Grown  8vo.    7s.  6d. 

Translattons  into  English  and  Latin.    By  0.  8.  Galverley,  M.A. 

PostSro.    7s.  6d. 

TranalationsintoEnglish, Latin,  and  Qxeek.  By B.  G.  Jebb, LittD., 

H.  Jackion,  IdttD.,  and  W.  B.  Gnrrey.  M.A.    Seoond  Bdition.    8a 

VoUa  aUTvlsB,  dye  Eelogn  Poetanim  AngUconun  in  Tiatinnin  et 

Chnsoom  oonrerssB.    By  hTa.  Holden,LL.D.    8vo.    VoLII.   4s.  64. 
4Ebifarinae   Corolla  in  Hortulis  Begiae   Soholae   SalQplensls 
Gonteznemnt  Tree  Viri  Florlbos  Legendis.    Fourth  Bdltion,  thoroughly 
Berised  and  Beamnffed.    Lsifre  pen  8to.    lOa  64. 


6  QMrff0  BM  mid  BantT 

LOWER    FORM    SERIES. 

With  Note$  €Md  Voeabulairi£9. 

Vlrgll'i  JBn«id.    Book  L    Abridged  from  Oonington'B  Bditioiu 
WlthyooiA>iilai7V7W.T.B.8UUeto,  M.A.    l<.6d. 

Obbsat  de  Bello  Gkulloo.    Books  L,  n.,  and  m.    With  Notee  bf 

Q90Tg9  Long,  H .A«»  and  Voo>bn1ary  l^  W.  F.  S.  BbiUsto.    It.  6<L  flaeh. 
Horaoe.     Book  L    Madeane's   Edition,   with   Yoeabnlazy  bj- 

▲.  H.  DenaiB.  M.A.    lt.6d. 
lYost  IMIo8»lAtiii«;or,FintI«tmB6ading^Bo(d^iKthBiig^ 

I^otes  and  a  DiotionaKy.    Bj  the  late  Ber.  P.  ll^oft,  M.A.   Hew  U&iaiU 

Voa|^  8t<ik    It*  6d. 

A  lAtln  VavM-Bodk.    An  IntEodnetocy  Work  on  Hflia> 

meten  and  Fentameten.   Hew  TMWon,  Voap.  8?o.  fa.  Eaj  (for  Tutors 
only),  fit. 

Analaolft  Gnsoa  Ml&orm,  with  Introdiwtcxy  8entono8g» 


English  Hotel,  and  a  Diotkniaiy.    HewHdition.    Voap.8fo.   ft. 
Wells.    Tales  for  Latin  Prose  Oompoiitlon.    With  Notes  and 

Vooabnlarj.    Bj  O.  H.  WeUik  ILA.    It. 

Stedman.    £<atln  ▼ooabolaries  for  Rapetltioii.    By  A.  M.  If. 

Stedman,  1C.A.    ted  Kdition,  leriaed.    Foap.  8vo.    lt.6d. 

Basy  Latin  Passages  for  Unseen  Translation.    Foap.. 

8¥0.    It.  Od. 

Greek   Testament  B^leotlons.    ted  Edition,  enlaEgedv. 


with  Notea  and  Yooalmlary.    Foap.  SvOb    fa.  Od. 


CLASSICAL  TABLES. 
Latin  Aeeldenoe.    By  the  Ber.  P.  Fiost,  M.A.    If. 
Latin  ▼ersUioatton.    li . 
NoftabOia  QosmImb;  or  the  Prineipal  Tenses  of  most  ol  the 

Irregnlar  Gteek  VeriM  and  Klementaiy  Qteek,  Lrtfat*  and  Kraneh  Oob- 

stvQODou.    If  ew  Sfljtton.    It* 

Slohmond  Roles  for  the  O^ldlanDlstlohffto.  ByJ.Tale,llA.  li,. 

The  Prinolides  of  Latin  Syntax.    1«. 

QreekYerbs.   A  Oatalogne  of 'Veifofi,  Lxegolar  and  DefeotiTS.   B7 

J.  8.  Baiid,  T.O.D.    Sthlditkm.    2t.  6d. 

tihreek  Aooents  ^otes  on).  By  A.  Bany,  D JD.   New  Edition.  If. 
Btamerle  Dlaleot    Its  Tieading  Forms  and  Peenliarities.    By  J.  8. 
Baled, T.O.D.    Hew BditlMuby  W. O.  Batherford, LLD.    U 

Oreek  Aoeldenoe.  By  the  Ber.  P.  Frost,  M.A.  New  Edition.  U,. 


LATIN  AND  GREEK  CLASS-BOOK& 

See  also  Lower  Form  Seriee. 

BMideley.  Aiudlia  Latlna.  A  Series  of  PkogressiTe  Latin 
Szerabea.  By  M.  J.  B.  BaddeleT,  MA.  Foap.  8to.  Pert  I..  Aooldenoe. 
SthBdition.    9t.    Part  11.    fithBdltlon.    fa.    Key  to  Ftft  n.,  St.  6d. 

Baker.    Latin  Prose  for  London  Students.    By  Arthor  Baker» 

M.A.    Fop.  8to.  2t« 

Churoh.    Latin  Prose  Lessons.    By  P«x(.  Ohnroh,  MJL    9tb 

Edition.    Foap.  Sro.    2t.  6d. 

Collins.    Latin  llz«rolfles  and  Qrammar  Papers.    By  T.  Oollins^ 

M.A..  H.  M.  of  the  Latin  8ohoo    Wr^mHirt,  Salop.    7th  Edit.    Foap.  Sfo.. 
2t.6d. 


SdueaUonal  Wark$. 


Ck>Uliui.    inuMea  Fapm  in  Latin  Pkote  tnd  Ycne.    WOi  Bx- 
■■  Unseen  Papers  in  Gxeek  Pfose  and  Terse.    With  Bx- 

•minatian  Qneetions.    8kd  BditlQii.    ToKp.  0ra    Sn 

Basy  TranslatJcms  l^rom  Nepoa,  Oasar,  Cttoevo,  LItj, 


kc,  for  BetTMHUtUm  Into  Lstta.    WlOk  Notea.    St. 

Compton.    Rndlmants  of  Attlo  Ckmstruotion  and  Idiom.    By 

tho  BeT.W.O.Oomptoii,llJL,  Head  llMfeer  of  Dover  OoDflge.    8a. 
Clapin.    A  Latin  Primer.    By  Ber.  A.  G.  Olapin,  MA.    It, 
I^roet  Materials  for  Latin  Prose  Compoflitlon.   BytbeUUeBev. 

P.  Frost,  M.A.    New  Edition.    Fcap.  8vo.  2*.    Key  (for  TntocB  only)  4s. 

Materials  for  Greek  Prose  Composition.    New  Edition. 

Foftp.  8yo.    9k  6d.    Km  (for  Talon  onlj)^  6*. 
HarlmaBfl.    A  Latin  Qrammar.    By  A  Harknesa    Post  8to.  6«. 

Holden.  Foliorum  SilYula.  Pari  L  Passaoes  for  Translation 
into LttttnUflsiio and Heralo Tana.  ByH.AHo]dan,LL.D.  UthBdlL 
PosfeSro.    7s.  M. 

^—  FoUonun  SilYnia.  Pari  IL  flelaet  Passages  lor  Trans- 
lation into  Latin  Ljrio  and  OomloIambieYane.   SrdBdttioik.   FoatSvo. 

FoUonun  Oentartss.     Beleek  Passsges  for  Translation 


into  Latin  and  Greek  Proae.    lOlliBdttioii.    PoatSro.    8i. 

Jebb,  Jaokson,  and  Ourrey.   Kxtaraots  for  Translation  in  Greek, 

lAtin,  and  BngUah.    By  B.  0.  Jebb,  Litt.  D.,  LL.D.,  H.  Jaokaon,  Litt.  D., 
and  W.  E.  Onrrey,  M.A    4b.  6d. 

Eey.    A  Latin  Grammar.    By  T.  H.  Key,  M.A,  F.B.S.    6th 

Thoniand.   PoatSro.    8f. 

A  Short  Latin  Oraaunar  Ibr  Behools.     16th  Edition. 

PoatSro.    8s. 6d. 
Mason.    Analytioal  Latin  ISzeroises.    By  0.  P.  Mason,  B.A. 

4thBdition.    PutL,li.6d.    Fartn..aB.M. 

Nettleshlp.    Passages  for  Translation  into  Latin  Prose.    By 

Prof.  H.  Nettleahip,  U .A    8s.    Key  (for  Tutors  only),  4s.  6d. 

'  The  introdnoDon  ongbt  to  be  studied  hj  every  teaoher.'— Ovardum. 

Paley.  Greek  PartlOles  and  llieir  Oombinations  aooording  to 
Attio  Usage.    A.  Short  Treatise.    Br  F.  A  PiO^.  M.A.  LL.D.    9s.  6d. 

Penrose.  Latin  sneglao  Verse,  Easy  Ezeroiaes  in.  By  the  Bev. 
J.Penrose.    NewBdition.    9s.    (Key,8s.Sd.) 

PrestoiL     Greek  Yene  Ckmiposltlon.     By  G.  Preston,  M.A 

5th  Edition.    Grown  Sto.    4s.  Sd. 
Pruen.   Iiatln  Examination  Papers.  Comprising  Lower,  Middle, 

and  Upper  School  Papers,  and  a  nnmber  of  woolwioh  and  Sandhnrst 

Standaxds.    By  O.  Q.  Pruen,  M.A.    Grown  8to.  2s.  6d. 
Seager.     Faolllora.     An  Elementary  Latin  Book   on  a  new 

principle.    By  the  Ber.  J.  L.  Seager,  M.A    9s.  6d. 
Btedman.    First  Latin  Lessons.    By  A  M.  M.  Stedman,  M.A. 

Second  Bdition,  enlarged.    Grown  8vo.    2s. 
First  Latin  Reader.    With  Notes  adapted  to  the  Shorter 

Latin  Primer  and  Yooaholanr.    Grown  8to.    Is.  6d. 

Xasy  Latin  Xxeroises  on  the  Syntax  of  the  Shorter  and 


Berised  Latin  Primers.    With  Vocabulary.   8rd  Bdition.     Or.  8to.  2s.  6d. 
Notanda   QnBBdam.    Misoellaneons  Latin  Exercises  on 


Gommon  Bales  and  Idioma.  Fsap.  Bro,  ls.6d.   With  TOoaJmlary  9s. 

First  Greek  Lessons.  [In  preparation, 

Sasy  Greek  Passages  for  Unseen  Translation.    Feap. 


8to.    Is.  0d. 


8  GBorge  Bell  and  San^ 

Stedman.    Baay  Greek  ExeroiaeB  on  Blemezitary  STataz. 

lln  pnparaiion, 

Qreek  Vooabularlea  for  HepetLtlon.    Foap.  8vo.    U»  6d. 

Thaclceray.    Antbologia  Onooa.   A  Beleotion  of  Gre^  Poeiry, 

with  Notes.    By  F.  St.  John  Thackeray.    6th  Edition.    16mo.    40.  id. 

AnthologU  Latlxw.    A  Seleotion  of  Latin  Poetiry,  from 

NiBTiuB  to  Bo«thinfi,  with  Notes.    By  Ber.  F.  St.  J.  Thackeny.  6th  Edit. 
16ino.    4e.  fid. 


Donaldson.    The  Theatre  of  the  Greeks.    By  J.  W.  Donaldson, 

D.D.    10th  Edition.    Post  8vo.    Ss. 

Eelghtley.    The  Mythology  of  Greeoe  and  Italy.    By  Thomas 

Keightley.    4th  Edition.    BeriBed  by  L.  Schmitz,  Ph.D.,  LL.D.    5s. 

Mayor.    A  Guide  to  the  Choloe  of  Olassioal  Books.    By  3.  B. 

Mayor,  M. A.    8rd  Edition.    Crown  8to.    4«.  6d. 
TeufTel.     A  History  of  Itoman  Literature.     By  Prof.  W.  S. 

Tenffel.    6th  Edition,  revised  by  Prof.  L.  Schwabe.  and  tranahited  by 
Prof.  O.  0.  W.  Wflrr,  of  King's  GoUeife.    2  volg.  medinm  8yo.    15s.  eaoh. 

CAMBRIDGE    MATHEMATICAL    SERIES. 

Arithmetio  for  Schools.  By  C.  Pendlebaiy,  M.A.  5th  Edition, 
with  or  witboat  answers,  4a  6d.  Or  in  two  iMurta,  28.  6d.  eaoh.  Part  2  con- 
tains the  Commercial  Arithmetie.  A  Key  to  Part  2,  for  tutors  only,  7»,  6d.  net. 

ExAMPLBS  (nearly  8000),  without  answers,  in  a  separate  yoL  8s. 
In  use  at  Bt.  Paul's,  Winchester,  Wellington,  Marlborough,  Charterhouse, 
Mardhant  Taylors',  Ohrlsfs  Hospital,  Bherbome,  Shrewgbury,  &a  &ol 

Algebra.  Ghoioe  and  Oha&oe.  By  W.  A.  Whitworth,  M.A.  4th 
Edition.    0s. 

Buolid.    Newly  translated  from  the  Greek  Text,  with  Sapple- 


Orown  8to.  48.  6d.    Key,  for  tutors  only,  5s. 

Book  I Is.  I    Books  I.  to  in.     ...    2s.  6d. 

Books  I.  and  II.     ...    Is.  6d.    |    Books  III.  and  TV.      Is.  6d. 

Euclid.     ExerdseB  on  Bnolid  and  in  Modem  Geometzy.     By 
J.  MoUowell.  M.A.    4th  Edition.    6», 

Elementary  Trigonometry.     By  J.  M.  Dyer,  M.A.,  and  Key. 

B.  H.  Whitoombe,  M.A.,  Assistant  Masters,  Eton  College.    4a  6d. 
Trigonometry.  Plane.  By  Bev.  T.  Yyyyan,  M.A.  BidEdit.    8<.6A 

G^eometrioal  Gonio  Seotiona.    By  H.  G.  Willis,  M.A.    6s. 

Conlos.    The  Elementary  Geometry  of.    7th  Edition,  rerised  and 

enlarged.    By  0.  Taylor,  D.D.    4s.  6d. 
Solid  Oeome^.    By  w.  S.  Aldis.  M.A.    4th  Edit,  reyised.    6t. 

Geometrioal  Optios.    By  W.  S.  Aldis,  M.A.    8rd  Edition,    it, 

Blgld  Dynamloa.    By  W.  &  Aldis,  M.A.    4b. 

Elementary  Dynamics.  By  W.Gamett,M.A.,D.O.L.   5th  Ed.  6«. 

Dynamics.    A  Treatise  on.  By  W.  H.  Besant,  So.D.,  F.B.S.    2nd 

Edition.    7s.  6d. 

Heat.  An  Elementary  Treatise.   By  W.  Gamett,  M.A.,  D.O.L.  5th 
Edition,  revised  and  enlarged.    4s.  6d. 

Elementary  Physios.    Examples  in.    By  W.  Gallatly,  BLA.    4$, 


Educational  Wbrk^  9 


XSlementary  HydroBtaUos.   By  W.  H.  Beaant*  So.D.,  F.B.  S.    15th 
Edition,  rewritten.    Grown  8to.    4b.  6d, 

HjrdnwiMwtianlOB.    By  W.  fiLBeaani,  SoJ).,F.B.a    5thBdition. 

Put  L    H jdrostatioa.    fit. 
liathematioal  Szamples.    By  J.  M.  Dyer,  M.A.,  Eton  College. 

and  &.  Prowdtt  Smith,  M.A.,  Oheltonluun  OoUef^.    6fi. 
Meohanlcs.    Problems  in  Elementary.    By  W.  Walton,  MJL.     6$. 
Notes  on  Roulettes  and  GUsaettes.    By  W.  H.  Besant,  So.D., 

F.B.S.    Sod  Edition,  enlarged.    Grown  8to.  5s. 

CAMBRIDGE   SCHOOL  AND   COLLEGE 

TEXT-BOOKS. 

A  Series  of  Elementary  Treatises  for  the  use  of  StudejUs, 

Arithmetio.    By  Be7.0.Elaee,M^  Feap-Sm  14th  Edit.  8«.6d 

By  A.  WzJgley,  M.A.    8i.  (kL 

A  Progreaaiye  Oonrse  of  Ezamples.    With  Answers.    By 

J.  Wateon,MJL    Ttb  Bdition,  reviMd.    By  W.  P.  Goodie,  B.A.    8t.6d. 
Algebra.    By  the  Ber.  C.  Elsee,  M.A.    8th  Edit    4f. 
Prognssiye     Oonrse     of    Examples.       By    Bev.    W.    F. 

M*MiohAal,M.A..iiid&.Prowd6  8nitli,M.A.   4th  Edition.    St.  6d.  With 

AniwerB.  4t.6d. 

Plane   Astronomj.  An  Introdootion  to.    By  P.  T.  Main,  MJk. 

0th  Edition,  rerJMd.    4t. 
Oonlo  SeoUona  treated  Geometrically.    By  W.  H.  Besant,  Sc.D. 

8th  Edition.    4t.6d.    Solution  to  the  Ezamplee.    4t. 

Enonoiations  and  Figores  Separately.    1«. 

Slatloa.  Elementary.    By  Ber.  fi.  Uoodwin,  D.D.    Snd  Edit.    9s, 
Mensuration.  An  Elementary  Treatise  on.  By  B.T.Moore,  M.A.  S»M, 
Newton  s  Prlnoipla,  The  First  Three  Sections  of,  with  an  Appen- 
dix; and  tho  Ninth  and  Etorenth  Seotions.    By  J.  H.  Eraaa,  M.A.    filh 

Edition,  bj  P.  T.  ICain,  1I.A.    4t. 
AnalytioalOeometary  for  Schools.  ByT.Q.Yyvyan.  5th  Edit.  4f.6ci. 
Qreek  Testament,  Companion  to  the.    By  A.  C.  Barrett,  M.A 

5th  Edition,  reriaed.    Foiq>.  Bn>.    5t. 
Book  of  Common  Prayer,  An  Historical  and  Explanatory  Treatise 

on  the.    Bj  W.  O.  Hnmphij,  B.D.    0th  Edition.    Ftiap.  8to.    St.  6d. 
Mnslo.  Text-book  of.    By  Professor  H.  C.  Banister.    15th  Edition, 

reriaed.    5t. 
Concise   History   of.     By   Bev.  H.   Q.    Bonavia   Hunt, 

Una.  Doo.  Dublin.    Uth  Edition,  reyiaed.    St.  6d. 

ARITHMETIC,    {See  also  the  two  foregoing  Series.) 

mementary  Arithmetic.  By  Charles  PendJebory,  M.A.,  Senior 
Ifatbeuatical  Maater,  St.  Panl'a  8ohool:  and  W.  8.  Beard,  F.B.O.8., 
Aaaiitant  Maater,  Chriat'a  Horoital.  With  2500  Bzamplea,  Written  and 
Orai.     Crown  8to.  It.  Od.    With  or  without  Anewers. 

Arithmetio,  Examination  Papers  in.  Consisting  of  140  papers, 
earh  oontaininjf  7  qitPBtiona  867  more  dlfflonlt  problema  follow.  A  col- 
leetion  of  reoent  Public  Ezamlnat'on  Papers  are  appended.  By  C. 
Pendlebury,  M.A.    2t.  6d.    Key.  for  Maatera  only,  5t. 

Graduated  Bzeroises  In  Addition  (Simple  and  Compound).  By 
W.  8.  Beard,  G.  H.  Department  Rocbeater  MathemNtloal  Sehool.  it.  For 
CSandldateB  for  Gommeroial  Gerttflmtea  and  OiTil  Servioe  EzaiBM. 

AS 
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BOOK-KEEPINQ. 

Book-keeping    Paperi,   set   at  Tarioiu  Pablio  EzaminationB. 

Oolleoted  and  Written  hj  J.  T.  Modhiizst,  Leoturar  on  Book-keeping  in 
the  Oitj  of  London  0611<«e.    find  Edition.    8e. 

A  Text-Book  of  tbe  Pxlnoiples  and  Fraotioe  of  Book-keeping. 
By  Professor  A.  W.  Thomson,  B.So.,  Boynl  Agrionltnxnl  OoUege,  Oirenoei* 
ter.    Grown  8ro.  5s. 

Double  Sntnr  Sluoldated.    By  B.   W.   Foeter.    14th   edition. 

Foap.  4to.  3s.  6d. 

A  New  Manual  of  Book-keeping,  oombining  the  Theory  and 
Practice,  with  Specimens  of  a  set  of  Books.  B7  Phillip  Orellin,  Aooonnt- 
ant.    Grown  8to.  3s.  6d. 

Book-keeping  for  Teachers  and  Pupils.     By  Phillip  Crellin. 
Groim  8to.  Is.  6d.    Key,  Ss,  net. 


GEOMETRY  AND   EUCLID. 

Euolld.    Books  L-YI.  and  part  of  XI.    A  New  Translation.    By 

H.  Deitfhton.    (See  p.  8.) 

The  Definitions  of,  with   Explanations   and  Exercises, 

and  an  Appendix  of  Bzeroises  on  the  I^st  Bo(^    By  EL  Webh,  1C.A. 
Grown  8to.  Is.  6d. 

Book  I.    With  Notes  and  Exercises  for  the  nse  of  Pre- 


paratory Bohools,  fto.    By  Braithwaite  Amett,  M.  A    8vo.  4s.  6d. 

The  First  Two  Books  explained  to  Beginners.    By  G.  P. 


]CaMm,B.A.    2ndBdition.    Foap.8vo.    8s.  6d. 

The  BnunoiationB  and  Figures  to  BuoUd'i  Klementa.    By  Bst. 

J.  Braase,  D.D.  New  Edition.  Foap.Sro.  Is.  ^Hthont  the  Vlgnrea.  6d. 
SzerolBes  on  BuoUd.  By  J.  McDowell,  M.A.  (See  p.  8.) 
Mensuration.  By  B.  T.  Moore,  M.A  3s.  M.  (See  p.  9.) 
aeometrioal  Conlo  Sections.  By  H.  G.  Willis,  M.  A  (See  p.  8.) 
aeometrioal  Oonlo  Sections.  By  W.  H.  Besant,  ScD.  ^See  p.  9.) 
Elementary  Geometry  of  Oonlos.  By  0.  Taylor,  D.D.  (see  p.  8.) 
An  Introduction  to  Ancient  and  Modem  Geometry  of  Oonlos. 

By  G.  Taylor,  D.D.,  Master  of  St.  John's  GoU.,  Gamb.    8vo.    Us. 

An  Introduction  to  Analytical  Plane  Geometry.    By  W.  P. 

Tnmbnll,  M.A.    8to.    12s. 

Problems  on  the  Principles  of  Plane  Ck>-ordlnate  Geometry. 

By  W.  Walton,  M.A.    8to.    ISs. 

Trillnear  Ck>-ordlnates,  and  Modeni  Analytical  Geometry  of 

Two  DImentionB.    By  W.  A.  Whltworth,  M  JL    Bvo.    16s. 

An  Momentary  Treatise  on  Solid  Geometry.    By  W.  S.  Aldis, 

M.A.    4th  Edition  revised.    Gr.  8to.    6s. 

EUiptio  Tunotions,  Elementary  Treatlae  on.  By  A.  Oaylay.D.Sc 

DemySro.  [Vsto  Sdition  iVspariny. 

TRIGONOMETRY. 

Trigonometry.    By  Bev.  T.  G.  Vyryan.    8#.  6d.    (See  p.  8.) 
Trigonometry,  Elementary.    By  J.  M.  Dyer,  M.A.,  and  ftev.  a.  H. 

Whitcombe,  M.A.,  Asst.  Masters,  Eton  Gollege.    4s.  6d.    (See  p.  8.) 
Trigonometry,  Examination  Papers  in.    By  G.  H.  Ward,  M.A*, 

Assistant  Master  at  St.  Paul's  Sohool.    Grown  8to.    8s.  6A, 
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MECHANICS  ft  NATURAL  PHILOSOPHY. 
StotiM,  BlenMntaij.    Bj  H.  Goodwin,  DJ>.    ¥mp.  8vo.     ted 

I>yxuunloi,  A  Txeatiae  on  Blementuy.    By  W.  Qanett,  HJL, 

D.O.Lu    5tli  Xdition*    Ctrown  8to«    Ot. 
Dynamlos,  Bigid.    By  W.  8.  AldiB,  M.A.    4», 

Dynamlos,  A  TreatiBe  on.   By  W.  H.  Beaant,  Bo.D.,F.B.S.  7f.  6<Z. 

Blemontary  Meohanios,  PtoblemB  In.   By  W.  Walton,  BIA.  New 

Edition,    drown  8to.    Oi. 

Theofotloal  Iffeohanloa,  PzoUaniB  in.    By  W.  Walton,  M.A.     8rd 

Edition.    Deni7  8n>.    16i. 
Struotoral  Mecmanloa.    By  B.  M.  Parkinson,  Aasoc.  M.LO.E. 

Grown  8to.  4b.  6d. 

Elementary  Meohanloa.  Stages  L  and  n.  By  J.  0.  Horobin,  B.A. 

U.  6d.  each.  [Stage  ITI.  preparing* 

Theoretloal  Meohanlos.    Division  I.  (for  Sdenoe  and  Art  Ex- 

aminationB).    By  J.  0.  Horobin,  B.A.    Crown  8to.    2f.  6d. 

Hydzoatatios.  ByW.H.BeBant,So.I>.  Cr.8vo.  15th  Edit.  4f .  6d. 
Hydromeohanios,  A  Txeatise  on.    By  W.  H.  Besant,  So.I>.,  F.B.& 
Bro.    5ih  Bditlon,  reviled.    Put  I.    Hydroetatioe.    St. 

HydrodynamloB,  A  Treatise  on.  Vol.  L,  lOf.  6d. ;  Vol  XL,  12«.  6d. 

A.  B.  Basiet,  M.A.,  F.B.S. 
Eydrodynamlos  and  Sonnd,  An  Elementaiy  Treatise  on.    By 

A.  B.  Bagflet,  M.A.,  F.a.8.    Demy  Sro.    7«.  6d. 
Physioal  Optics,  A  Treatise  on.    By  A.  B.  Basset,  M.A.,  F.B.S. 

Demy  8to.    18t. 

Optioa,  Geometrioal.    By  W.  B.  Aldis,  M.A.    Crown  9wo.    8rd 

Edition.    4e. 

Doable  Befraotlon,  A  Chapter  on  Freanel's  Theory  of.  By  W.  8. 
AldlB,M.A    8to.    2«. 

Roulettes  and  Qllssettes.   By  W.  H.  Besant,  ScD.,  F.B.S.   2nd 

Edition,  5a. 

Heat,  An  Elementary  Treatise  on.    By  W.  Gamett,  M.A.,  D.C.L. 

Crown  8to.    5th  Edition.    48. 6d. 

Elementary  Physios,  Examples  and  Examination  Papers  in.  By 
W.  Qaliatiy,  M.A.    U. 

Newton*!  Prlnolpla,  The  First  Three  Seetions  of,  with  an  Appen- 
dix :  and  the  Ninth  and  Elerenth  BeotionB.  Bj  J.  H.  BTaai,  M«A.  0th 
Edition.    Edited  by  P.  T.  Main,  M.A.    4f. 

Astronomy,  An  Introdnotion  to  Plane.     By  P.  T.  Main,  M.A. 

SV)ap.  8vo.  doth,    eth  Edition.    U. 

Mathematioal  Examples.   Pare  and  Mixed.  By  J.  M.  Dyer,  M. A., 

and  B.  Prowde  Smith,  M.A.    6i. 

Pore  Mathematloa  and  Natural  Phfloeophy,  A  Compendinm  of 

laots  and  Formnla  in.  By  G.  B.  SmaUey.  2nd  Edition,  reTiaed  hf 
J.  MoDowBll,  1C.A.    Eoap.  8va    2t. 

Elementary  Donne  of  Mathematloa.    By  H.  (Goodwin,  D.D. 

eth  Edition.    8vo.    16i. 

A   Colleotion  of  Examples   and   Problems  in   Arlthmetlo, 

Aigebra,  C^metry,  Logarithma,  Trigonometry,  Conic  Beotiona,  Mechanica, 
fto.,  with  Answen.  By  Ber.  A.  Wrigleiy.  90tii  Thonsand.  St.  6A 
K^.    lOe.  6d. 
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FOREIGN  CLASSICS. 

A  StriM  for  iim  in  Sckooli,  with  EngUsk  Noie»j  gtmnmaHoal  aiui 
eapUmatory,  and  renderings  of  di^leuU  idiamatie  eMpreetiom, 

Fcop,  9vOm 

Sohmar*!  Waltonitoto.    By  Dr.  A.  Bnohhexm.  6th  Bdii.    6<. 
OrthsLagwnidPiooolomiiii.aaLed.    Wallenitem'i  Tod.  2«.  6d. 

Mftid  Of  Orleans.    By  Dr.  W.  Wagner.    Srd  Bdit.     1«.  6(f. 

Maria  Stuart    By  V.  Eastner.    Srd  Edition.    If.  dd. 

Ooethe'a  Barmaim  and  Dorathea.     By  B.  Bell,  MjL,  and 

B.  W5If«L    New  Edition,  Beyised.    U.  6d. 

German  Ballads,  tram  Uhland,  Ooethe,  and  Behfller.    By  0.  L. 

BSMtOA.    fithBdltUm.    U6d. 

Oharlaa  TTT.,  par  Voltaire.    By  L.  Direy.    7tli  Bdition.    1«.  6d. 
^Tentorei  de  TOtaaaque,  par  Ftoelon.    By  0.  J.  Ddille.    4th 

BditioiL    9i.6d. 

•eleot  Fablea  ol  La  Fontaine.  By  F.  B.  A.  Oaso.  19th  Bdit.  It.  6d. 
nooiola*  by  X.B.  Baintine.  By  Dr.  Dabne.  16th  Thonaand.  li.  6dL 
Xjamartine's    Le  Taillear  de   Pierree  de   SalnUPoint      By 

J.  Boidle,  Ofih  Thommd.    Foap.  8to.    1m»  4kl. 

Italian  Primer.    By  Ber.  A.  G.  GlapiB,  M.A.    Foap.  dra  \m, 

FRENCH    GLASSBOOKS. 

Frenota  GHrammar  for  Pablio  SehooU.  Bt  Rev.  A.  0.  Olapin,  MJL 
floap.  8n>.    ISfch  Edition.   2k  6d.    K^  to  BxereiMB  3s.  6d. 

Franob  Primer.   By  Bev.  A.  C.  Olapin,  M.A.  Foap.  Hro.  0th  Bd.  It. 

Primer  of  Frenoh  Philology.  By  Ber.  A.  0.  Glapin.  Foap.  8to. 
0th  Edit.    la. 

Le  NouTeaii  Tr^aor;    or,  Frenoh  Stndent's   Oompanion.     By 

M.  B.  8.    I9th  Bdition.    Foap.  8«o.    U  Sd. 

Frenoh  Papers  for  the   Prelim.  Army  Bzams.    GoUected  by 

J.  F.  IHkTifl,  D.Lit.    2s.  6d. 

Frenoh  Bxamlnatlon  Papers  in  BCiBoellaneoas  Grammar  and 
Idioms.  Compiled  by  A  M.  M.  Btedman.  M.4.  4th  Bdition.  Oowa 
Sra  2s.  8d.    Key.    6s.     (For  Teaohen  or  Private  t^tadents  only.) 

Manual  of  Frenoh  Prosody.     By  Arthor  Ooaaet,  BLA.     Grown 

8to.  8b. 

Lezioon  of  Conyersational  Frenoh.      By  A.  HoUoway.     Srd 
Builion.    Grown  ovo.    9s.  6d< 

PBOF.  A.  BABR£EE*8  FBENGH  GOUBSE. 
Jnnlor  Graduated  Frenoh  Course.    Crown  8vo.    Is.  6d. 

Elements  of   Frenoh   Grammar  and  First  Steps  in    Idiom. 

Grown  Sro.    Ss. 
Precis  of  Comparative  Frenoh  Grammar.    2nd  Edition.    Grown 

Rrn.    Ss.  6d 

Bteits  MUitalree.  From  1792  to  1870.  With  English  Kotes,  for 
Candidates  for  the  Army  Bzame.    Grown  8yo.  8s, 
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F.  A.  A*  0430*9  BB8N0H  OOCBSB. 
niitVreiiobBook.    OzownSvo.    U6th  Thoosaad.    U. 
Baoend  Froiiili  Bo6k.    58iid  Thooiaad.    Foiqp.  Sto.    U.  6d. 
S0y  to  Ffarst  and  Seeond  French  Books.  5CfaBdit.  Fep.S^.  8«.M 

nranoh  FaUsi  lor  Beginners,  in  ProBe,  with  Index.  16th  Thousand, 
l&na    li.6d. 

flalect  Fables  of  lAFontalno.  19th  Thousand.  Foap.8yo.  l«.6<i 

Hlatolzes  Amnsantea  et  ZnatmotlTes.  With  Notes.  17th  Thoa- 
■and.   9Mv.8Ta    Si. 

Praotioal  Guld*  to  Modam  Frenoli  Oonvanatlon.  19th  Thoa- 

•snd.    Voajp.  8vo.    U.  M. 
nrenohPootryfortheYouig.  With  Notes.  5th  Ed.  Fep.  8to.  8t. 
liateiriala  fbr  Flmnoh  Prose  Oompoaltlon;  or,  Seleetiona  flroA 

the  best  BngUsh  Peq«  Wfitan.     2lttTlioiu.    iDiqpb  8t«.  Sti   Kor^et 

Prosatewra  Oontomporalns.     With   Notes.     11th  Bditiont  re- 

▼iied.    12B10.  &.  6cL 

La  Petit  Oompagnon ;  a  French  Talk-Book  for  Little  Gluldrea. 

14th  Edition.    16ino.    1«  6d. 

An  Improred  Modem  Pooket  Dictionary  of  the  French  and 

fingliflh  LangnageB.  47thThotUHuid.    16ibo.    88.  M. 

Xodem  Frepoh-TBnglish  and  Xngllsh-Franoh  Diottonary.  6tb 
Bdition,  rerlsed.  10a.  ed.  Ill  use  at  Harrow,  Rngrby,  Weetminsteri 
Shrewsbnry,  Radley,  9fO. 

The  ABO  Tourist's  Frenota  Literpreter  of  all  Inunedlata 

Wants.    By  F.  B.  A.  Gaso.    la. 

MODEBN  FRENCH  AUTHOBS. 

* 

Edited,  with  Introductions  and  Notes,  by  Jamxs  BoSkllb,  Senior 
French  Master  at  Dulwich  College. 

Dttodet's  La  BeUe  Nlvemalse.    2«.  ed.    For  Beghmen, 

Clar^tle.    Plerrille,  by  Jules  Glar^tie.    28.  6d.    For  Beginners. 
Hugo's  Bug  JargaL    3«.    For  Advanced  Studente. 
Balxao's  Ursule  MlrouSt.    ds.    For  Advanced  StudenU, 


QOMBEBT'B  FBBNOH  DBAMA. 

Being  a  Selection  of  the  best  Tragedies  and  Comedies  of  Molidre. 
Badae,  Oonuillo.  and  YoltaSn.     With  Anpunanto  and  Notw  by  A. 
Qombert.    Vew  JBdHlon*  rerlJwd  byV.  B.  A  Gsio.    Voap.  8vo.    la.  eadh 
■ewed,ed.  Oohtbits. 

MoukBB :— Le  Minnthzope.  L'A^are.  Le  Bonrgeoia  GentilhommA.  Le 
Tartnffo.  Le  lialada  fnu^rinalne^  Lea  Feaunea  SaTantea.  Laa  JToorberiee 
de  Sfa^h^  1<m  PrMeoaea  Bidionlea.  I/Boole  dea  Fsnunea.  L'Boola  des 
HariB.    LeMMadnaudar^LiiL 

BAonrs :— Fhi6dre.  Bather.  Athalie.  Iphlgfoie.  Lee  Plaideun.  La 
TbAialdei  oot  Lea  Frteea  Bnnenla.  Andiomaqiiie.    Britaanloaa. 

P.  OouniLUii— LeOid.    Horaoa.   Oiima.    Fdyenote. 

VOLTAiBB  I— Zaire. 
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GERMAN  OLA88-BOOK& 

lAkttriali  ftxr  0«mun  Prate  OuuipoiHien,   B j  Dr.  BQohlMim 

14lhBditloB.  Voa^  ^6d.  Kij •  Pvti L bbB  IL. Sl  PferteIILwidIY.» 
Ooethe'ft  Faujrt.  Pftrtl.  Text,  H«7wazd*tFnMeTmiaUtion,  and 

Notes.    Edited  bj  Dr.  Bnohheim.    5«. 

Oennan.    The  Candidate's  Yade  Meoom.    Fi^e  Handled  Ea^ 
Sentenow  and  Idioms.    Bj  an  Amj  Tutor,   doth.  Is.  Tor  Army  Bgamt, 

WortfolgetOir  Bulea  and  XzeiroUMi  on  the  Order  of  Words  In 

Ctamian  Bonteaoas.    By  Dr.  V.  Btoek.    U.  6d. 

▲  Oennan  Orammar  lor  PaUio  Bohoola.    By  the  Bar.  A.  0« 

OkplnaiidV.HoUMIUlflr.    SthJBdHlon.   loap.    Sued. 
A  Gennan  Primer,  with  Bxerolaea.    By  Ber.  A,  0.  Olapin. 

and  Edition.    In 

BoUeboe'B  Der  Oelluifene.  l^TOiNotesbyDr.W.BIrQnibeig.  It. 
Oerman  Szamlnatlon  Papera  In  Orammar  and  IdtooL .   By 

B.J.  Moifoh.    andEdttioa.    9i.6d.    Key  for  Tnton  only.  S«* 

By  Fas.  Larob,  Ph.D.,  Professor  B.M.A.,  Woolwich,  Examiner 

in  German  to  the  GoU.  of  Preceptors,  and  also  at  the 

Yiotoria  Uniyersity,  Manchester. 

A  Oonolae  Gtannan  Orammar.    in  Three  Parts.    Part  I.,  Ele- 
maotaaty,  as.    Fart  IL,  Intermediaite,  8s.    Part  III.,  Adranoed.  3s.  6d. 

Oennan  Szamlnatlon  Oonrae.  Elementary,  3«.  Intermediatei  S«. 
Advaaoed,  Is.  6d. 

Oennan  Beader.    Elementary,  1«.  6d.    Advanced,  lU. 
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Small  Crown  8yo. 

Says  AMln  FQr  Under.    Edited,  with  VoeabnlaKy,  by  Prof. 

F.  Laage,  Ph.D.    Prtntsd  in  fioman  eluiracftsrs.    Is.  6d. 
-^^—  The  same  with  Phonetic  Transcription  of  Text,  Ac,    2t. 
Benedlz'a  Dr.  Wespe.    Edited  by  F.  Lange,  Ph.D.    2s.  ed, 
Hoflknan's  ICelater  Mkrtin,  der  Etlfner.    By  Prof.  F.  Lange,  Ph.D. 

ls.6d. 

Heyae'B  Hana  Lange.    ^y  A.  A.  Maodonell,  M.A.,  Ph.D.    St. 
Anerbooh'a  Anf  Waohe,  and  Boquette's  Der  Oefrorene  Knaa. 

By  A.  ▲.  Maodonell.  If  .A.    U. 

Hoeer's  Der  BlbUothekar.   By  Prof.  F.  Lange,  PhJ).    8rd  Edi- 
tion, as. 

Ebers'  Sine  Flrage.    By  F.  Btonr,  BJl    iU . 

Freytag'a  Die  Joomallaten.  By  Prof.  F.  Lange,  PhJ).  2nd  Edi* 

tion,  leriMd.    8s.  6d. 

Ontakow'a  Zopf  nnd  Sohwert    By  Pro!  F.  Lange,  Ph.D.    St. 
Oerman  Sple  Talea.    Edited  by  Ear  Nenhana,  PhJ).    St.  6d. 
8oheffU*8  Skkehard.    Edited  by  Dr.  H.  Hager     8t. 
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ENGLISH   OLA88-BOOK8. 

Oomp«r»tlT»  Ohrammar  and  Philology.    By  ▲.  0.  Prioe,  M ^» 

AflfUtaBt  Ifaator  at  Leedi  Ghnunmar  HohooL    Sk  6d. 

The  ISlementB  of  the  BSngllsh  Langnage.    By  B.  Adama,  FhJ). 

26th  Kdltion.    SeriBod  by  J.  T.  DatIs,  D.Lit.,  M.A.    PMtSro.   4t.  «d. 

The   Bodlmeiiti  of  BngllMh  Qnunmev  ead   Aiudyili.    9y 

B.  AAamB,  Fh.D.    19tli  Thonmid.    Vom*  ^^^    ^ 
▲  OonoiMByiftemofPandxig.   By  Ii.tt.  Adams,  B.A.    It .  6d. 

Bxamplea  for  Graminatloal  Analyiis  JYene  and  Prose).    Se- 

leoM,  te.,  by  F.  BdwudB.    HewadStum.    COoth,!*. 
QueetlonB  for  Examination  In  SngUsh  Literature.    With  brief 

hinta  on  the  study  of  English.  By  ProfeMor  W.  W.  Skmt,  LitLD.  Crown 

8to.    St.  6d. 

Early  TEngliflh  Literature  (to  WloUf ).    By  Betnhard  ten  Brink. 

Tnnftlated  by  Honuse  M.  Kennedy.    Pott  8yo.  3s.  6d. 
Notes  on  Shakespeare's  Plays.     By  T.  Dull  Bamett,  BJL 

Mzssumm  Nuht*!  Dveam,  Is.  ;  Julius  Oxsab,  U.  s  Hbvbt  Y.,  Is.  i 

TsMPBST,  Is. ;  Maobbtr,  Is.  |  MaBOHAiTT  OF  Yuriox,  Is.;  Haxlbt.  Is.  ;. 

BiOBABD  n., Is.  I  KniG  Jon,  Is.;  Kure  La&B»  Is.;  CtouoLAsmi,  Is. 


GRAMMARS. 

By  0.  p.  Masoh,  Fellow  of  Uniy.  OoIL  LondoD. 

lint  NoOons  of  Orammar  for  Toong  Leamers.    Vmp.  8?o. 

75thThoiiMBd.    BeriMd  and  onlargeo.    dotli.    Is. 

Vtat  Stqpa  In  XngUah  Qrammar  for  Junior  Olaisss.    Dmqr 

Iftwff.    64th  ThooMnd.    Is. 

OatUnee  of  XngUsh  Onunmar  for  the  Use  of  Junior  Olasses. 

SZthThooMad.    Grown  8vo.    Is. 

TBngHih   Qrammar,  inebiding  the   Mneiplfls  of  Qrammatkial 

AjuOjiii.    34th1Edition.    143rd  Thonnnd.    Grown  8vo.    81.M. 

Praotioe  and  Help  In  the  Analysis  of  Sentenoee.    St. 

▲  Bhortor  Sngllah  Onunmar,  with  eopioas  Bzeielses.    44th 

to  40th  Thonitod.    Grown  8fOi    8s.  6d. 

■KiiflHMii  Orammar  Praotioe,  being  the  Bzenises  separately.    It* 
Oode  Standard  Orammars.  Parts L  and IL, id. eaeb.   PartsIUt 
I?.,  and  Y.,  Sd.  eaeh. 


Notea  of  Lessona,  their  Preparation,  fto.  By  Jos6  Biekard, 
Farit  Laoa  Board  flohool,  Leedt,  and  A.  H.  Ti^lor.  Bodlqy  Board 
School,  Leeds.    Snd  Edition.    Grown  8?o.  2s.  0d. 

A  Syllafalo  System  of  Teaohing  to  Bead,  combining  the  advan* 
taget  of  the '  Fhonio'  and  the  *  Lodk-and^flay'  flyitemi.  Grown  8tou    U. 

PraSoal  Hints  on  Teaohmg.  By  Be^.  Menet,  M.A.  ethUdit. 

Teat  Lessona  In  DlotSon.    4th  Edition.    P^|Mr  eofw,  U.  6d. 
Plotve  Sohool-Bo^ka.  With  numeiOQa  Blustrattons.  Bmral  16mo* 

The  Infuit^a  Primer.  3d.— fiohodl  Primer.  6d.— School  Baader.  QyJ. 
nUeaid.  Is.— Poetry  Book  for  Bohoola.  Is.— The  Idle  of  Joiq^  U-^Che 
guiijiUirt  Perablee.  By  the  Bar.  J.  B.  Gfaute.  Is.— The  Buiipture  Xhcadei. 
By  the  Bar.  J.  B.  Glarka.  Is.— The  New  Tettament  Hittory.  %rtha  Bar. 
J.  O.  Wood,  MJL.  Is.— The  Old  Tettament  History.  B^  the  Bar.  J.  9. 
Wood,  MJL    Is.— The  Life  of  Martin  Lnther.     By  Sarah  Crompton.    ls» 


M  Otorgi  BM  and  Botut 


TECHNOLOQICAL    HANDBOOKS. 

Bdited  by  Sib  H.  TBuaKAH  Wood,  SeorstaKy  of  the  Society  of  Arks. 

DyeX&i  uid  TlMue  Filntliig.     By  W.  Crodkee.  F JLS.    6f . 

01m8  Manufluston.   By  Henry  Ohanoe,  MX;  H.  J,  Ponroll,  BJL; 

ftnd  H.  G.  Harris.    Ss.  6d. 

OottoB  SpinQlng.     By  Biehard  Mandea,  of  Uancheeter.     4th 
Bditkm.  revised.   Cs.  6d. 

Ohomistry  of  Ck>al-Tar  OoIootb.    By  Prof.  Benedikt,  and  Ds. 

Kneoht  of  Bradford  Teohnioal  Oollege.    2nd  Sdition,  enlarged.    68.  <NL 

Woollen   and  Wonted  Oloth  Mannftiotqre.       By  Professor 
Roberta  Beanmontk  The  YorkBhire  OoUese,  Iieede.    8nd  Edition.    7«.6d. 

Bilk  Dyeing.    By  G.  H.  Hurst,  F.G.8.    With  nnmeroos  eoloitred 
speoimenfl.  7«.  6d. 

Cotton  Weaving.    By  B.  Marsden.  [Preparvng. 

Bookbinding.    By  J.  W.  Zaehasdorf ,  with  eight  plates  and  many 

illnatrationB.    5s. 

Printing.    By  0.  T.  Jaeobi,  Manager  of  the  Ghiswiok  Press.    5f. 
Plumbing.    By  S.  Stevens  Hellyer.    5«. 


BELL'S  AGRICULTURAL  SERIES. 

The  Farm  and  tiie  Dairy.    By  Pro!  Sheldon.    2«.  6d 
Soils  and  their  Properties.    By  Dr.  Fream.    St.  6d. 
The  Diseases  of  Crops.    By  Dr.  Griffiths.    2f .  6d. 
ttannres  and  their  TTses.    By  Dr.  Griffiths.    2».  6<2. 
Tillage  and  Implements.    By  Pro!  W.  J.  Maiden.    a«.  6^ 
Fruit  Golture.    By  J.  Oheal,  F.B.H.S.    St.  Od. 

Oihen  in  preparation. 


HISTORY.^ 

Modem  Europe.    By  Dr.  T.  H.  Dyer.    9nd  Edition,  revised  and 
ooDtinned.  '6  Tole.  Deny  Svo.    tl.  ISa  6d. 

The  Deollne  of  the  Bomaii  BepubUo.    By  G.  Long.    C  tola. 

8vo.    6«.eaoh. 

Historical  Maps  of  T»«fli^«^     By  0.  H.  Pearson.    Folia    8rd 

Bdltion  reiriied.    81«.6d. 

England   in   the   Fifteenth    Oentory.    By  the  late  Be?.  W. 
Denton,  M.A.    Demy  8?a    Us. 

Fendalism :  Its  Bise,  Progress,  and  Oonseqnenoes.     ^y  Jndge 

▲bdy.    7t.6d. 

History  of  Tingland.  1800-46.  By  Haniet  Martinean*  with  new 

and  oopions  Index*    5  toIs.  8s.  6d.  eaeh. 

A  Practioal  Synopsis  of  English  History.    By  A,  Bowes.    9th 
'     Edition,  rerised.    Sro.  U 


EdumMtmal  I^MfU  1% 


Ufa  of  the  Qneeni  of  Unglanrt     By  A.  Btrioklaad.    Libraiy 
Ba^^l  Tol.  8b.  61    IDuy  ^OMflof^SStetBTolfl.  tfTcbSCr  Tlidor  and 

Tho  lOmnenti  of  (General  Hlitory.     By  Prot  Tyller.     New 
History  and  Geography  TfiTamlnatlon  Papem    Compiled  t^ 

0.  H.  Bpaiuw,  X.A.,  Clilton  OoU«8«.    OrownSro.    2*.  60. 

The  Sohootanaster  and  the  Law.    By  WilliamB  and  Markwiok. 

U.6d. 

For  otim'  Hittwieal  BookM^ aM  CdMogn^ <ff  Bohn's  LSbmritt, maltfr—im. 

oppltooiion.  "* 


DICTIONARIES. 

WUBBVEB'S   INTSimiATlOMAI.    DZOTIONABY   of  tl^ 

BBfflUJi  Tifttignage.     IwJpdIng  Scientifio^  Tochnical,        ^^i,^ 
and  BfUioal  wordB  and  Terms,    wit^  tKeir  Signi-     X^^SS^ 
floations,  PronimciationB,     BtTmologiea,  Alt«niative  /       wf73 
8pt]]|iigi»    Daritatloiui*    8f]igimM«    and  mnaenMi  /         %m^ 
illiutn^Te  Quotations,  with  vanoas  Talnabla  literary  f    'WEBSIERIS 
AppendioQS  and  83  extra  pages  of  Illastrations  grouped  I  OflCRKAnOKM.  j 
ana    daMifled,  rendering  tbe  work    a   Cosflkb  \    rx^m^xt^ 

Edition   (1890).     Thoronghlj  rerised  asd  enlarged 

under  the  saperyision  of  Noah  Porter,  1).I>.,  LL.D. 

iTol.  (8118  pages,  8500  woodovts).  4to.  oloth,  3U  6d.;  half  calf ,  21. 2s. ; 

half  nissia,  21.  5«. ;  oalf ,  21.  8s. ;  fnl]  sheep  wHh  patent  marginal  Index* 

21.  8s. ;  er  in  2  Tola,  cloth,  11.  14r,  }  half  nusaa,  2i.  18s. 

Prospsctuses,  tetiK  apeoiman  po^es,  s«ti£/r«s  on  applteafum. 

BlohardBon's  Phllologloal  Diotionary  of  tbe  Sngllsh  Language. 

Comhining  Explanation  with  B^ni^oloflnr,  ftnd  oopiously  illastrnted  bj 
Quotations  from  the  best  Authorities,  with  a  Supplement.  2  vols.  Mo. 
41. 14s.  6d.    Supplement  separately.    4to.    12a. 

Eluge*8  Stymologioal  IMotionary  of  the  German  Languagei 

Translated  from  the  4th  Oerman  edition  by  J.  F.  Dayis,  D.Lit.,  MjL 
(liOnd.).    Crown  4to.  half  baekran,  IBs. 

Diotionary  of  the  Frenoh  and  English  Languages,  with  more 

than  Fifteen  Thousand  New  Wordi,  Senses,  iaa,  Br  F.  K.  A.  Gum.  With 
Hew  Supplements.  5th  Bdition,  Bevlsea  and  nlarmd.  Demy  9r%, 
10s.  6d.   Is  V8B  AT  Habbow.  &ven,  BHunrsBvaT,  «o. 

Pooket  Diotionary  of  the  French  and  English  Languages. 

By  F.  S.  A  Gaso.  Oontaining  more  than  Fire  Thousand  Modem  and 
Ourrent  Wotds,  Senses,  and  Idlomatie  Fhrasis  and  B4nderinga,n0l  found 
fax  any  other  diotionary  of  the  two  language  New  edition,  with  addi- 
tions and  oorxeotlons.    47th  Thousand.    16mo.    Oloth,  2s.  Od. 

Argot  and  Slang,  k  new  Frenoh  and  Kngliah  Diotionary  of  the 
Cant  Words,  Quaint  Expressions.  Slang  Temi.  and  Flash  Phrases  used 
in  the  high  SAd  low  life  of  old  and  new  Paris«  Isj  Albert  Barrftre,  Ofiloier 
de  rinstmotion  PubUque.    New  and  Berised  Bdition.   Large  Post  Sro. 


IS  Chorf$  JMl  md  SontT 

DIVINITY,  MORAL  PHILOSOPHY,  ko. 

Bt  TBI  LAra  Bit.  F.  H.  BoBiTxiim,  A.11,  I1L.D.,  D.O  Ji. 
MofVBi  TetNiMnntnwi  Oiwoo.  Bditio  major.  Being  ui  enlaiged 

Iditioiit  oontttbiiBff  tiM  ReadingB  of  BiBhop  Wegfcoott  and  Dr.  Hort,  uid 
tkote adopted brffieBeviMTB, to.    7«.ed.  (JWoCft#r WiMsMMtpootS^ 

▲  Plain  Ibtrodaetlon  to  Um  Orttkrinn  of  tho  New  Teitament 


Witti  Ibrty  VMtellM  Crm  Aadflift  llaiiiiMripta.   4th  Mttkn,  raviied 
by  Ber.  B.  MiUer,  H.A.    Svalfli. 

Ctodaz  Bom  OoBfeftMilMiibi.    4lo.    lOt.  6d. 


no  New  Twtemont  fcr  Bngniih  Beodmi.  B7fhelatoH.AIIotd, 

D.D.    Vol  I.  Pfert  X.  tod  Bdit.  Ufc     VoL  L  Vaxt  U.  Ind  Bdlt.  I<k6i. 
▼oLn.  Pfert  Land  Mil.  Ufe.    YoL  XL  Piut  XI.  Snd  Bdtt.  Idi. 

The  Ofo^k  T^etement    ^j  the  lete  H.  AUocd,  D  J).    YoLLTIh 

■dtt.  U.  81.    YoL  XI.  8th  Bdffc.  II.  di.    YoL  HL  lOth  Bdtt.  ISk  YoL  lY. 
PirtLMh Edit.  18k   YoL lY. Put H.  10th Bdit  14t.   YoLIY.lLUb 

Pomponlnin  to  the  Ofoek  Teotamonl    By  A.  0.  Benett,  ILA. 

0th  BdttioAt  Mvliod*   Voip.  8vo.   61. 
Quide  to  the  Textual  Oxitiaism  of  the  New  Teitament    By 

BoT.  K  Xillor,  M.A.    Okown  8va    4t. 

TheBookofPialma.  A  New  Traoalatioii,  whh  Intiodiiotioii8,te. 

Bf  the  Bt.  BoT.  J.  J.  Stewart  FerawMb  0.D.,  Bishop  of  Woroester.   8fO. 
YU.I.8thBdltloB,iak    YoL  n.  7th  Bdit.  Idi. 

— »-  Ataridged  foe  Sohoola.    7th  EditioB.    Grown  8fo,    lOi.  6d. 
BOatory  of  the  Artidaa  of  Belldon.    By  0.  H.  Hazdwiek.    8id 

»flttlrii.i  tki^mt  ft.  II  Its 

BOatory  of  the  Oreeda.    By  Bev.  Professor  Imml^,  D  J).    8rd 

EdiUon.    Orofni8?o.    7a.  6d. 

Peanon  on  the  Oread.    Oarefolly  printed  tram  an  eariy  edition. 

With  Analyiii  and  Xadez  bj  B.  Walfoid,  1I.A.    Poetaro.    5$. 

Utnrgiea  and  Offloea  of  the  Ohnroh,  foar  the  Use  of  English 
Beaden,  in  XUnitcatkni  of  the  Book  of  Oommon  Flrajer.  By  the  Bev. 
Bdwaid  BnxUdgef  Jf.A.    Ckowu  8fo.  9s> 

An  Blatorloal  and  Eiplanalmry  Treatlae  on  the  Book  of 

Oommoii  Pragrar.   Br  Ber.  W.  0.  Huaiphrjt  B.D.   6th  BdifeloB*  enlarged. 
BnaB  Poet  8va  Si.  6a.  1  Gheap  BditioB,  It. 

A  aommentary  on  the  Ooapela,  Spiatlea,  and  Aota  of  the 

IpoiilflB.    Qj Be?. W. Denton, A.BL  HewBdltioa.  7Toli.8fO.  Oa.eeoh. 

Notea  on  the  Oataohlam.  By  Bi  Be?.  Bishop  Barry.  9th  Bdit. 
Voep.  Ik 

The  Wlaton  Ohnr^  OaiMhSat    Qoestians  and  Answvi  on  the 

Aaohbiff  of  the  Ofainoh  OatedidBn.    By  the  late  Ber.  J.  A  B.  NoBaeiU 
UfcD.  IthBditifln.   aiottw8i.f  orln^DBrFarti^aeired. 

The  Ohnroh  Teaoher^  Mhnnal  of  Ohrlatian  InatraoliOB.    By 

Bar.  M.  ?.  Sadlar.    4ard  Thonaaad.   81. 6d. 
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BOOKS  FOR  YOUNQ  READERS. 

Thofe  with  an  aiiiarUk  hare  a  FkontSfpleoe  or  other  niwtntioni. 

*Tlie  Old  Boftthooie.  BeU  Mid  Tkn;  or,  A  Cold  Dlp^ 

*Tot  ftnd  th*  Oat    ▲  Bit  of  0«k».    Tho  Jiy.    TlM 

Blaok  Hon'i  Heat   Tom  and  Ved.   Mn.  Bee.  \  SviUMe 

*Th«  Oftt  and  the  Stan.   Bun  ind  Ui  Dog  BadlflC  /  r  J?L. 

Bob  and  Tom  Lm.    A  Wnok.  '  ^"/anu* 

*nM  Now.bofB  XrfUBb.   TbB  Poitumod  Bo&   Fdoor 

iHD.   Sheep  Dof. 
*Th6  Two  Purota,    A  Tala  of  the  Jubilee.    ByM.  S. 

inntle.   9  mnftnftioiis. 

*TlLe  Story  of  TbNo  Mteloeyi. 

•BUxFfotmOuL    ToldbjHanelt  1^/^^ 

Tbo  Blind  Bof.    TboMiiteaM.    ANovrTfetoof '<^<»<i«*^ 
Bahee  ia  a  Wood. 

*Qiiaen  Boo  and  Boay  Boo. 
•GtalllOfM- 


r.  i»  II . 


Syllalsio  SpolUng.    ByO.  Barton.    InTwoFirta    Inlante,  84. 

Btaadaid  L.  Sd.  

QEOQRAPHICAL    READINQBOOK8. 

By  M.  J.  Babbihotos  Wabd,  MA.    With  numerotu  ZlhutraHont. 

Tho  Ohlld's  Ooography.    For  the  Uae  of  Sohoolfl  and  for  Home 

Tuitfon.    6d. 


Tho  Hktp  and  the  Oompan.    A  Beading-Book  of  Geography. 

Vor  Standard  L    New  Bditlon,  vsTieed.    8d.  doth. 

The   Bound  World.     A  Beading-Book  of  Oeography.     For 

Btandazdll.   New  Edition,  rerifed  aad  eiUarged.    1Qd» 

About  Blngland      A  Beading-Book  of  Oeography  lor  Standard 
in.    With  nnmeronfl  Dlnstrationfl  and  Golonred  Map.    It.  4d. 

The  Ohlld's  Oeography  of  Tflngland.    With  Introdnotory  Exer- 
eiMM  on  the  Britiih  Ldee  and  Empire,  with  QoeetionB.    8i.  6d. 


ELEMENTARY   MEOHANIOS. 
By  J.  0.  HoBOBZK,  BA.,  Principal  of  Homerton  Training  OoUege. 

Stage  I.  TTith  ttummtmt  lUiutrotiotu.  la«6d. 
Stage  n.  WithnvmirQwIUuttratwM.  l«.6d. 
Stage  m.  [PrqKinn^. 


